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INTRODUCTION 

 
 The method of energy inequalities, known also as the method of 

functional analysis, has its origin in the works of A. A. Dezin [15]. It was then 

applied and developed in many works such as : I. G. Petrovsky [25] for the 

resolution of the Cauchy problem related to equations of hyperbolic type, O. A. 

Ladysenskaja [23], ], K. Fridricks [16] and N. I. Yurchuk [38, 39, 40, 41, 42, 

43, 44, 45]. Afterwards the method has known important developments due to 

J. Leray [24] and L. Garding [17]. It was also used for the resolution of 

different problems in the domain of the theory of thermo conduction [7, 9, 20] 

and the physic of plasmas [32]. 

 The present work is the object of an extension of the method of energy 

inequalities to a new class of problems with non local boundary conditions and 

integral conditions, it is also considered as an extension of the results obtained 

in [39]. 

 The mixed problem with integral condition takes more and more interest 

as a result of the fundamental reason which is the basis of the physical 

significance of the integral condition as an average, a flux, a total energy, a 

moment, etc… These are mathematical models encountered in the theory of 

thermo conduction [7, 8, 19], in the memory materials [31] and in the 

semiconductors [1]. Such problems were studied in [2, 3, 4, 5, 7, 8, 9, 10, 12, 20, 

21, 22, 35, 42] for parabolic equations, in [26, 27, 28, 29, 37] for the hyperbolic 

equations and in [12, 13, 14] for mixed type equations. 

 
Description of the method  

 The method of energy inequalities is based on the research of an 

operator Mu known as multiplier. This last one depends on the function   u,   its 
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derivatives and some weight function. We are then conducted to take 

integrations over the considered domain with a view to equipping E and F with 

appropriate norms in order to show the existence and uniqueness of the 

solution, said strong, of the considered problem once it has been made into the 

form 

                                        Lu= F ,                                                        (1) 

where L:E→F is the operator generated by the considered problem, E is an 

Banach space, F a Hilbert space,  u∈E and  F ∈F . 

 The method is presented into two aspects : 
 
1st aspect 

We demonstrate two sided a priori inequalities 

                            )(     LDuuCLu
EF

∈∀≤                                (2) 

                            )(     LDuLucu
FE

∈∀≤                                 (3) 

Where C and c are constants. 

The uniqueness of the solution, said strong, of the considered problem 

results from these two inequalities. 

 From the inequality (2) results that the operator L is continuous and 

from the inequality (3) results that it has a continuous inverse and that the 

image R(L) of L is closed. The operator L is then a linear homeomorphism from 

E in the closed R(L), which proves the uniqueness of the solution. Its existence 

is ensured by the fact that R(L) is dense in F.  

 
2nd aspect 

 We demonstrate the energy inequality of the type 

                            )(    LDuLuCu
FE

∈∀≤ ,                                 (4) 

where C is constant. 
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 By passing to the limit, we extend the inequality (4) to )(LD . Since the 

image )(LR  of the operatorL , which plays an important role in this research, is 

closed in F and such that )()( LRLR = , it is sufficient to show that R(L) is dense 

in F, this can be done using the regularly operators which we choose according 

to the nature of the considered problem. 
 

 In this work, we used the first aspect, and the regularly operators were 

chosen with respect to the variable t introduce in [42]. 
  

 The method of energy inequalities shows the advantages and 

disadvantages. 

Advantages 

- It is efficient for many problems where certain number of then is 

cited above. 

- Its theoretical aspect is strong and its development is done in an 

abstract and elegant frame. 

- The actuality of the problems treated by this method. 

Disadvantages 

A lot of difficulties are encountered during the search for 

  - The solution space. 

  - The multiplier. 

  - The regularly operator. 

 The elaboration of a technique which eliminates these difficulties is not 

yet available; this is due to the variety and actuality of the treated problems by 

this method. 

 In fact the application of the method requires a special study for each 

considered problem. 
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1. 1.  DISSIPATIVE OPERATORS 
 

Dissipative operators in Hilbert space 

Let H be a Hilbert space, its inner product and norm will be denoted by 

(.,.) and ||.||, respectively and A an operator its domain D(A)  is assumed  to be 

dense in H. 

Definition 1 The operator A is called a dissipative operator if 

                              ( ) )(       0,Re ADuuAu ∈∀≤ .     (1.1) 

Definition 2 The operator A is called an accretive operator if (-A) is a 

dissipative operator, i.e. 

                                ( ) )(       0,Re ADuuAu ∈∀≥ .    (1.2) 

Definition 3  A dissipative operator which extends a dissipative operator A is 

called a dissipative extension of A. 

Definition 4 An operator A is said to be maximal dissipative if its only 

dissipative extension is A itself. 

Accretive extensions and maximal accretive operators are defined 

similarly. 

Proposition 1 An operator A with its domain dense is dissipative if and only if  

                        )(        )1()1( ADuuAuA ∈∀−≤+ .   (1.3) 

Proposition 2 Let A: D(A)⊂H → H  be a linear operator with its domain 

dense. Then the following three statements are equivalent. 

(a) A is dissipative operator. 

(b) uuA λλ Re)( ≥−     for all u∈D(A) and all λ  satisfying Reλ>0. 

(c) uuA λλ ≥− )(      for all u∈D(A) and all λ>0. 

 

Remark 1  If a dissipative operator A is closed, it follows from (b) that R(A-λ) 

is closed subspace for all λ satisfying Reλ>0. 
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Theorem 1 [36]  Any dissipative operator has a closed extension. The 

minimum closed extension of a dissipative operator is again a dissipative 

operator. Hence, a maximal dissipative operator is closed. 

Proposition 3 If A is a dissipative operator and R(A-λ)=H for some λ  

satisfying Reλ>0,  then A is maximal dissipative. 

Theorem 2 [36] Every dissipative operator has a maximal dissipative 

extension. 

Proposition 4 When A is a dissipative operator, then the following three 

conditions are equivalent 

(a) A is a maximal dissipative operator. 

(b) R(A-λ)=H    for all λ∈C satisfying Reλ>0. 

(c) R(A-λ)=H    for same λ∈C satisfying Reλ>0. 

Theorem 3 [36] Let A be a densely-defined linear operator. A is maximal 

dissipative if and only if it is closed, its resolvent set ρ(A) contains the half 

plane  { }0Re: >λλ   and  1)(Re)( −≤− λλA  holds there. 

Theorem 4 [36]  Let A : D(A)⊂H → H  be a maximal dissipative operator with 

its domain dense and let 1−
εA  denote the operator 1)( −− AI ε , then  the following 

three conditions are equivalent 

1- )(1 HLA ∈−
ε . 

2- 11 ≤−
εA . 

3- HuuuA ∈∀=−

→
    lim 1

0
εε

. 

Dissipative operators in Banach space 

 The collection of all continuous linear functional defined on the whole 

of X (X is a real or a complex linear space) constitutes a space conjugate to X 

which is denoted X*. 

 The space X* is a Banach space with the norm 

                               XuXfxff
u

∈∈=
≤

*,     )(sup
1

.   (1.4) 
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Definition  5 Let X be a normed space and X* its conjugate. The set of all f∈X 

which satisfy 

                                  
22

),( fufu == ,     (1.5) 

for every u∈X is denoted by Fu. The F is called a duality mapping from 

X into X*. 

 A generalization of dissipative operators in Hilbert space to those in 

Banach space is explained. 

 Let X be a complex Banach space and let F denote the duality mapping 

in X. We have 

                                   ( ) *,     ,
22

XFufXufufu ⊂∈∈∀== .  (1.6) 

Definition  6    Let A be a linear operator in X. If for any u∈D(A) there exists 

an f∈Fu  satisfying ( ) 0,Re ≤fAu , A is called a dissipative operator. If –A is 

dissipative, A is called an accretive operator. 

Proposition 5 For any linear operator A, the following three conditions are 

equivalent 

(a)  A is dissipative operator. 

(b)  )(        Re)( ADuuuA ∈∀≥− λλ  and all λ  satisfying Reλ>0. 

(c)  )(        )( ADuuuA ∈∀≥− λλ   and all λ>0. 

Theorem 5 [36]  Let A be a closed dissipative operator. If R(A-λ)=X  for some 

λ  satisfying Reλ>0, then the same is true for all λ  satisfying  Reλ>0. 

If, in addition, D(A) is dense, then 

                                   Re(Au,f)≤  0  ∀u∈D(A), ∀f∈Fu.   (1.7) 

Theorem 6 [36] Let A be a closed operator with its domain D(A) dense. Both A 

and A* are dissipative if and only if the half-plane (λ / Reλ>0) is contained in 

ρ(A) and  
λ

λ
Re

1
)( 1 ≤− −A   holds in the half-space. 
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1. 2. REGULARLY DISSIPATIVE OPERATORS 

Let X be a complex Hilbert space, its inner product and norm will be 

denoted by (.,.) and |.|, respectively. 

Let V be another Hilbert space with inner product and norm denoted by 

((.,.)) and ||.||, respectively. 

We assume that V is embedded in X as a dense subspace and that V has a 

stronger topology than X. Therefore, there exists an M0 such that 

                               |u|<M0||u||         ∀u∈V. 

Let a(u,v) be a quadratic form defined on VV × . That is, to each u,v∈V 

there corresponds a complex number a(u,v) which is linear in u an anti linear  

in v : 

                         a(u1+u2, v)= a(u1,v)+a(u2, v) ,                   

                         a(u, v1+ v2)= a(u,v1)+a(u,v2), 

                        
).,(),(

),,(),(

vuavua

vuavua

λλ
λλ

=

=
 

We assume that a(u,v) is bounded, i.e., there exists a certain number M 

such that 

                    VvuvuMvua ∈∀⋅< ,     ),( .   (1.8) 

We further assume that there exists a positive number δ  and  a real 

number k such that 

                    Vuukuvua ∈∀−>     ),(Re
22δ .    (1.9) 

This inequality is called Garding's inequality. 

In the particular case k=0, we obtain 

                          Vuuuua ∈∀>       ),(Re
2δ .   (1.10) 

Using a(u,v), an operator A is defined as follows 

  Given u∈V. If there exists an element f of X so that a(u,v)=(f,v) 

for all v∈V, then u∈D(A) and                   Au=f.    (1.11) 
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The quadratic form a(u,v), considered as a functional of v, is continuous 

in V-topology. If, in particular, it is also continuous in topology of V induced 

by X, a(u,v) can be extended to X as a continuous functional. Hence, by the 

Riesz  theorem, there exists an element f of X so that 

                             a(u,v)=(f,v)     ∀v∈V 

In this case, we interpret u∈D(A)  and Au=f. 

In studying such operator A, it is often convenient to extend it in the 

following way. 

The space of all continuous anti linear functional defined on V and X are 

denoted by V* and X*, respectively. 

That is, V* and X* are the spaces of all continuous functional l on V and 

X, which satisfy 

           
).')(

),()()(

ulul

vlulvul

λλ =

+=+
 

for all u,v∈V and X, and for all complex λ  respectively. 

For any element of V* or X*, its norm is defined similarly to be a 

continuous linear functional. 

That is, the norm of  l  as element of V* and X* are given by 

                          )(sup    and    )(sup
1

*
1

*
fllvll

fv <<
== , 

respectively. 

Let 
V

l denote the restriction of l∈X* to V, then  

                                vMlvlvlvl
V 0)()( ⋅≤⋅≤= ,   (1.12) 

hence, *Vl
V

∈ . 

Since V is dense in X, the correspondence 
V

ll → is one-to-one, so that 

by identifying l with 
V

l  we may consider X*⊂V*. Since  
*0*

lMlV ≤  by 

(1.12), X* has a stronger topology than V*. 
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 Furthermore, the embedding V→ X and X→ V* are both continuous. We 

can show that V is dense in V* as follows. 

 If v∈V satisfies (u,v)=0 for all u, it follows by taking u=v that v=0. 

Accordingly, by the reflexivity of V and a result of functional analysis, V is 

dense in V*, and, hence, X is also dense in V*. 

 For l∈V* the value l(v) of l at v is also denoted by (l,v). The use of this 

notation is convenient, because if, in particular, l=f ∈X, it is seen from the 

meaning of X⊂V* that the notation represents just the inner product of f and v 

in X. We denote elements of V* by f, g and so on, and sometimes ),( vf  by 

(v,f). When a(u,v) with u∈V fixed is considered as a functional of v, it is an 

element of V* by (1.8). 

 Therefore, using an element f∈V*, we can express a(u,v)=(f,v). Since f 

so obtained is determined by u, we write 

                                         fuA =~
. 

 That is, A
~

 is an operator defined by 

                                         VvuvuAvua ∈∀= ,     ),
~

(),( .   (1.13) 

 It is obvious that A
~

 is an extension of the operator A defined by (1.11). 

More precisely 

                                         { }XuAVuAD ∈∈= ~
: )( .   (1.14) 

Lemma 1 Let be H a Hilbert space, whose inner product and norm will be 

denoted by (.,.) and ||.||, respectively. Assume that B[u,v] is a quadratic form 

defined on HH ×  and that there exist positive constants C and c such that  

                                             [ ] , , vuCvuB ⋅≤      (1.15)    

                                             [ ] 2
 , ucvuB ≥      ∀u,v∈H .    (1.16) 

 Under these conditions, if F∈H*, i.e. if F is a continuous anti linear 

functional on H, there exists an element u such that 

                                             F(v)=B[u,v]     ∀v∈H. 

 Furthermore, u is uniquely determined by F. 
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Lemma 2  D(A) is dense in V. Therefore, it is also dense in X. 

Definition 7 An operator A  defined by (1.11), using a quadratic form 

satisfying (1.8) and (1.10) is called a regularly accretive operator. If –A is 

regularly accretive, A is called a regularly dissipative operator. 

Definition 8  The quadratic form a*(u,v) defined by ),(),(* uvavua =  is called 

an adjoint quadratic form. 

 If a(u,v) satisfies (1.8), (1.9) or (1.10), so, correspondingly, does a*(u,v). 

 Let A
~

 be operator defined by 

                              VvuvuAvua ∈∀= ,    ),
~

(),( ,    (1.17) 

and let A' and A′~
 be operators defined by a*(u,v) in ways similar to (1.11) and 

(1.17), respectively. 

         Let u∈H. If there exists an f∈X such that a*(u,v)=(f,v) for all v∈V, then               

                                u∈D(A') and A'u=f.     (1.18) 

                                a*(u,v)=( A′~
u,v)    ∀u,v∈V .    (1.19)  

Lemma 3  Let A* be an adjoint of A when the latter is viewed as an operator in 

X. Then A'=A*. 

Theorem 7 [36]   A regularly accretive operator is maximal accretive. 

Theorem 8 [36]  Let a(u,v) be a quadratic form on VV ×  satisfying (1.8) and 

(1.9), and let A be the operator defined by (1.11). The domain D(A) is dense in 

V and also in X,  and 0∈ρ(A+k). Also let A
~

 be the operator defined by (1.17). 

Then A
~

+k is an isomorphism from V onto V*.  

 Let a*(u,v) be the adjoint of a(u,v) and A' the operator defined by (1.18). 

Then the adjoint operator A* of A in X coincides with A'. A+k is a regularly 

accretive operator.  

 Both A and A
~

 are denoted simply by A. We also denote '
~
A  by A*. 

Therefore, we have 

                     a(u,v)= (Au,v),    a*(u,v)= (A*u,v)       ∀u,v∈V .  (1.20)  

This notation will not cause any confusion. 

13 



When a* (u,v)= a(u,v) holds for all u,v∈V, the quadratic form a(u,v) is said to 

by symmetric. In this case, by theorem 8, an operator A in X is self-adjoint. It is 

evident that a(u,v) is a real number for each  u∈V, Since, by (1.9), we  have 

                                  
2

),(),( ukuuauAu −≥=    ∀u∈D(A). 

Theorem 9 [36]  If a(u,v) is a symmetric quadratic form satisfying (1.8) and 

(1.10),  then A is positive definite and self-adjoint, D(A1/2)=V, and  

                        a(u,v)= (A1/2u, A1/2v),      ∀u,v∈V .   (1.21) 

Example   Let be 
t

A
∂
∂=  where             

                   { } ( ) ( )TtuLuAD ,01,0  and  0),0(/)()( 2 ×=Ω=Ω∈= ,   

then A is an accretive operator. 

Proof.  ( ) dxdt
t

u
udxuudxdtu

t

u
uAu

T

∫∫∫
ΩΩ ∂

∂−=
∂
∂=

1

0
0

,  

 Thus  ( ) ( ) dxudxuuAuuAu
T 0

2
1

0

2
1

0

,, ∫∫ −=+  

( ) dxTxuuAu ∫=
1

0

2
),(,Re2  car u(0,x)=0,  From where  ( ) 0,Re ≥uAu . 
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2.1 Introduction 

 In this chapter we study a problem for a high-order differential equation 

with no classical boundary condition. The existence and uniqueness of the 

strong solution in functional weighted Sobolev space are proved. The proof is 

based in two sided a priori estimates and the fact that the range of operator 

generalized by the considered problem is dense. 

 

2.2 Position of the problem 

 Let α  be a positive integer and Ω be the set ( ) ( )1,0,0 ×T , we consider the 

equation 

                    L ),()1(
12

12

2

2

xtf
x

u

xx

u

t

u
u =









∂
∂+

∂
∂−+

∂
∂= −

−

α

α

α

α
α α .   (2.1) 

To equation (2.1) we attach the initial condition 

                            ),1,0(            )(),0( ∈== xxxulu ϕ    (2.2) 

the boundary conditions 

                          ),0(       10for       0
)1,(

Tti
x

tu
i

i

∈−≤≤=
∂

∂ α ,  (2.3)                              

                         ,),0(       20for       0
)0,(

Tti
x

tu
i

i

∈−≤≤=
∂

∂ α   (2.4) 

and integral condition                           

                          ∫ ∈=
1

0
),,0(for            0),( Ttdtu ξξ    (2.5) 

 Were ϕ  is a known function which satisfy the compatibility conditions 

given in (2.3), (2.4) and (2.5). 

 Remark that the boundary value problems with integrals conditions are 

mainly motivated by the work of Samarskii [32]. Regular case of this problem 

for second order equations is studied in [19]. The problem where the equation 

of mixed type contains an operator of the form 
tx

u
ta

∂∂
∂ +

α

α

2

12

)(  is treated in [12], the 

operator   of   the form  








∂
∂

∂
∂

x

u
xta

x
),(   and 









∂
∂

∂
∂

x

u
xta

x α

α

α

α

),(   is treated   in  [22]     
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and [13]. Similar problems for second order parabolic equations are 

investigated by the potential method in [21]. Two-point boundary value 

problems for parabolic equations, with an integral condition, are investigated 

using the energy inequalities method in [4, 5, 6, 8, 14, 42] and the Fourier 

method [18]. Three-point boundary value problem with an integral condition 

for parabolic equations with the Bessel operator is studied in [11]. 

2.3 Preliminaries 

 In this work, we prove the existence and the uniqueness of a solution of 

problem (2.1)-(2.5). For this, we consider the problem (2.1)-(2.5) as a solution 

of the operator equation 

                                         Lu=  FFFF , 

where L=(L,l). The operator L is acting from E to F, where E is the Banach 

space consisting of functions )(2 Ω∈ Lu , satisfying (2.3), (2.4) and (2.5), with 

finite norm 

    dxu
x

u
xdxdt

x

u
x

x
dxdt

t

u
xu

Tt
E













+
∂
∂+









∂
∂

∂
∂+

∂
∂= ∫∫∫

≤≤ΩΩ

2
2

1

0

2

0

22
22

sup α

α

α

α

α

α

        (2.6) 

and F is the Hilbert space of vector-valued functions FFFF =(f,ϕ) obtained by 

completing the space )1,0()( 2
22

αWL ×Ω  with the following norm 

                     ||F   F   F   F   ||2
F = dx

x
xdxdtxtfxf

F












+
∂
∂+= ∫∫Ω

2
2

1

0

2222
),(),( ϕϕϕ α

α

      (2.7) 

 Using the energy inequalities method proposed in [22], we establish two-

sided a priori estimates. Then we prove that the operator L is a linear 

homeomorphism between the space E and F. 

Lemma 4   For any function  u∈E, we have 

              dxdt
t

u
xdxxdxxuxcT

2
1

0 0

2
21

0

2
21

0

2 ),()exp( ∫ ∫∫∫ ∂
∂+≤−

τ
ϕτ             (2.8) 

with the constant c satisfying 1≥c . 
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Proof.  Integrating by part dtdx
t

u
uxct∫ ∫ ∂

∂−
1

0 0

2)exp(
τ

 and using elementary 

inequalities yields (2.8). ■ 

 

Theorem 10  The following a priori estimate  

                                             
EF
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Combining the inequalities (2.10), (2.11) and (2.12) we obtain (2.9) for u∈E. ■ 

 

Theorem 11   For any function u∈E, we have the inequality  
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We consider the quadratic form 
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Reasoning by recurrence, we obtain 
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Reasoning by recurrence, we obtain 
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Integrating by parts the third term of (2.18)        
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For 1≥c , using lemma 4 we obtain 
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Adding inequalities (2.19), (2.20) and (2.21) member with member we obtain 
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2.4   Solvability of the problem  

 From estimates (2.9) and (2.13), it follows that the operator L:E→F is 

continuous and its range is closed in F. To prove the solvability of (2.1)-(2.5), 

it is sufficient to show that R(L) is dense in F. The proof is based on the 

following lemma. 

 

Lemma 5  Let D0(L)={ u∈D(L) / lu=0}. If for u∈D0(L) and some ω such that 

ω∈L2(Ω), we have 
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Integrating by parts the second member of the right hand side of (2.24), we get  
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 When we introduce the smoothing operators 1−
εJ and ( )∗−1

εJ , with respect 

to [42] then these operators provide the solution of the problems 
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 Replacing in (2.25) u by the smoothed function( )uJ 1−
ε , using the relation 

AJAJ 11 −− = εε , and using properties of the smoothing operators we get 
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 The left-hand side of (2.28) is a continuous linear functional of u. Hence 
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and the following conditions are satisfied 
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In addition ∗
εv  satisfies the integral condition (2.5). 
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Integrating by parts each term in the right-hand side of (2,30), we have 
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Now, using (2.31) and (2.32) in (2.30) we have 
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then 0Re ≤∫Ω dxdtNvv  as ε   approaches zero. 

Since 0
22 =∫Ω dxdtvx , we conclude that v=0, hence ω=0, what finishes the 

proof of the lemma. ■ 

Theorem 12   The range R(L) of the operator L coincides with F. 

Proof. Since F is a Hilbert space, we have R(L)=F if and only if the following 

implication is satisfied: 
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for arbitrary u∈E and F  =(f,ϕ)∈F , implies that f  and ϕ are zero. 

Putting u∈D(L0) in (2.33), we obtain  
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Using lemma 5 we obtain that f=0. 

 Consequently, we have  
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 The range of the trace operator l is everywhere dense in a Hilbert space 

with norm 
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therefore ϕ =0, and the present proof is completed. ■ 
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3.1 Introduction 

 In this chapter we study a mixed problem for a high-order differential 

equation of mixed type with no classical boundary condition. The existence and 

uniqueness of the strong solution in functional weighted Sobolev space are 

proved. The proof is based in two sided a priori estimates and the fact that the 

range of operator generalized by the considered problem is dense. 

 

3.2 Position of the problem 

 Let α  be a positive integer and Ω be the set ( ) ( )1,0,0 ×T  we consider the 

equation 
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To equation (3.1) we attach the initial condition 
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the boundary conditions 
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and integral condition                                       
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were ϕ  and ψ are two known functions which satisfy the compatibility 

conditions given in (3.4), (3.5) and (3.6). 
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3.3  Preliminaries 

 In this work, we prove the existence and the uniqueness of a solution of 

problem (3.1)-(3.5). For this, we consider the problem (3.1)-(3.5) as a solution 

of the operator equation 

                                           Lu=  FFFF , 

where L=(L,l,q), the operator L is acting from E to F, where E is the Banach 

space consisting of functions )(2 Ω∈ Lu , satisfying (3.3), (3.4) and (3.5), with 
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and F is the Hilbert space of vector-valued functions FFFF =(f,ϕ,ψ) obtained by 

completing the space )1,0()( 12
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+×Ω αWL  with the following norm 
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 Using the energy inequalities method proposed in [22], we establish two-

sided a priori estimates. Then we prove that the operator L is a linear 

homeomorphism between the space E and F. 

Theorem 13  The following a priori estimate     

                                               ,
EF

ucLu ≤               (3.9) 

holds for any function u∈E, where c is constant. 

Proof. Using equation (3.1) and initial condition (3.2) we obtain 
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By using the ε-inequality for ε=1 at the first member, we obtain 
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 By substitution, we obtain 
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While multiplying by x2 and integrating and combining the inequalities (3.10), 

(3.11), (3.12) and (3.13), we obtain (3.9) for u∈E. ■ 
 

Theorem 14   For any function u∈E, we have the inequality  
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Integrating by report to x, we obtain 
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Integrating by parts the terms of the second member of (3.15) and by taking 

into account of the boundary conditions, we obtain 
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Reasoning by recurrence, we obtain          
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Integrating by parts the third term of (3.18)     
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Replacing in (3.18), we obtain 
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By using the proprieties of the modules and of the ε-inequality, we obtain 

                       ∫ ∫
τ

0

1

0
Re L ≤dxuuM  ∫ ∫

τ

0

1

0
|Lu| | uM |dxdt 

 

38 



                                  ∫ ∫≤
τ

0

1

0
|Lu| dxdt

t

u
xJ

t

u
x

2

2

2

2
2

∂
∂+

∂
∂ α                                                                          

                                  ∫ ∫≤
τ

0

1

0
|Lu| +

∂
∂

dxdt
t

u
x

2

2
2

∫ ∫
τ

α
0

1

0
|Lu| dxdt

t

u
Jx

2

2

∂
∂

 

                                  ∫ ∫≤
τ

0

1

02

1 2x (ε1|Lu|2+
1

1

ε
dxdt

t

u
)

2

2

2

∂
∂

 

                                                   ∫ ∫+
τα
0

1

02
(ε2

2x |Lu|2+
2

1

ε
dxdt

t

u
J )

2

2

2

∂
∂

 

                                  ∫ ∫






 +
≤

ταεε
0

1

0

221

2
x |Lu|2 dxdt

t

u
xdxdt

x

∫ ∫ ∂
∂+

0

1

0 2

2
2

12

1

ε
 

                                                                     dxdt
t

u
J

2

0

1

0 2

2

22 ∫ ∫ ∂
∂+

τ

ε
α

. 

From where 

          ∫ ∫






 + ταεε
0

1

0

221

2
x |Lu|2dxdt dxdt

t

u
x

x

∫ ∫ ∂
∂+

0

1

0 2

2
2

12

1

ε
 

                  dxdt
t

u
J

2

0

1

0 2

2

22 ∫ ∫ ∂
∂+

τ

ε
α

dxdt
t

u
Jdxdt

t

u
x

2

0

1

0 2

22

0

1

0 2

2
2

2 ∫ ∫∫ ∫ ∂
∂+

∂
∂≥

ττ α
 

                                                         dx
x

xdx
tx

xu
x

2
1

0

2

2
1

0

1
2

2

1),(

2

1
∫∫ ∂

∂−
∂∂

∂+
+

α

α

α

α ψτ
. 

While taking  121 == εε , we obtain 

             ∫ ∫






 + τα
0

1

0

2

2

1
x |Lu|2dxdt dx

x
x

2
1

0

2

2

1
∫ ∂

∂+ α

αψ
  

                                      ∫∫ ∫ ∂∂
∂+

∂
∂≥

+1

0

21
2

2

0

1

0 2

2
2 ),(

2

1

2

1
dx

tx

xu
xdxdt

t

u
x α

ατ τ
.         (3.19) 

We have 

dxdt
t

u

t

u
exdxdt

t

u
excdxxdx

t

xu
ex ctctct

∫ ∫∫ ∫∫∫ ∂
∂

∂
∂≤

∂
∂+−

∂
∂ −−− ττ

ψτ
0

1

0 2

2
2

0

2
1

0

2
21

0

2
2

1

0

2 2
),(

. 

 

 

39 



From where 

  dxdt
t

u
uexdxdt

t

u
exdxdt

t

u
ex ctctct

∫ ∫∫ ∫∫ ∫ ∂
∂−≤

∂
∂−

∂
∂− −−− τττ

0

1

0 2

2
2

0

1

0 2

2
2

0

2
1

0

2 2 ,  

 c is constant. 

              

0                                                                       

)1(),(

2

0

1

0 2

2
2

0

2
1

0

2
21

0

2
2

1

0

2

≤
∂
∂−

∂
∂−+−

∂
∂

∫ ∫

∫ ∫∫∫

−

−−

dxdt
t

u
ex

dxdt
t

u
excdxxdxx

t

u
ex

ct

ctct

τ

τ
ψτ

 

              

.0                                                                     

)1(),(

2

0

1

0 2

2
2

0

2
1

0

2
21

0

2
2

1

0

2

≤
∂
∂−

∂
∂−+−

∂
∂

∫ ∫

∫ ∫∫∫

−

−−

dxdt
t

u
ex

dxdt
t

u
excdxxdxx

t

u
ex

ct

ctct

τ

τ
ψτ

 

For 1≥c , using lemma 4 we obtain 
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Adding inequalities (3.19), (3.20) and (3.21) member with member we obtain 
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3.4  Solvability of the problem  

 From estimates (3.9) and (3.13), it follows that the operator L:E→F is 

continuous and its range is closed in F. To prove the solvability of (3.1)-(3.5), 

it is sufficient to show that R(L) is dense in F. The proof is based on the 

following lemma. 

 

Lemma 6 Let D0(L)={ u∈D(L) / lu=0 Λ qu=0}. If for u∈D0(L) and some ω 

such that ω∈L2(Ω), we have 
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Integrating by parts the second member of the right-hand side of (3.24), we get  
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where  
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Then 
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Using properties of the smoothing operators 1−
εJ  and ( )∗−1

εJ  that we introduced 

into chapter 2, replacing in (3.25) u by the smoothed function ( )uJ  1−
ε  and using 

the relation AJAJ 11 −− = εε , we get 
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 Passing to the limit, (3.26) is satisfied for all functions satisfying the 

conditions (3.2)- (3.5) such that 
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The left hand of (3.26) is a continuous linear functional of 
t

u

∂
∂

. Hence 

the function ∗
εv  has the derivatives  
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and the following conditions are satisfied 
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in addition ∗
εv  satisfies the integral condition (3.5). 

 Putting τηη
τ

ε ddxvu
t

∫ ∫
∗=

0 0
),(  in (3.25), and using (2.27), we obtain 
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Integrating by parts each term in the right-hand side of (3.30), we have 
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Now, using (3.29) and (3.30) in (3.28) we have 

                                               0Re ≤∫Ω
∗ dxdtNvvε , 

then 0Re ≤∫Ω dxdtNvv  as ε approaches zero. 

Since   0
22 =∫Ω dxdtvx , we conclude that v=0, hence ω =0, what finishes the 

proof of the lemma. ■ 

Theorem 15   The range R(L) of the operator L coincides with F. 

Proof. Since F is a Hilbert space, we have R(L)=F if and only if the following 

implication is satisfied: 
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for arbitrary u∈E and F  =(f,ϕ,ψ)∈F , implies that f  and ϕ are zero.  

Putting u∈D(L0) in (3.31), we obtain  

                                           ∫Ω
2x L 0=dxdtfu . 

Using lemma 6 we obtain that f=0. Consequently, we have  
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 The range of the trace operator l is everywhere dense in a Hilbert space 

with norm 

               2
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therefore ϕ=0, ψ =0, and the present proof is completed. ■ 
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  ملخص

  

يتمثل موضوع هذا العمل في تمديد طريقة المتراجحات الطاقوية إلى مسائل مختلطة جديـدة              

لمعادلات تفاضلية جزئية ومعادلات تفاضلية جزئية من النوع المختلط بشروط حدية غير تقليدية مـن             

كرة المعـادن،   تعتبر هذه المسائل نماذج رياضية نصادفها في نظرية النقل الحراري، ذا          . النوع التكاملي 

  ... الكهروكيمياء الخفيأنصاف النواقل و

الطريقة المستعملة هي طريقة المتراجحات الطاقوية التي ترتكز أساسا على البحث عن مـؤثر                

Mu،      يدعى الضارب، يتعلق بالتابع u   ،   نجري بعد ذلك تكاملات علـى      . بمشتقاته وبتابع عيار معين

ود ووحدانيـة الحـل،      مناسبة للتمكن من البرهان على وج      نظم ب F و   Eالميادين المعتبرة قصد تزويد     

  الذي يدعى قويا، للمسألة المطروحة بعد وضعها على الشكل 
                                                  Lu= F  ,  

 و  u∈E،  فضاء هلـبرت F  فضاء بناخ،E هو المؤثر المولد بواسطة المسألة المعتبرة، L:E→ Fحيث 

F ∈F.  
  : متراجحتين مستبقتيننثبت صحة  

                                                 )(     LDuuCLu
EF

∈∀≤ , 

                                                 )(     LDuLucu
FE

∈∀≤ , 

  . ثابتانC و cحيث 

أما وجوده فيضمن مـن كـون       . وحدانية حل المسألة المطروحة تنتج من هتين المتارجحتين         

R(L)  كثيفا فيF  ،الأمر الذي يمكن إثباته بواسطة مؤثرات تسوية تختار حسب طبيعة المسألة.  

  .تجدر الإشارة إلى أن غياب نظرية عامة يستوجب دراسة خاصة لكل مسألة مطروحة  

  

  

 
 
 
 
 
 
 



 
Résumé 

 
 Le présent travail est l'objet d'une extension de la méthode des inégalités 
énergétiques à de nouveaux problèmes mixtes pour équations aux dérivées 
partielles et équations aux dérivées partielles de type mixte avec conditions aux 
bords non classiques de type intégral. Ces problèmes sont les modèles 
mathématiques rencontrés en théorie de la conduction thermique, mémoire des 
matériaux, semi-conducteurs et en électrochimie etc… 
 La méthode utilisée est la méthode des inégalités énergétiques qui est 
basée sur la recherche d'un opérateur Mu, dit multiplicateur, qui dépend de la 
fonction u, ses dérivées et d'une certaine fonction poids. On est ramené par la 
suite à effectuer des intégrations sur le domaine considéré en vu de doter E et F 
de normes adéquates afin de pouvoir montrer l'existence et l'unicité de la 
solution, dite forte, du problème considéré après l'avoir mis sous la forme 
                             Lu= F ,   
où L:E→F est l'opérateur engendré par le problème considéré, E est un espace 
de Banach, F est un espace de Hilbert, u∈E et F ∈F. 
 On démontre deux inégalités à priori: 
                            )(     LDuuCLu

EF
∈∀≤ , 

                            )(     LDuLucu
FE

∈∀≤ , 

où C et c sont des constantes. 
 L'unicité de la solution du problème considéré résulte de ces deux 
inégalités. Son existence est assurée par le fait que R(L) est dense dans F, chose 
faisable moyennant des opérateurs de régularisation que l'on choisira suivant la 
nature de problème.  

Il convient de noter que l'absence d'une théorie générale a nécessité une 
étude spéciale pour chaque problème considéré. 

 

  

  
 

 

 

 

 

 

 

 

 



 

 

Abstract 

 The present work is the object of an extension of the method of energy 
inequalities to new mixed problems for high-order differential equations and 
high-order differential of mixed type with non classical boundary conditions of 
integral type. These problems are mathematical models encountered in the 
theory of thermo conduction, memory materials, semiconductors and the 
electrochemistry ect… 

 The mixed problems with integral conditions takes more and more 
interest as a result of the fundamental reason which is the basis of the physical 
significance of the integral condition as an average, a flux, a total energy, a 
moment, etc…  

The existence and uniqueness of the strong solutions in functional 
weighted Sobolev space are proved. The used method is the energy equalities 
method which is based on the research of an operator Mu known as multiplier. 
This last one depends on the function u, its derivatives and some weight 
function. We are then conducted to take integrations over the considered 
domain with a view to equipping E and F with appropriate norms in order to 
show the existence and uniqueness of the solution of the considered problem 
once it has been made into the form 
                             Lu= F ,  
where L:E→F is the operator generated by the considered problem, E is an 
Banach space, F a Hilbert space,  u∈E and  F ∈F . 

We demonstrate two sided a priori inequalities 
                            )(     LDuuCLu

EF
∈∀≤ , 

                            )(     LDuLucu
FE

∈∀≤ , 
where C and c are constants. 

The uniqueness of the solution, said strong, of the considered problems 
results from these two inequalities. Its existence is ensured by the fact that R(L) 
is dense in F, which can be proved by the regularly operators, according to the 
nature of the considered problem. 

It is convenient to note that the absence of a general theory made it 
necessarily to investigate each problem separately. 

 


