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Abstract

In this thesis, we study the existence/nonexistence in time as well as the asymptotic
behavior of some viscoelastic problems in the presence of different damping and different
nonlinearities in the sources. In this regard, we prove several decay results under appro-
priate assumptions on the kernels and the structural parameters of the equations. We use
the multiplier method, the well depth method to establish the desired stability results of
the problems. Our results generalize many results existing in the literature.

Keywords: Wave equation, Viscoelastic, Damping, Coupled system, Existence, Decay

rate, Thermoelasticity, Transmission system, Infinite memory, Blow up.
Mathematics Subject Classification: 35105, 35120, 35170, 35L71, 37B25, 35B35,
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Résumé

Dans cette these, nous étudions l'existence / non-existence dans le temps ainsi
que le comportement asymptotique de certains problemes viscoélastiques en présence
d’amortissement différent et de non-linéarités différentes dans les sources. A cet regard,
nous prouvons plusieurs résultats sous des hypotheses appropriées sur les noyaux et les
parametres structurels des équations. Nous utilisons la méthode du multiplicateur, la
méthode de la profondeur du puits, pour établir les résultats souhaités en termes de sta-
bilité des problemes. Nos résultats généralisent de nombreux résultats existants dans la
littérature.

Mots-clés: Equation des ondes, Viscoélastique, Amortissement, Systeme couplé, Ex-
istence, Taux de la décroissance, Thermoélasticité, Systeme de transmission, Mémoire

infinie, Explosion en temps fini.
Mathematics Subject Classification: 35L05, 35120, 35170, 35L71, 37B25, 35B35,
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Introduction

Motivation

The problem of stabilization and control of PDEs play a pivotal role in the current
paradigm of fundamental sciences. Evolution equations, i.e., partial differential equa-
tions with time ¢ as one of the independent variables, arise not only in many fields of
mathematics, but also in other branches of science such as physics, mechanics and mate-
rial science. For example, Navier-Stokes and Euler equations of fluid mechanics, nonlin-
ear reaction-diffusion equations of heat transfers and biological sciences, nonlinear Klein-
Gorden equations and nonlinear Schrodinger equations of quantum mechanics and Cahn-
Hilliard equations of material science, to name just a few, are special examples of nonlinear
evolution equations. Complexity of nonlinear evolution equations and challenges in their
theoretical study have attracted a lot of interest from many mathematicians and scientists
in nonlinear sciences. see [§], [30], [48], [49], [55], [57].

The model here considered are well known ones and refer to materials with memory as
they are termed in the wide literature which is concerned about their physical, mechan-
ical behavior and the many interesting analytical problems. The physical characteristic
property of such materials is that their behavior depends on time not only through the
present time but also through their past history.

The problem of stabilization consists in determining the asymptotic behavior of the en-
ergy by E(t), to study its limits in order to determine if this limit is null or not and if this
limit is null, to give an estimate of the decay rate of the energy to zero, they are several
type of stabilization:

1. Strong stabilization: E(t) — 0,as ¢ — 0.

2. Uniform stabilization: E(t) < Cexp(—dt),Vt >0, (C,§ > 0).

3. Polynomial stabilization: E(t) < Ct~°,vt >0, (C,d§ > 0).

4. Logarithmic stabilization: E(t) < C(In(t))~°, vt > 0, (C,§ > 0).

In recent years, an increasing interest has been developed to study the dynamical behavior
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of several thermoelastic problems so as to describe the thermo-mechanical interactions in
elastic materials. In the begining, people mainly considered the dynamical problems of

classical thermoelastic systems, the 1 — D linear model of wich is given as follows:

utt—um—bex:(), xE(O,L),t>O
(1)

0t+0rx+buxt:0, xE(O,L),t>0

Where u(z,t) denotes the deplacement of the rod at time ¢, and 6(z,t) is the tempera-
ture difference with respect to a fixed reference temperature. In 1960s,Dafermos in [16]
discussed the existence of solution of the classical thermoelastic system and showed the
asymptotic stability of the system under certain condition.Rivera further proved that the
solution of this kind of thermoelastic system decays exponentially.

The classical thermoelasticity is mainly modeled based on the Fourier’s law, in wich the
speed of thermal propagation is infinite. This violates practical conditions, since the whole
materials will not fell instantly at a sudden didturbance in some point(see[23]). In or-
der to eliminate this paradox, Lord and Shulman in [34] employed the modified Fourier’s
law, proposed by Cattaneo (named Cattaneo’s law), and developed what now is known
as extended thermoelasticity. Based on this nonclassical thermoelastic theory, many nice
results on large time behavior of the thermoelastic systems.

In 1990s, three thermoelastic theories, known as typel, typell and type III, respectively,
were proposed by Green and Naghdi[26]. They developed their theories by introducing

the thermal displacement 7 satisfying the following equation.

T(.,t>:/0 6(.,5)ds +7(.,0) @)

The typel theory is consistent with the classical thermoelasticity. the type II is also
named thermoelasticity without dissipation, that is, the energy is conservative. these two

theories, type I and type I, are restricted cases of the type III given as follows.

pu” — (au, —10), =0,
(3)
e’ + 1, — (80, + k7). = 0.

When k£ = 0, the above system becomes, the so-called type I thermoelasticity (classical

one), and when b = 0, the following thermoelastic system is obtained, named type II

pu” — (au, —10), =0,
(4)

e’ + lul, — k1 = 0.

Contents
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Based on these three types of thermoelasticity, there has been an extensive literature on
the decay rate for thermoelastic systems in recent years. We refer for instance, ([60])
for the exponential decay and polynomial decay of multi-dimensional thermoelasticity of
type III by observability estimates; [32] for the exponential decay for thermoelasticity
of type II with porous damping based on frequency domain analysis; ([42]-[41]) for the
stability analysis of thermoelastic Timoshenko-type systems of type III by energy mul-
tiplier method; [42] for the spectral properties of thermoelasticity of type II and for the
stability analysis of transmission problem between thermoelasticity and pure elasticity at
the interfaces; and [39]for analyticity of solution of thermoelasticities.

From the above results on asymptotic behavior of the systems, we find that for the linear
1 — D thermoelastic models of type I and type III, the thermal effects are all always strong
enough to stabilize the system exponentially, while the one of type II is a conservative sys-
tem in which there is no dissipation. Thus, an interesting issue is roused that whether or
not the system can achieve exponential decay rate when mixing two of them (type I, type
I1, type III) together, that is, in one part of the domain we have a type of thermoelasticity,
but in the other part of the domain, we have another type of thermoelasticity coupling
with certain transmission condition at the interface. The dynamical behavior of this kind
of transmission problem is difficult to analyze, since coupling exist not only between the
therm and elasticity but also at the interface. Liu and Quintanilla in [37] considered the
asymptotic behavior of the mixed type II and type III thermoelastic system. They proved
that the system is lack of exponential decay rate bat achieves polynomial decay under
certain condition. However, the sharpness of the polynomial decay rate for this kind of

system is still unknown, wich is very tough issue due to the complex couplings.

Conserved and dissipated quantities

The notion of dissipative - of number, energy, mass, momentum - is a fundamental prin-
ciple that can be used to derive many partial differential equations.

Any function, especially one with several independent variables, carries a huge amount
of information. The questions we want to answer about PDEs are often simple, however.
Complete knowledge of the details of an equation’s solution are frequently unavailable,
and would be overkill in any event. It is therefore useful to study coarse grained quantities
that arise in PDEs in order to circumvent a complete analysis of these problems. Notice
this philosophy has a long history in science: physicists and chemists like to talk about a
system’s energy or entropy, which can be understood without any intimate knowledge of
the microscopic details.

For some solution of a PDE u(z, t), we can define a coarse-grained quantity as a functional,

Contents
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which is a mapping from u to the real numbers. For example,

/udx, /uidm, /uizdx,
Q Q Q

are all examples of functionals. It often happens that functionals represent quantities of
physical interest-mass, energy, momentum, etc. But such an interpretation is not essential
for these objects to be useful.

Suppose E is some functional of u(z,t) of the form

/fuux,...

so that E depends on ¢, but not on the variable x which has been integrated out. There
are two common properties which depend on the time evolution of E. If E' =0, then E
is called conserved. If £’ < 0, then FE is called dissipated.

Suppose u solves the wave equation and boundary conditions
U — Uy = 0, u(0,t) =0 =u(L,t).
Then the energy functional (essentially the sum of kinetic and potential energy)

1 L
E(t) = —/ u” + uldz,
2.Jo

is conserved. Indeed,
L L
E'(t) = / ' + ugul dr = [ugu)f +/ u'u" 4+ vw'ugyde =0
0 0

where integration by parts and the boundary condition was used for the second equality.
The fact that F remains the same for all ¢t has profound qualitative implications. Any
solution which has wave oscillations initially (so that the energy is positive) must continue
to have oscillations for all time - they never die out, for example. Conversely, if the initial
conditions are quiescent, so that £ = 0, then this must happen forever. Notice we learn
these things without ever finding a solution of the equation.

As another example, suppose u solves the diffusion equation
U — Uyy = 0, u(0,t) =0 =u(L,t).

Then the energy functional

is dissipated, since

L L L
E'(t) = / uguldr = —/ W gpdr = —/ u?, dr < 0
0 0 0

Contents
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where again integration by parts and the boundary condition was used.
We can interpret F as follows. The arclength of x—cross sections of u can be approximated

for small u, as
L L 1
/ V1+uide = / 1+ —udz.
0 0 2

Since £’ < 0, the approximate arclength must also diminish over time. This means the
graph of u(z,.) gradually becomes smoother, and oscillations die away. This statement
will be made perfectly quantitative by solving the equation outright using separation of
variables.

Overview of the dissertation and target problems

The thesis divided in to four chapters beginning by a general introduction.

The first chapter

This chapter summarizes some concepts, definitions and results which are mostly relevant
to the undergraduate curriculum and are thus assumed as basically known, or have
specific roots in rather distant areas and have rather auxiliary character with respect to
the purpose of this study. In the next four chapters, we develop our main results for

nonlinear evolution problems of hyperbolic type

The second chapter

In this chapter, in any spaces dimension, we use weighted spaces to establish a gen-
eral decay rate of solution of viscoelastic wave equations with logarithmic nonlinearities.
Furthermore, we establish, under convenient hypotheses on g and the initial data, the
existence of weak solution associated to the equations.This is subject of publictain in J.
Part. Diff. Eq., Vol. 30, No. 1, pp. 47-63, doi: 10.4208/jpde.v30.n1.4

The third chapter

This chapter, we establish a general decay rate properties of solutions for a coupled system
of viscoelastic wave equations in R” under some assumptions on ¢i, g and linear forcing
terms. We exploit a density function to introduce weighted spaces for solutions and using
an appropriate perturbed energy method. The questions of global existence in the non-
linear cases is also proved in Sobolev spaces using the well known Galerkin method.This
is subject of publication in Bol. Soc. Paran. Mat. (2018) doi:10.5269/bspm.41175

Contents
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The fourth chapter

This paper describes a polynomial decay rate of solution for a transmission problem with
1 — d mixed type I and type II thermoelastic system with infinite memories acting in
the first and second parts. The main contribution here is to show that the ¢! is the
sharp decay rate of our problem (4.1). That is to show that for this types of materials
the dissipation produced by the infinite memories are not strong enough to produce an

exponential decay of the solution. This is subject of submitted paper.

The fifth chapter

In this last chapter, a coupled system of nonlinear Love equations with infinite memories

is considered. The nonexistence of weak solution is proved. This is subject of submitted

paper.

Contents



Chapter

Preliminaries- Technical tools

The aim of this chapter is to recall the essential notions and results used throughout
this work. First, we recall some definitions and results on Sobolev spaces and the
spaces LP(0,T, X) and give the statement of some important theorems in the analysis of

problems to be studied and eventually some notations used throughout this study.

1.1 Function Analysis

Normed spaces, Banach spaces and their properties

Let V' be linear space.

Definition 1.1 A non-negative, degree-1 homogeneous, subadditive functional |[|.|[y :
V' — R is called a norm if it vanishes only at 0, often, we will write briefly ||.|| instead

of ||.|]y if the following properties are satisfying respectively

[oll =0

lav]| = |al[|v]
lu+ vl < flull + ]|
]| =0 — v = 0.

for any v € V and a € R.
A linear space equipped with a norm is called a normed linear space. If the last (i.e.||v]|, =

0 — v = 0)is missing, we call such a functional a semi-norm.

Definition 1.2 A Banach space is a complete normed linear space X. Its dual space X’

is the linear space of all continuous linear functional f : X — R.

Example of Banach spaces
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1. Cla,f)
Let [a, 8] be closed interval —oo < o < < 00. Let C[a, ] denote the set of all
bounded continuous complex-valued functions z(t) on [a, 8] (If the interval is not
bounded, we assume further that x(t) is uniformly continuous). Define = + y and

ax by
(@ +y)(t) = 2(x) +y(t)
(ax)(t) = .z (z)

Cla, f] is a Banach space with the norm given by
z]| = sup [z(t)].
t€fo,f]
Converges in this metric is nothing but uniform convergence on the whole space.
2. LP(e, B),(1 < p < 00).
This is the space of all real or complex valued Lebesgue functions f on the open
interval (o, ) for which |f(¢)|? is Lebesgue summable over (a, 3); two functions f

and g which are equal almost everywhere are considered to define the same vector
of LP(«, ). LP(a, B) is a Banach space with the norm:

1 [ o)™

The fact that ||Vert thus defined is a norm follows from Minkowski’s inequality; the

Riesz-Fischer theorem asserts the completeness of LP.

3. L>(a, B).
This is the space of all measurable (complex valued) functions f on («, ) which
are essentially bounded, i.e., for every f € L*®(«, 3) there exists a > 0 such that
|f(t)] < a almost everywhere. Define || f|| to be the infinitum of such a. (Here also

we identify two functions which are equal almost everywhere).

4. V' equipped with the norm ||.||y+ defined by
lullv: = suplu()] - |l=]] <1,

is also a Banach space.

If V is a Banach space such that, for any

vEV,V—)R:u—)||u—|—v||2—||u—v||2,

1.1. Function Analysis
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is linear, then V' is called a Hilbert space. In this case, we define the inner product

(also called scalar product) by

1 1
(1,0) = g+ ol = 7l — ol

Definition 1.3 Since u is linear we see that
u:V— V"
is a linear isometry of V onto a closed subspace of V" | we denote this by
V— V"
Let V be a Banach space and u € V'. Denote by
OV —R

x> oy (V),

when u covers V', we obtain a family of applications to V' € R.

Definition 1.4 The weak topology on V| denoted by o(V, V'), is the weakest topol-
ogy on V for which every (¢, )ucy is continuous. We will define the third topology
on V', the weak star topology, denoted by o(V’, V). For all z € V, denote by

bV — R

u — ¢(u) =<u,z >yy
when z cover V| we obtain a family (¢, ).cv, of applications to V' in R.
Theorem 1.1 Let V' be Banach space. Then, V 1is reflexive, if and only if,
By ={z eV :|z| <1},
is compact with the weak topology o(V,V').

Corollary 1.1 Every weakly y* convergent sequence in V' must be bounded if V
1s a Banach space. In particular, every weakly convergent sequence in a reflexive
Banach V' must be bounded.

1.1.

Function Analysis
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Definition 1.5 Let V' be a Banach space and let (u,,)n,en be a sequence in V. Then

u, converges strongly to u in V' if and only if

lim |ju, —ully =0
t—00

and this is denoted by u, — u, or

lim u, =u
t—>00
Remark 1.1 The weak convergence does not imply strong convergence in general

Example 1.1 We shall now show by an example that weak convergence does not
imply strong convergence in general. Consider the sequence sin nrt in L2(0,1) (real).
This sequence converges weakly to zero. Since, by the Riesz theorem, any linear

functional is given by the scalar product with a function we have to show that
t
/ f(t)sinnmtdt — 0, foreach f € L*(0,1).
0

But By Bessel’s inequality

g:1|/01f(t) sin nrtdt]* < /01 | f(t)|dt,

SO fot f(t)sinnrtdt — 0 as n — oo. But sinnnt is not strongly convergent, since

1
| sinnwt — sinmrt||? = / | sinnwt — sin mart|2dt
0
= 2 for n#m.
Functional spaces
The L?()) spaces

Definition 1.6 Let 1 < p < oo ; and let 2 be an open domain in R" ; n € N.
Define the standard Lebesgue space LF(Q2); by:

LP(QY) ={f:Q— R, f is measurable and / | fIPdz < oo}
Q

Notation 1.1 Forp e R and 1 < p < oo, denote by:
1
111, = ([ rtapas)”

L®(Q) ={f:Q — R, fmeasurable and3C € Ry, |f(z)| < C ..}

if p = 00, we have

1.1. Function Analysis
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Theorem 1.2 It is well known that LP(SY) equipped with the norm ||.||, is a Banach
space for all 1 < p < 0.

Remark 1.2 In particular, when p = 2, L?(Q) equipped with the inner product

< f.9>p0= [ f@)gl)ds,
Q
is a Hilbert space.
Theorem 1.3 For 1 <p < oo, LP(Q) is a reflezive space.

Definition 1.7 ([27], [49]) We define the function spaces of our problem and its

norm as follows.
H(R") = {f € L™ 2D(R") : V. f € (L*R")".} (1.1)

Note that H(R™) can be embedded continuously in L%(R”). The space L2(R")

we define to be the closure of C§°(R™) functions with respect to the inner product

n

(f, Bz = / ofhde. (1.2)

For 1 < ¢ < o0, if f is a measurable function on R", we define

1/q
ey = ( [ ez ) (13

The space L>(R") is a separable Hilbert space.

Sobolev spaces

Modern theory of differential equations is based on spaces of functions whose deriva-

tives exist in a generalized sense and enjoy a suitable integrability.

Proposition 1.1 Let Q be an open domain in R", then the distribution T € D'(Q2)
is in LP(QQ)if there exists a function uw € LP(SY) such that

<T ¢ >= /Q w(@)é(x)dz, ¥é € D(),

where 1 < p < 00, and it’s well-known that u is unique.

1.1. Function Analysis
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Definition 1.8 Let m > 2 be an integer and let p be a real number with 1 < p < oc.
we define by induction W™P(Q) is the space of all u € L?(£2), defined as

ou
’ 3%

WP (Q) = {u € W™ bP(Q), =—— € W™ IP(Q), Vi = 1,2...N}

Alternatively, these sets could also be introduced as
Wme(Q) = {u € LP(Q), Yo < m, Ju, € LP(Q)
such that  [uD% = (—1)l* [ vap, Ve € C’O‘(Q)}

Theorem 1.4 W™?(Q) is a Banach space with its usual norm

lullw, ) = > 10Ul 1 < p < oo Vue WmP(Q).

a<m

Notation 1.2 Denote by W3 () the closure of D(2) in W™P(Q).

Space H™ ()

Definition 1.9 When p = 2, we write W™?(Q) = H™({2)
and WJ™*(Q) = H*(92) endowed with the norm

1 f [0y = (Z(H@”‘fll)iz(m>

a<m

which renders H™(§2) a real Hilbert space with their usual scalar product

< U,V >pm(Q) /aaua%dx
a<m

Theorem 1.5 1)H™(Q2) endowed with inner product < .,. >pm) is a Hilbert
space.
2) If m <m/, H™(Q) — H™(Q), with continuous embedding.

Lemma 1.1 Since D(Q) is dense in HJ'(Q2), we identify a dual H=™(Q) of HJ*(Q2)

i a weak subspace on ) and we have

D(Q) — HJ(Q) — L*(Q) — Hy™() — D'(Q)

1.1. Function Analysis
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1.2 Useful technical lemmas

Lemma 1.2 For any v € C' (0,T, H'(R™)) we have

_ / () /0 gt — 5) Au(s)0' (1) dsda

1d

= 5ot (g0 A7) (1)

- 22 {a(t) / "4(s) / n \A”%(t)fdxds}
1

—%oz(t) (g"%0) (t) + éoz(t)g(t)/ ’Al/zv(t)’2 dxds

—50/( ) (g0 AY?0) (1) + a / ds/ ‘Al/%(t)fdxds.
RTL

Proof.
/R a() /0 " g(t — $)Av(s)0/(t)dsd
~ ) /0 Cglt— ) / AR (5)drds
= a(t) /Otg(t—s) /R A2 () [AY20(s) — AMYPo(t)] dads
+af(t) /0 t g(t —s) / ) A2V 2y (t) dxds.
Consequently,

/ a(t) /0 t gt — ) Av(s)v'(t)dsdz

1 ! d 2
= —éoz(t)/og(t—s dt/ ‘Al/z — AY2y( ()| dads

+a(t) /Otg(S) (%%/}R |A1/21)(t)|2dx) ds

1.2. Useful technical lemmas
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which implies,

: g(t — s)Av(s)v'(t)dsdx

T
o
=

¢
= _li la(t)/ g(t—s)/ ’Al/%(s)—Al/zv(t)fdxds}
2dt 0 R"
1d ! 1 2
- /2
too [a(t)/o g(s) /Rn |AY2u(t)] da:ds]
t
+%oz(t) gt—s / ‘A1/2 — AYV2y( ‘deds
1
—5Q (t)g(t) /‘Al/2 ‘ dxds.

2
1 S

——o/(t)/ g(s)ds/ |A1/2v(t)|2dxds.
2 0 R

The next Lemma can be easily shown (see [30], [31]).

w20 [ gt —5) [ 1470 — 2P s

Lemma 1.3 [§] Let p satisfy , then for any u € D(AY?), we have

Lo || A2l 2, (1.4)

el g eny

with
2n 2n
,2<¢q< :
n—2

T o — qn + 2q
Corollary 1.2 If ¢ =2, the Lemma[1.3, yields

[ull zz@ny < Ml 2@yl Vull L2 @ny,
where we can assume ||p||n/2gny = ¢ > 0 to get
||uHL§(R”) S c||quL2(R")- (15)

Lemma 1.4 Let p satisfy , then for any u € H(R™), for 1 <p < oo, if f is a

measurable function on R™ we have

[ull zz@ny < llpllLs @ I VoullL2gn), (1.6)
. _ 2n 2n
with s = g—pnyap 2 <P < 355

the following Lemma concerning Logarithmic Sobolev inequality.

1.2. Useful technical lemmas
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Lemma 1.5 (see [11)], [2]]) Let u € H(R™) be any function and c1,c2 > 0 be any

numbers. Then

u
2/ p()|uf n ( [u )+ n(1+ el

ullZ,

oIz
T

< e IV oull3

Some algebraic and integral inequalities

We give here some important integral inequalities. These inequalities play an im-

portant role in applied mathematics and are also very useful in the next chapters.

Theorem 1.6 Assume that f € LP(Q) and g € L (Q) with 1 < p < oo,then
fg € LY(Q) and

If9llee < Ifller@-llgllre
when p = p' = 2 one finds the Cauchy-Schwarz inequality.

Assume f € LP(Q2) N LI(QY) then f € L"(?) forr € [p,q| and

£z < T @)1 f 1ty

with

1 a l—«
r p q

forsome 0<a<]1.

1 1
Theorem 1.7 Let a and b be strictly positive realities p and q such as, —+—-—=1
p q

and 1 < p < 0o, we have :

al bl
ab < — + —
p q
Proof. The function f defined by:
I‘p
fla)=——2
() =7

reached its minimum point z = 1 indeed :
y =2 et Yy =(p-12"2>0

from where

f(ab™=?) > f(1)

1.2. Useful technical lemmas
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which gives

1—q\P
p p q
so that
ap

Zp=ap _ pl-a 4 1 > ()
p q

By dividing the two members by b('~9P we obtain :

ar ab—D-ptpa bt > ()
D q
which yields
p be
T+ T >0
b q
so that
aP e
ab < — + —.
p q
]

Remark 1.3 A simple case of Young’s inequality is the inequality for p =q¢ =2 :

a* b

gty
which also gives Young’s inequality for all § > 0 :
ab < §a® + 17

- 46

Theorem 1.8 (Young) Let f € LY(R") and g € LP(R™ with 1 <p < oo, 1 < ¢ <
0.

Then for a.e.x € RN the function is integrable on R™ and we define:

(f*g)= Wf@—wwm@

In addition
(fxg) € LP(R")
and

1F *gllp < [[Fllllgllp-

The following is an extension of Theorem [1.8

1.2. Useful technical lemmas
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Theorem 1.9 (Young) Assume f € LY(R") and g € LP(R" with 1 < p < oo,
1 <p<ooandx €RY the function is integrable on R™ and %—i—%—l = % Therefore

(f*g) € L"(R")
and

1+ gllr < (17 11pllglp-

Remark 1.4 Young’s inequality can sometimes be written in the form :

ab < da” + C(O),  C(6) =671

Holder’s inequalities
Theorem 1.10 Assume that f € LP(Q) and g € LP(Q) with 1 < p < oo, Then
fg € LY(Q) and:

1fallrey < [fllee@)-llgllLe @),
when p = p' =2, we get the inequality of Cauchy-Schwartz inequality
Corollary 1.3 (Hélder’s inequality general form) Let f1, fa, ... fx be k functions such
that, f; € LPi(Q), 1 <i <k, and

1 1 1 1
-—=— 4+ —4+ ...+ —<1.
p b1 D2 Dk

Then, the product fi, fo,...fe € LP(Q) and |[fifa- frlly < [[fillpy 12 llpe |l frllpy
Lemma 1.6 (Minkowski inequality) For 1 < p < oo, we have
[u+vllp < llullp + [0l

Lemma 1.7 (Cauchy-Schwarz inequality) Every inner product satisfies the Cauchy-
Schwarz inequality

< w1, 29 > | ||[[22].

The equality sign holds if and only if x1 and xo are dependent.

Will give here some integral inequalities. These inequalities play an important role

in applied mathematics and are also very useful in the next chapters.
Lemma 1.8 let 1 <p<r<gq,; =2+ and 1 <a<1. Then

lually <l el g~

1.2. Useful technical lemmas
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Viscoelastic wave equation with

logarithmic nonlinearities in R"

In this chapter, we use weighted spaces to establish a general decay rate of solution
of viscoelastic wave equations with logarithmic nonlinearities. Furthermore, we
establish, under convenient hypotheses on g and the initial data, the existence of

weak solution associated to the equations. (see [5]).

2.1 Introduction

It is well known that from a class of nonlinearities, the logarithmic nonlinearity
is distinguished by several interesting physical properties (nuclear physics, optics,
and geophysics...). We consider the following semilinear equation with logarithmic

nonlinearitiy

u — (z) (Axu - /Otg(t - S)Axu(s)ds) = uln [ul* (2.1)

where x € R",t > 0,n > 2,p > 1 and the scalar function g(s) (so-called relaxation
kernel) is assumed to satisfy (A1). The model here considered are well known ones
and refer to materials with memory as they are termed in the wide literature which
is concerned about their physical, mechanical behavior and the many interesting
analytical problems. The physical characteristic property of such materials is that
their behavior depends on time not only through the present time but also through
their past history.

Eq. is equipped by the following initial data.

u(0,2) = up(x) € H(R™), o' (0,2) =wu(x) € L(R"), (2.2)

20
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where the weighted spaces H is given in Definition and the density function
é(x) > 0,Vo € R, (4(x))~! = p(x) satisfies

p:R" =R, p(zx) € COV(R") (2.3)

with 4 € (0,1) and p € L*(R™) N L°(R"), where s = ;—2~

2n—gn+2q°
First, the following initial boundary value problem

u' — Ayu+ /tg(t — 8)Au(s)ds + h(u') = f(u), x€Q,t>0 (2.4)
0

has been studied widely. For example [§], [30], [44], [49], [55], [57], the authors

investigated global existence, decay rate and blow-up of the solutions.

Studies in R™, we quote essentially the results of [1], [27], [28], [29], [47]. In [28],
authors showed that, for compactly supported initial data and for an exponentially
decaying relaxation function, the decay of the energy of solution of a linear Cauchy
problem (2.1]), with p(z) = 1 is polynomial. The finite-speed propagation is
used to compensate for the lack of Poincare’s inequality. In [27], author looked into a
linear Cauchy viscoelastic problem with density. His study included the exponential
and polynomial rates, where he used the spaces weighted by density to compensate
for the lack of Poincare’s inequality. The same problem treated in [27], was consid-
ered in [29], where they consider a Cauchy problem for a viscoelastic wave equation.
Under suitable conditions on the initial data and the relaxation function, they prove
a polynomial decay result of solutions. Conditions used, on the relaxation function
g and its derivative ¢’ are different from the usual ones.

The problem , without term source, for the case p(x) = 1, in a bounded
domain 2 C R™, (n > 1) with a smooth boundary 0f) and ¢ is a positive nonincreas-
ing function was considered in [47], where they established an explicit and general

decay rate result for relaxation functions satisfying:
J(t) < —H(g(t),t >0, H(0)=0 (2.5)

for a positive function H € C'(R™) and H is linear or strictly increasing and strictly
convex C? function on (0,7],1 > r. This improves the conditions considered in [I]

on the relaxation functions

g'(t) < —x(9(®), x(0)=x'(0)=0 (2.6)
where Y is a non-negative function, strictly increasing and strictly convex on
(0, ]{70],]{?0 > 0.

The goal of the present paper is to establish the existence of a weak solution to the

problem (2.1)-(2.2]). We obtain also, a fast decay results.

2.1.

Introduction
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2.2 DMaterial, Assumptions and technical lemmas

We omit the space variable = of u(x,t),u/(z,t) and for simplicity reason denote

u(z,t) = u and u/(x,t) = ¥/, when no confusion arises. We denote by |V, ul|*> =

2
S <ﬂ> JAgu = >0 24 The constants ¢ used throughout this paper are

=1 83}i =1 81‘?

positive generic constants which may be different in various occurrences also the
functions considered are all real valued, here u' = du(t)/dt and u" = d*u(t)/dt>.
We recall and make use the following hypothesis on the function g as:

(A1) We assume that the function g : R™ — R¥ is of class C! satisfying:
1—-9g=1>0, ¢g(0)=go>0 (2.7)

where g = [1° g(t)dt.
(A2) There exists a positive function H € C*(R™) such that

J(1) + Hg(t)) < 0,6 >0, H(0)=0 (2.8)

and H is linear or strictly increasing and strictly convex C? function on (0,7],1 > r.
(A3) According to results in [47], we have

1- We can deduce that there exists ¢; > 0 large enough such that:

1) Vt > t;: We have SETOOQ(S) = 0, which implies that sginoo —¢'(s) cannot be pos-
itive, so lim —g¢'(s) = 0. Then g(¢;) > 0 and

max{g(s), —¢'(s)} < min{r, H(r), Hy(r)}, (2.9)

where Hy(t) = H(D(t)) provided that D is a positive C' function, with D(0) = 0,

for which Hy is strictly increasing and strictly convex C? function on (0, r] and

/0+Oog(s)H0(—g’(s))ds < 4o00.
2) Vt € [0,t1]: As g is nonincreasing, ¢(0) > 0 and g(¢;) > 0 then g(¢) > 0 and
9(0) > g(t) > g(t1) > 0.
Therefore, since H is a positive continuous function, then
a< H(g(t)) <b
for some positive constants a and b. Consequently,

g(t) < —H(g(t) < —kg(t), k>0

2.2. Material, Assumptions and technical lemmas
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which gives
g(t) < —kg(t),k >0 (2.10)

2- Let H{ be the convex conjugate of Hy in the sense of Young (see [3], pages 61-64),
then

H;(s) = s(Hg) ™ (s) — Ho[(Hg)™'(s)], s € (0, Hy(r))
and satisfies the following Young’s inequality

AB < Hi(A) + Hy(B), A€ (0,H\r)),B e (0,r]. (2.11)

Definition 2.1 By the weak solution of over [0,7] we mean a function
u € O([0, T, H(R™)) N CH([0, T, L (R™)) N C*([0, T], 1™ (R™))

with «' € L*([0,T], H(R™)), such that u(0) = ug,u’'(0) = uy and for all v € H,t €
[0, 77,

/p(:p)uln|u|kvdx = /p(z)u"vdx+ V. uV vde
n R n

_ / /0 ol — s)in(s)dstvdx
(2.12)

Multiplying the equation ([2.1)) by p(z)u/, and integrating by parts over R", we have

the energy of u at time t is given by

1 t

B(t) = (I3 + (1 - / 9(5)ds ) Vsl + (g 0 Vo) - / pla)u In uldx
0 n
k
b Sz, (2.13)
and the following energy functional law holds:
1 1
E'(t) = 5(9’ o V,u)(t) — §g(t)||qu(t)||§, for all t>0. (2.14)

which means that, our energy is uniformly bounded and decreasing along the tra-

jectories. The following notation will be used throughout this paper

(g0 Vou)(t) = / gt — ) IVult) — Vou(r)|2dr, (2.15)

for u(t) € H(R™),t > 0.

2.2. Material, Assumptions and technical lemmas
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2.3 Global existence in time

According to logarithmic Sobolev inequality and by using Galerkin method com-
bined with compact theorem, similar to the proof in ([I0], [20], [I1], [25]), we have

the following result.

Theorem 2.1 (Local existence) Let ug(z) € H(R"),uy(z) = L2(R") be given.
Then, under hypothesis (A1), (A2) and (2.3), the problem has a unique lo-

cal solution
u e C([0,T), H(R™)) N CY([0, T], LA(R™))

Now, we introduce two functionals

10 = 3((1= [ o)) IVl + 0 Vo) = [t ufiar)
T (2.16)
and
) = <1—/Otg(s)ds>||vzu||g—l—(gonu)—/np(x)u2ln|u|kdx (2.17)
Then,
T4 = 510+~ ull (218)

As in ([36]) to establish the corresponding method of potential wells which is related

to the logarithmic nonlinear term, we introduce the stable set as follows:

W={ueHR"):I(t)>0,J(t) <d} U{0} (2.19)

Remark 2.1 We notice that the mountain pass level d given in (2.19) defined by

d = inf{ sup J (pu)}, (2.20)
ueH(R™)\{0}p>0

Also, by introducing the so called ”Nehari manifold”
N ={ueHR")\{0}:1(t)=0}

Similar to results in [21], it is readily seen that the potential depth d is also charac-

terized by

d= 1}2{/{](15) (2.21)

2.3. Global existence in time
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This characterization of d shows that
dist (0,N') = Lrélj{/l HuHH(Rn) (2.22)

By the fact that (2.14)), we will prove the invariance of the set W. That is if for some
to > 0if u(ty) € W, then u(t) € W, Vt > to, let us beginning by giving the existence
Lemma of the potential depth. (See [II] Lemma 2.4)

Lemma 2.1 d is positive constant.

Lemma 2.2 Let u € H(R") and § = e2"0)_ if 0 < |ull2, < B, then I(t) > 0; if
1(6) = 0, Jull3 £ 0, then ul}, > .

Proof. By (A1), (2.17) and Lemmdl.5| we have
t
1) = (1= [ 9(6)ds) IVl + (g0 Vo) = | pla)ulnful'ds
0 n

V.l =k [ plape (10 Ll ) o
R?’L

ullZ,

v

kCQ 1
> (1= 5200l ) I9.0lB + ghn1 + ol = blull Il

Choosing ¢y such that [ > %Hp”%%, then

1
1) 2 k(501 + er) — In Jull3;) Juli

Therefore, if 0 < ||ul|3, < B, then I(t) > 0;if I(t) = 0, ||ul|3 # 0, we have 5 < ||ul|3,
P b
then, [[ul|2, > 5. =

Theorem 2.2 (Global Ezistence) Let ug(x) € H(R™),ui(z) € LA(R") and 0 <
E(0) < d,I(0) > 0. Then, under hypothesis (A1), (A2) and conditions (2.3), the
problem has a global solution in time.

Proof. From the definition of energy for the weak solution and by ([2.14]), we have
1 1
Sl + 7(t) < Sllwallz + 7(0), 9Vt € [0, Tonaa) (2.23)

where T,,., is the maximal existence time of weak solution of u. Then, by the
definition of the stable set and using Lemma we have u € W, vVt € [0, Thuaz)
[ ]

2.3. Global existence in time
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2.4 Decay estimates

We apply the multiplier techniques to obtain useful estimates and prepare some
functionals associated with the nature of our problem to introduce an appropriate

Lyapunov functions. For this purpose, we introduce the functionals

P (t) = /n p(x)un'dz, (2.24)

Lemma 2.3 Under the hypothesis (A1) and (A2), the functional 1y satisfies, along

the solution of ,

wi@) < i+ 5o va)

kZCQ 1
b (o S2003s = 0) + kol (i = a1+ ) | 1l

Proof. From , integrate over R, we have
o = [ @Rt [ popuds
= / <p(av)|u'|2 + ulu—u /t g(t — s)Azu(s, x)ds) dx
n 0
+ / p(x)u? In |ulFdx
|ul

I = 1+ e (1 () + Iy e

IN

+ /n \VRY /Otg(t —5)(Vyu(s) — Vyu(t))dsdx.

We have by using the Logarithmic Sobolev inequality in Lemma and generalized
version of Poincare’s inequality in Lemm4I.3] Using Young’s inequality and Lemma
for 6 = 1/2, we obtain

kCQ
) < Il + (SlelEe = ) IVl + klulf o lul,

1 t 2 1
+ o||Vaul3 + E/ (/ g(t — s)|Vau(s) — qu(t)\d:;) dx — §Im(1 + Cl)HUH%g
» \Jo

IA

]{JCQ
13, + (o + 52l = 1) 1 Voul}

(1-1) 1
+ (g0 Vau) + k(I ullf; — Sn(L+e) ) ul;.

2.4. Decay estimates
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Then
1-—1
s < Il + e v
kco 9 2 2 1 2
+ (o 52l = 1) + Rllpllza (I ullf = Sn(1+en)) | a3

m The existence of the memory term forces us to make second modification of the

associate energy functional. Set

t
n(t) = — / o) / gt — ) (u(t) — u(s))dsda. (2.25)
n 0
Lemma 2.4 Under the hypothesis (A1) and (A2), the functional 1o satisfies, along
the solution of (2.1),(2.9), for any o € (0,1)

2
C
+ 1+ (/fi +Dlpllz2)(g 0 Vau) = eollpllz2(9" 0 Vau)

+ (o= [ o) 1wl

Proof. Exploiting Eq. (2.1)), (2.25) to get

, c n(l+c
) < |otk(ogz il - "5 vl

o) = = [ oot [ ot =s)(at) — u(s)ss
_ / plad /0 "t 5)(ult) — u(s))dsds
- [ ot
_ / V. /0 gl — $)(Vou(t) — Vou(s))dsdz
— [ ottt [ ot = )(uto) — u(s)dsi
= [ ([ te=9%aatsmris) ([ ate =Tt - Toutsas ) s
= [ ot [ =)0 - sy
- [ otpasii,

2.4. Decay estimates
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By (A1), we have

W) = (1— /O tg(s)ds) / Y /O gt — $)(Vault) — Vyu(s))dsdz

+ / n ( / g(t—s)(qu(t)—qu(s))ds) da

0

— [ ptptatut [ ot = s)(ato) — u(s)s
= [ o [ =)0 - s

— [ aeasi g + clg o V)0

By Holder’s and Young’s inequalities and Lemma (1.3 we estimate

_/n ol /Otg’(t—s)(u(t) — u(s))dsdx

< ( / p(m)\u’!Qdaﬁ) "

(/Rn P(:v)‘ /Ot gt — s)(u(t) U(S))ds’z) 1/2
<

olle/ |35 + s

2

/0 g/t - s)(u(t) — u(s))ds

2
L3

< ol[u'll7; — collpllzz (9" 0 Vau) (1)

and

/n p(z)u’ /Otg(t — 8)(u(t) — u(s))dsdx

< ollu'llzz + eollpllzz(g 0 Vau)(t).

and by Lemma[I.3] and Lemma [[.5] and conditions in Lemma [2.2] we have

— /n p<x) In |u|ku/o g(t — 5)<u(t) — u(S))del‘

<k [ o) (m <Hl‘zﬁ|%g

) +1n Huuig>u/0tg<t — ) (u(t) — u(s))dsde

1 ! 2
< (1l = " Yl + g2 o [ gt = s)u(0) = s
n(l+c)
< k(mn uty — " ol v

Co 2
k—=
2l

< k/’<0% +In ||U||Lg -

Vu/o g(t — s)(Vu(t) — Vu(s))ds
n(l+c¢)

2

2
L3

C
) MoV aull3 + ok (g 0 V).

2.4. Decay estimates
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Using Young’s and Poincare’s inequalities and Lemma for § = 1/2, we obtain

) c n(l+c)
wh(t) < {0 + k(o +n Jul; - Tl)} IVul3

+ (14 (/~f?2—2 +Dloll72)(g © Vou) = collpllza(g' 0 Vau)

b (o= [ o) Il

m Now, let us define

L(t) = &LE(t) + i (t) + arba(t) (2.26)

for £1,& > 1. We need the next Lemma, which means that there is equivalent

between the Lyapunov and energy functions, that is for &;,& > 1, we have

BiL(t) < E(t) < L(t) (2.27)

holds for two positive constants [3; and (5.
Lemma 2.5 For &,& > 1, we have
L(t) ~ E(t). (2.28)
Proof. By we have
L) = &E@)] < |hi(b)] + E2la(t)]

/ |p(z)uu| da
+ o6 [ o / g(t — s)(ult) — u(s))ds

Thanks to Holder and Young’s inequalities, we have by using Lemma

% (/ " (‘””“’Qdm) +3 ( /R . p<x>|u'12dx)

cllu'llz + ellpllZz [ Voull2 (2.29)

IN

dz.

N

and

dx

/n (P(x)%u’> (P(a:ﬁ /Otg(t — 8)(u(t) — U(S))ds)
(/ pla)u| da:)l (/ ‘/ - o) —u(s))dsfdx)l/z

S 12; + QH [t =510t wtspyas|,

P

IN

| /\

| /\

§|IU’||L,2, + §IIPIIL2 (g0 Viu).

2.4. Decay estimates
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Then,
|L(t) = LE®)] < cE().
Therefore, we can choose & so that
L(t) ~ E(t). (2.30)
|

Lemma 2.6 For allt > t; > 0, we have

/t(g o Vyu)(s)ds < Hy'* / Ho(— )/Rn 9(3)|Vau(t) — Vyu(t — s)deq;ds).

t1

where Hy introduced in .

Proof. By (2.14) and (A3), we have for all ¢t > ¢;

t1
/ / g(t — 5)|Vu(t) — Vou(s)|Pdsdr < ——/ / (t — 8)|Voul(t) — Vyu(s)|*dsdax
n 0 n
< —cE'(t
Now, we define
/ Ho(—g'())(g 0 Vo) (t)ds. (2.31)

Since f0+°° Ho(—¢'(s))g(s)ds < +o0, from ([2.14]) we have
I(t) = /t Ho(—g/(é’))/ 9(s)[Vau(t) = Vou(t — s)[*dads
< / Hy(— g(s) |v u(t)* + |Vou(t — s)|*deds
< ¢E(0 / Hy(— g(s)ds < 1. (2.32)
We define again a new functional A() related with I(t) as

—/t Ho(—9d'(5)d'(s) /n 9(8)|Vau(t) — Vou(t — s)|*deds.  (2.33)

From (A1)-(A3) and, we get

2.4. Decay estimates
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for some positive constant kg. Then, for all t > ¢,

t
At) < —ko/ q(s) | |Vau(t) — Veu(t — s)|*deds
t1 Rn

IN

t
—ko/ g (s) | |Veu®)]? + |Veu(t — s)|*dzds
t1 Rn

IA

—¢E(0) / ' (5)ds

CE(O)Q(tl)I
< min{r, H(r), Ho(r)}. (2.34)

IN

Using the properties of Hy (strictly convex in (0,7], Hy(0) = 0), then for x €
(0,7],6 € [0,1]

Using hypothesis in (A3), (2.32)), (2.34) and Jensen’s inequality leads to

Al = ﬁ / 1(t) Hol Hy ' (=4 ()| Ho(~ ()9 (s) / 9(3)[Vault) — Vau(t — 5)dads
2 ﬁ / HI(H (=g (s)]Ho(= (s))5'(5) / 9(5)|Vu(t) = Vau(t — ) Pduds

> (10 | 0H (o (D Ho( 595 ) [

n

g(s)|Veu(t) — Vou(t — 3)|2dxds>

> H, ( /;9(8)|VxU(t) — Vou(t — S)I2d$d8)

which implies

t
/ / 9(8)|Vault) — Vault — )[2dzds < Hi (A(2).
t1 n
m Our next main result reads as follows.

Theorem 2.3 Let (ug,u1) € H(R"™) x L2(R™) and suppose that (A1)- (A2) hold.

Then there exist positive constants oy, aq, e, a3 such that the energy of solution

given by , satisfies,
E(t) < asH;Y(ait + o), forall t >0,

where

Hl(t):/t (sH(aps)) 'ds

2.4. Decay estimates
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Proof. From (2.14), results of Lemma and Lemma we have

L(t) = &E'(t) +d1(1) + &ia(t)
< (36— ool o Vo) + Mg o V)

= Mi|lu'|[Z; — M| Vaull3

where

1-—-1
~ (14 B2 + DIl + S22 0,

M, = (52 (/Otlg(s)d5—<7> —1>7

1
M, = 5519(151)
ke 1
= (o G200 1) + Kol (- 5000+ <)

c n(l+c)
- & [0 + k(oﬁ +InJul|?; - Tlﬂ

and t; was introduced in (A3).

We choose o so small that
& > 2¢6|pl| 7260

Whence o is fixed, we can choose

§2 > (/Otl g(s)ds — 0)

and & large enough so that M, > 0, which yields

-1

L'(t) < My(go V) —cE'(t),Vt > t,.
Now we set F'(t) = L(t) + cE(t), which is equivalent to E(t). Then,
F'(t) = L'(t)+cE'(¢ (2.35)
< —cE(t /R / (t — 8)|Vou(t) — Vou(s)|*dsdz, for all t >t.
nJt
Using Lemma, we obtain
F'(t) < —cE(t)+cHy (\(t)), forall t>t.

Now, we will following the steps in ([47]) and using the fact that £’ < 0,0 < H{,0 <
H{ on (0,r] to define the functional

Fi(t) = H (ao%> F(t)+cE(t), ap<r0<ec,

2.4. Decay estimates
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where Fi(t) ~ E(t) and
Flt) = ag g((gi HY (ao g((é%) F(t) + H, (ao gé?)) F/(t) + cE'(2)
< —cE(t)H; (ao%> + cH| (ao%> Hi (A1) + cE'(t).

Let H{ given in (A3) and using Young's inequality (2.11) with A =

Jf (ozo g“ ) HyY(A(1)), to get
Pl < o (O)>> +CH: (H(’) (ao ]T;E((é)))) +A(t) + cE'(1)
o) B ) et
Choosing ag, ¢, ¢, such that for all £ > #; we have
(55 )

where Hs(t) = tH{(apt). Using the strict convexity of Hy on (0,7], to find that
HY, Hy are strict positives on (0, 1], then

Rit) = o

~ E(t), 7€(0,1) (2.36)
and
R'(t) < —TkoHy(R(t)), ko € (0,400),t > t;.
Then, a simple integration and a suitable choice of 7 yield,
R(t) < H{ Yoyt + o), a1,ay € (0,400),t > 1.
here Hy(t) = ftl H;'(s)ds. From , for a positive constant as, we have
E(t) < asH Y agt 4+ ),  ay, a9 € (0,400),t > .

The fact that H; is strictly decreasing function on (0, 1] and due to properties of
H,, we have
lim H, (t) = +o0.
t—0
Then
E(t) < asH; '(ait +ay), forall ¢ > 0.

This completes the proof of Theorem ]

Remark 2.2 Noting that, we have obtained all results without any conditions on

the exponent £ in the logarithmic nonlinearities.

2.4. Decay estimates



Chapter 3

Existence and decay of solution to coupled
system of viscoelastic wave equations with

strong damping in R"

In this chapter, we establish a general decay rate properties of solutions for a coupled
system of viscoelastic wave equations in R™ under some assumptions on ¢, go and
linear forcing terms. We exploit a density function to introduce weighted spaces
for solutions and using an appropriate perturbed energy method. The questions of
global existence in the nonlinear cases is also proved in Sobolev spaces using the
well known Galerkin method (see [0]).

3.1 Introduction and previous results

In this paper, we consider the following problem:

)
(]u’1|l_2 '1)/—|—04u2 T)A (uy — fo g1(t — s)uy(s, z)ds +uf ) =0,

=200) + oy — qb(x)A Up — fo 92(t — s)ua(s, r)ds +uy ) =0,

({2 (3.1)
ui(0,7), UQ(O 7)) = (u10(w), uzo(x)) € (D(R™))?,

(w
| (@4(0,2),u5(0, 7)) = (ur1(2), uzi(2)) € (L},(R™))?,

where a # 0,2 € R™, ¢t € R} where the space D(R"™) defined in (1.1)) and I,n > 2,
o(x) > 0,V € R, (¢(x))~! = p(x) defined in (A2).
This type of problems is usually encountered in viscoelasticity in various areas of

(
(

mathematical physics, it was first considered by Dafermos in [16], where the general
decay was discussed. The problems related to (3.1]) attract a great deal of attention

34
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in the last decades and numerous results appeared on the existence and long time
behavior of solutions but their results are by now rather developed, especially in
any space dimension when it comes to nonlinear problems. The term f(f g;(t
s)Au;(s)ds corresponds to the memories terms and the scalar functions g;(t) (so-
called relaxation kernel) is assumed to satisfy (3.9)-(3.11). The energy of (u1,us) at
time ¢ is defined by

E(t) =

|/||U I 2(1—/ (5 ) 19

1
+ B Z(Qz o Vu;) + Oé/ puUdT. (3.2)

i=1 "

For o small enough we use Lemma we deduce that:

dty + 3 (1- [ o) 170
3 (0o v, (33)

i=1

BE(t) >

(1~ dlallolzt) 245

l\DlH

and the following energy functional law holds

2

> (gho Vuy)(t Z IV ul||2, Ve > 0. (3.4)

i=1 i=1

E'(t) <

DN | —

which means that, our energy is uniformly bounded and decreasing along the tra-
jectories.

In the present paper we consider the solutions in an appropriate spaces weighted by
the density function p(x) in order to compensate the lack of Poincare’s inequality
which play a decisive role in the proof. To motivate our work, we start with some

results related to viscoelastic plate equations with strong damping in [35]:
Uy + AP — Aju — /tg(t — s)Au(s,z)ds — Auy + f(u) =0, x€ QxR
0
supplemented with the following conditions:
u(t,r) = Au =0, on 9Q x RT,  u(0,z) = ug, us(0,t) = uy, on . (3.5)

In this paper, Liu and all extend the exponential rate result obtained in [2] to the
general case and show that the rate of decay for the solution is similar to that of

the memory term under the following assumption for the function g is

g'(t) < —E&(t)g(t), where £(t) satisfies £'(¢ / £(t)

3.1.

Introduction and previous results
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Paper [1§] is concerned with a class of plate equations with memory in a history
space setting and perturbations of p—Laplacian type

t
Uy + aA*u — Apu — / g(t — 8)A%u(s, x)ds — Auy + f(u) = h, x € Q xR(3.6)

—0Q0
and results on the well-posedness and asymptotic stability of the problem were

proved.

In many existing works on this field, the following conditions on the kernel
g'(t) = =Ag"(t), t=0,p=>0, (3.7)

is crucial in the proof of the stability. For a viscoelastic systems with oscillating
kernels, we mention the work by Rivera and all[44], the authors proved that if the
kernel satisfies g(0) > 0 and decays exponentially to zero, that is for p =1 in ,
then the solution also decays exponentially to zero. On the other hand, if the kernel
decays polynomially, i.e. (p > 1) in the inequality , then the solution also
decays polynomially with the same rate of decay. Recently the problem related to
in a bounded domain 2 C R" (n > 1) with a smooth boundary 99 and ¢
is a positive nonincreasing function was considered as equation in [47], where they
established an explicit and very general decay rate result for relaxation functions

satisfying:
g'(t) < —H(g(t)),t = 0, H(0) =0,

for a positive function H € C'(R™) and H is linear or strictly increasing and strictly
convex C? function on (0,7],1 > r.

For the literature, In R™, we quote essentially the results of [4], [1], []], [27]-[31],
[47]-[51] and the references therein. In [28], authors showed for one equation that,
for compactly supported initial data and for an exponentially decaying relaxation
function, the decay of the energy of solution of a linear Cauchy problem with-
out strong damping in the case [ = 2,p(z) = 1, is polynomial. The finite-speed
propagation is used to compensate the lack of Poincare’s inequality. In the case
[ =2, in [27], author looked into a linear Cauchy viscoelastic equation with density.
His study included the exponential and polynomial rates, where he used the spaces
weighted by density to compensate the lack of Poincare’s inequality in the absence
of strong damping. The same problem treated in [27], was considered in [29], where
under suitable conditions on the initial data and the relaxation function, they prove
a polynomial decay result of solutions. The conditions which used, on the relaxation
function g and its derivative ¢ are different from the usual ones. Coupled systems in

R™, we mention, for instance, the work of [Takashi Narazaki, 2009. Global solutions

3.1.

Introduction and previous results
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to the Cauchy problem for the weakly coupled system of damped wave equations.
Discrete And Continuous Dynamical Systems, 592-601], where the following weakly

coupled system of a damped wave equations has considered:

u—Au+u = f(v), t>0z€eR"
V"= Av+v' = f(u), t>0,zeR"
(u(0,2),0(0,2)) = (¢o(x), vo(x)), = €R",
(w/(0,2),0"(0,2)) = (¢1(2), ¥ (x)), = e€R™

Authors have shown the sufficient condition under which the Cauchy problem (3.8)
admits global solutions when n = 1, 2, 3 provided that the initial data are sufficiently

(3.8)

small in an associate space. Moreover, they have also shown the asymptotic behavior
of the solutions and to generalize the existence result in [54] to the case n = 1,2,3

and improve time decay estimates when n = 3.

3.2 Function spaces and statements

In this section we introduce some notation and results needed for our work. We omit
the space variable z of u(x,t),u/(z,t) and for simplicity reason denotes u(x,t) = u
and v'(x,t) = v/, when no confusion arises. The constants ¢ used throughout this
paper are positive generic constants which may be different in various occurrences
also the functions considered are all real-valued. Here u' = du(t)/dt and u” =
2u(t)/dt*. We denote by Bg the open ball of R™ with center 0 and radius R.

First we recall and make use the following assumptions on the functions p and g for

1=1,2 as:
(A1) We assume that the function g; : RT — Rf(for ¢ = 1,2) is of class C?
satisfying:
1= [ a0 = b > 0.6.(0) = 0 >0 (39
0
and there exist nonincreasing continuous functions &;,&: Rt — RT satisfying
<o ws0 [e=co gO-minfa.a0)  GW)
0
where
gi(t) + &(t)gi(t) < 0. (3.11)
(A2) The function p : R — R*, p(z) € C*7(R"™) with v € (0,1) and p € L¥(R") N
L>(R"), where s = 5—2% .
n—qn+2q

The following technical Lemma will play an important role in the sequel.

3.2. Function spaces and statements
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Lemma 3.1 [9] (Lemmal.1) For any two functions g, v € C*(R) and 6 € [0,1] we

have
2s</0t|g<s>|2<” ) / l9(t — $)PJu(t) — v(s) ds.

To study the properties of the operator A, we consider as in [31], the equation

/0 g(t - 5)(u(t) — v(s))ds

o) duw) = n(x), @B (312)
without boundary conditions. Since for every w,v in C§°(R")
(pAu, V)12 = VuVudz, (3.13)
Rn

and Lf)(]R”) are defined with respect to the inner product 1’ we may consider
equation (3.12)) as operator equation:

Agu=1n, Ag:D(Ay) C Li(R") — L,%(R”), n e Li(Rn).

The relations (3.13) implies that the operators ¢A with domain of definition
D(Ap) = C§°(R™) being symmetric. Let us note that the operator ¢pA is not sym-

metric in the standard Lebesgue space L?*(R™), because of the appearance of ¢(x)
(see [[53], pages 185-187]). From and (3.13) we have

Jullzz < e(Aou,u)rz, for all u € D(A). (3.14)

From (3.13) and (3.14)) we conclude that Aj is a symmetric, strongly monotone
operator on Li(R”). The energy scalar product is given by:

(u,v)p = VuVudz,
R’VL
and the energy space is the completion of D(Ag) with respect to (u,v)g. It is
obvious that the energy space Xp is the homogeneous Sobolev space D(R™). The

energy extension Ag, namely
¢A : D(R™) — D 1(R™),

is defined to be the duality mapping of D(R"). For every n € D~!(R") the equation
(3.12)), has a unique solution. Define D(A;) to be the set of all solutions of the
equation (3.12)) for arbitrary n € L2(R™). The operator extension Ay of Ay, [see
[58], Theorem 19.C] is the restriction of the energy extension Ag to the set D(A;).

3.2. Function spaces and statements
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The operator A; is self-adjoint and therefore graph-closed. Its domain is a Hilbert

space with respect to the graph scalar product
(usv)pay) = (U, v)rz + (A, Ayw) g, for all u,v € D(Ay).

The norm induced by the scalar product (u,v)pa,) is

1
potoon = { [ oluae+ [ oaurar)
Rn R"

which is equivalent to the norm

1
[Avulzz = { ¢]Au|2dw} .
Rn
So, we have established the evolution quartet
n 2 n -1 n
D(A;) C D(R") C Ly(R") € D™ (R"), (3.15)

where all the embedding are dense and compact. A consequence of the compactness
of the embedding in (3.15)) is that the eigenvalue problem

— Au = pu,r € R", (3.16)

has a complete system of eigenfunctions {wy,, u,} with the following properties:

—Aw; = pwy, j=12---, w; € DR"),
(3.17)
O<p <po <., pj— 00, as j — 00.
It can be shown, as in [§], that every solution of (3.16|) is such that
u(x) — 0, as |z] — oo, (3.18)

uniformly with respect to x. Finally, we give the definition of weak solutions for

the problem (3.1)).
Definition 3.1 A weak solution of (3.1f) is (u,us) such that
o (uy,uz) € (L*[0,T; D(R™)))?, (u},uy) € (L*0,T; LZ(R")])2 and
(ulu5) € (L2[0,T; D RV,
e For all (v,w) € (C§([0,T] x R™))?, (uy,uz) satisfies the generalized formula:

( (] 2a) o) ds + o f (uz,v)ads + fy fon Vi Vodads
+ foT Jon VUi Vvdads — fOT Jen J5 91(s = 7)Vuy (7)drVo(s)dzds = 0,

foT((|ul2|lf2U/2)/ 77~U)L§,d3 + fOT(Uh w)LgdS + fOT fRn Vu,Vwdxds
[+ fOT Jan VUubVwdzds — fOT Jen J5 92(s — T)Vua(T)drVw(s)dzds = 0.

3.2. Function spaces and statements
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e (uy,us) satisfies the initial conditions
(u10(x), ugo(z)) € (D(R™))?,  (un1(z), us(x)) € (LL(R™))?

We are now ready to state and prove our existence results.

3.3 Well-posedness result for nonlinear case

This section is devoted to prove the existence and uniqueness of solutions to the
system taking account the nonlinear case in the terms responsible on the
relation between tow equations, that is replacing cuy, aus by fi(uy,us), fo(uy, us)
introduced in the last section. First, we prove the existence of the unique solution
of the restricted problem on Bpg, the main ingredient used here is the Galerkin

approximations introduced in [33].

Lemma 3.2 Assume that (A1), (A2), (3.50)- are satisfied. Suppose that the
constants T' > 0, R > 0 and the initial conditions

(10, u20) € (D(BR))Q, (u11,u21) € (Llp(BR))27
are given. Then there exists a unique solution for the problem such that

u; € C[0,T; D(Bg)] and wu, € C[0,T; Llp(BR)].

Proof. The existence is proved by using the Galerkin method, which consists
in constructing approximations of the solution, then we obtain a priori estimates
necessary to guarantee the convergence of these approximations. So, we take {w; }°,
be the eigen-functions of the operator —A. Then {w;}?, is an orthogonal basis of
D(Bgr) which is orthonormal in L2(Bg).

Let

Vin = spanfwr, wa, - -+, win},

and the projection of the initial data on the finite dimensional subspace V,, is given
by:

m m m m
m o __ m o __ mo__ mo__
Uyp = E :ajwj, Ugy = E bjw;, ufy = E CjWj, U9y = E djwj,
§=0 =0 J=0 J=0

We search approximate solutions

m m

W) = YR Owy(a), e t) = SR (),

J=0 J=0

3.3. Well-posedness result for nonlinear case
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of the approximate problem in V,,

fBR ( ) ([u =2 w — fotgl t —s)Vul'(s, z)des) dx
+ [, (p(@) fi(u, ug)w + Vui'Vw + Vui"Vw) dz = 0,

fBR ( () (Jugn(*~ Qu’gm) w — f(f Ga(t — s)VuQ”(s,x)des) dx (3.19)
+ fBR (p(x) fo(ul, ub")w + Vuh'Vw + Vui"Vw) dz = 0,

[ ur"(0) = uif, ui™(0) = i}, ug'(0) = ugp, us™(0) = us).

Based on standard existence theory for differential equations, one can conclude the
existence of solution (uf*, u3") of (3.19) on a maximal time interval [0, ¢,,), for each
m € N.

e (A priori estimate 1): In , let w = (uf") in the first equation and w = (u}")’

in the second equation, add the resultmg equations and integrate by parts to obtain
d 12 2
SEn(1) = 5> (g0 Va1 —~ZmHW B2 Iver i, (3.20)
i=1 i=1

This means, using (A1), that for some positive constant C' independent of ¢ and m,
we have

E™(t) < E™(0) < C. (3.21)

e (A priori estimate 2): In (3.19)), let w = —Au}™ in the first equation and w =
—Auf™ in the second equation, add the resulting equations, integrate by parts and
use (A1) to obtain

d < - 1 ! 1

0 2 w45 (1 | auls)ds ) 18+ 5 (g 0 A
]‘ 1 m||2 m (|2

= Z >(gi 0 Auj") — §gi(t)HAui 12 + 1A I3

2
- Z/ p(x) fi(uy", uy') Aui"dx

pla) fi(uf", ug') Au™ d. (3.22)

IA

|
|'M
m\»

3.3. Well-posedness result for nonlinear case
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Then, integrating over (0,t) yields

i(l_TlllAu;m||‘Llp+%(1—/otgi<) )||Aum||2 + 5 (g0 du ))

i=1

2
< 3 (hauity + 18w - [ ptostr s
R

i=1

+ Z/ ) (fi(ufp, ugg) Augg) d (3.23)

// ( Oh uy Ault + == 0f> ’mAu2>d:Eds
Br Uy au1

To estimate the terms on the right hand side of (3 - we use ), Young’s
inequality and (L.F]) and take (3.21]) into account to get

/ o) fy( ) Al < / o) (1) + [ + [P+ g ]P2) A,
Br

Br

m c m m m i m P
<OIAI + 5 [ plo) (TP + g+ P + g )
R

< 8| a2, +§

< S auEs + 5 (IVa 2 + Va3, + Va2 + Va2

203; 203;
(I + 13 + 250 + 252

CEm OB (),

< 8| A2, + g. (3.24)

Since 1 < f3;5,1,j = 1,2. Now, we estimate

P [ oGt s

< ol A3, +

First, we observe that

| 1 1
/8].] + + o 1’
234 281, 2

and use (A2) and the generalized Hélder’s inequality to infer

1< d [ pla) (U o) b
Br

IN

1 1
@ (g + el o T 25857+ el o 12550 ) e
Then, by (1.5)), (3.21)) and Young’s inequality, we arrive at
1] < e (1 Va3 + Vg 827 ) 90 s Az,

< c(IVum  18uPllzz) < Ve, + clAulE, (325)

3.3. Well-posedness result for nonlinear case
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Since the other terms in (3.24]) can be similarly treated and the norms of the initial
data are uniformly bounded, we combine (3.24)), (3.25)), use (A1) and take 0 small

enough to end up with

2

2 t
> (Ivuly + 1Au) < et / (I, + lAuz3) ds.
=1

i=1
Using Gronwall’s inequality, this implies that

2
3 (Hvu;muglp + HAu;ﬂHg) <C, Vtel0,T]andm €N, (3.26)
i=1

e (A priori estimate 3): In (3.19)), let w = (u*)” in the first equation and w = (uf")"

in the second equation. Then, by exploiting the previous estimates and using similar

arguments, we find

2
S ™3 < €, Vte0,T)andm € N. (3.27)

i=1
From (3.21)), (3.26) and (3.27]), we conclude that

u;" are uniformly bounded in L*>(0,7; D(Bg)),

u™ are uniformly bounded in L>(0, T; LL(B R))s

)

u™" are uniformly bounded in L*(0,T; D*(Bgr)),

)

which implies that there exists subsequences of {u"}, which we still denote in the

same way, such that

u™ = weak u; in L=(0,T; D(Bg)),
u™ = weak u) in L0, T; L;(BR»’ (3.28)

(2
/

u™ = weak u! in L*(0,T; D™Y(Bg)).

)

In the sequel, we will deal with the nonlinear term. By Aubin’s Lemma (see [33]),

we find, up to a subsequence, that
u™ — u; strongly in L*(0,T; LL(BR)). (3.29)
Then,
u;" — u; almost everywhere in (0,7") X Bg, (3.30)

and therefore, from (3.59)), (3.60)),

fi(ul*,uy') — fi(uy,us) almost everywhere in (0,7) x Bpg, fori=1,2. (3.31)

3.3. Well-posedness result for nonlinear case
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Also, as uf" are bounded in L>(0,T; L2(Bg)), then the use of (3.56)-(3.60) gives
that fi(uf",us') is bounded in L>(0,T; L2(Bg)). From (3.31)), we can deduce that

filul", uy') = fi(ur, uz) in LQ(O,T;Li(BR)), fori=1,2.

Combining the results obtained above, we can pass to the limit and conclude that
(u1,us9) is the solution of system ([3.1)) restricted un Bg.
m In the next result, we will extend our solutions to R".

Theorem 3.1 Assume that (A1), (A2), (3.50)- are satisfied. Suppose that

the initial conditions
(u10,u11) € (C5°(BR)?, (20, u21) € (C§°(Br))?,
are given. Then for the problem , there exists a unique solution such that

(u1,uz) € (C[0,T; D(RM))?* and (u),uh) € (C[0,T; LL(R”)])?

Proof. (a) Existence. Let R, > 0 such that supp(uig,us) C Bpg, and
supp(ui1,us1) C Bpr,. Then, for R > Ry, R € N, we consider the approximat-

ing problem

( (Juiff[~2u ) + fi(ult ult) — A(u fogl s)ul(s —t,x)ds + uf >:O,$€BR><R+,

(=20l + fo(ult,uf)) = 6(@)A (ulf + fy gals)ufi(s — t,0)ds + uf) = 0,2 € B x R,

(uf(0,2), uz' (0, 2)) = (u}(2), u3(x)) € (C5°(Br))”,

, us(
L (00, 2), us(0, ) = (uf (), u3(x)) € (C5°(Br))*.
(3.32)

By Lemma problem (3.32) has a unique solution u? such that
(ui',uz) € (C[0,T; D(Bg)))* and  ((u)', (u3)') € (C[0,T; L,(Br)])*.

We extend the solution of the problem ([3.32)) as

0, otherwise.

) { (uff,uf), if Jz] < R, (3.33)

The solution (uf, uf) satisfies the estimates
1% || Lo 0,7 p(mny) < K, 1f (@) || oo 0.7 p(rmy) < K,

- N (3.34)
H(uﬁ)/HLm(&T;LfD(Rn)) <K, ||(Uf%)//||L°°(O,T;D*1(R”)) <K,

3.3. Well-posedness result for nonlinear case
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where the constant K is independent of R. The estimates (3.34]) imply that
uj is relatively compact in C([0,T7; LZ(R™)). (3.35)
Next using relations (3.34]) and (3.35)), the continuity of the embedding
. T2(Pn 2 . T2(ON
C([0,T]; L,(R™)) € L7([0, TT; L, (R™)),

and the continuity of f; we may extract a subsequence of u®, denoted by ﬂfm, such

that as R,, — oo we get
ul™ = ; in L=(0,T; D(Bg)),
(@) == uj in L®(0,T; L) (Bg)), (3.36)
(ufm)" sl in L°(0,T; D~ (Bg)),
f@f)y = f(w;) in L°°(0,T; D(Bg)).

For fixed R = R,,, let L,, denote the operator of restriction

L, :]0,T] x R" = [0,T] x Bpg.

It is clear that the restricted subsequence L,,u’'™ satisfies the estimates obtained

R ~1q . .
in Lemma . Therefore there exists a subsequence u;, ’ = ] for which it can
be shown by following the procedure of Lemma , that Lmﬁg converges weakly to
solution %]". We have

/

-/ N\ i o
fOT (Lm (|171 -2 ) ,v) o ds + foT (fl(LmU]p L,u)), v)L%(BR) ds
+ foT fBR VLmﬂ{Vvdxds — foT f(f g1(t —s) fBR Vﬂ{Vvdxds
+ fy [, VL Vodads

. "\ i
= f()T <(|ﬂ,1]|12u{ > , ’U) . ds + fOT (fl (ujl, ué), U) L2(R")
+ fOT Jan Vil Vodzds — fOT fot g1t = 5) [on Vi Vudads,
S (3.37)

-/ N\ o o
fOT (Lm (|ﬂ% |l*2u32> ,U) s )ds + foT (fg(Lmu]l, Lmué),v)L%(BR) ds

p\PR )

+ foT fBR VLmQQVvdxds — foT fot go(t — s) fBR Vu,Vodrds
+ Jy [5, VL3 Vodads

: 2\ 7 i
— foT <(|ﬁg|l—2ué ) , U) . ds + fOT (f2(u31, ué), U) L2(R")

P

[+ fOT Jan Vi, Vudrds — fOT fot 92(t = 5) [n Vi, Vodads,

for every v € C§°(]0,T] x Bg). Passing to the limit in (3.37) as j — oo, we obtain
that L,,u; = @". The equalities (3.37) hold for any v € C§°([0, T] x R") since the

3.3. Well-posedness result for nonlinear case
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radius R is arbitrarily chosen. Therefore u; is a solution of the problem ([3.32)).
(b) Uniqueness. Let us assume that (w1, u21), (u12, uge) are two strong solutions
of (3:1). Then, (21, z9) = (u11 — U2, Uz — ugg) satisfies, for all w € D(R™)

( Jan (p(:v) (124 -22,) w + V2,V + fot 91(8)V2z1(s — t,a:)des) dx
+ Jon (@) f1 (21, 22)wdz + V2{Vw = 0,
Jon (p@) (124]228) w + V2V + [ ga(s)Vza(s — t, x)des) dx
|+ Jan P(2) f2(21, 20)wdx + V2 Vw = 0.

(3.38)

Substituting w = 2 in the first equation and w = 2} in the second equation, adding

the resulting equations, integrating by parts and using (A1), yield

dﬁé i+ 2 (1= [ gis)ds ) 192+ L(gr0 vz
dt ;i T o TP IV Az TR e

=1

< /n ([f1(uar, ug2) + fi(uir, ui2)] 21 + [fa(uor, us2) + foluir, uiz)] z5) d.

Making use of (3.60)) and following similar arguments that used to obtain (3.25)), we
find

/ ([f1(ua1,u92) + f1(u1r, ur2)] Zi + [fo(uar, ue) + foluir, uis)] Zé) dz
S l{/ (1 + |U11‘ﬂ11_1 -+ ]ulglﬁn_l + ‘u21‘,6’12—1 + |U22|ﬂ12_1) (’Zl‘ + |ZQDZ£d$

+ ]{7/ (1 -+ |U11|521—1 -+ ‘Ulz‘ﬂm_l + |U21’622_1 + |U22|522—1) (‘21’ —+ |22|)Z;dl’,
Br

IN

2
e > (115, + 1v=13.) (3.39)
=1

Combining ([3.38)- (3.39), integrating over (0,¢) and using Gronwall’s Lemma, then
we deduce that )
>l + l=13) =, (3.40)
i=1
which means that (w11, u91) = (U9, u22). This completes the proof. m We can now
state and prove the asymptotic behavior of the solution of (3.1)).

3.4 Decay rate for linear cases

We show that our solution decays time asymptotically to zero and the rate of de-

cay for the solution is similar to that of the memory terms, making some small

3.4. Decay rate for linear cases
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perturbation in the associate energy, for this purpose, we introduce the functional

2
:Z/ p()u;|ul |l d. (3.41)
i=1 7R

The following Lemma will be useful in the proof of our next result.

Lemma 3.3 Under the assumptions (A1), (A2), the functional v satisfies, along
the solution of ,
2 2 2
(6) < D Ml gy = (k=1 =8+ lale) Y IVl + ¢y (g0 V), (3.42)
i=1

i=1 =1
for positive constants c.

Proof. From , integrate by parts over R", we have
P'(t) = /n p(x)ulldr + /Rn p(x)uq (]u1|l 2 ) dx
o [ ptarddet [ ployu (g2 do.
= / (p(x)u’ll — uiAuy — ur Auy — ap(x)uiug + uy /t g1(t — s)Auy(s, x)ds) dx

0

t
+ / (p(x)ug — up AUy — usAuly — ap(w)usug + uz/ g2(t — s)Aus(s, x)ds) dx,
n 0
2 t 2
= il = (1= [ w(e)as) S IVl
i=1 1=1
2
= SIVEE 20 [ poyurds
i=1 R
2 t
+ Z/ Vui/ gi(t — s)(Vu;(s) — Vu,(t))dsdz.
i=1 /R" 0

Recalling that fot gi(s)ds < fooo gi(s)ds = 1 — k;, using Young’s inequality, Lemma
and Lemma we obtain

2 2
() < Z i g ey — Z IVuill3 = (ki = 1+ [alllp

2
Zsl(Rn)> Z IV 13

i=1

+ (5ZHV%H2+ Z/ (/ gi(t — 8)|Vuy(s) — Vui(t)]ds>2dx,

2
< Z Hug‘|lL£)(R") - Z Vw3 — (k=1 =6+ |ac) Z V|3
=1 =1 =1
1—k) <
+ ( ) Z(gz o Vuy).

i=1

3.4. Decay rate for linear cases
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For o small enough and k& = min{ky, k2}. ® Our main result reads as follows.

Theorem 3.2 Let (g, u11), (U0, tz1) € D(R™) x LL(R™) and suppose that (A1),
(A2) hold. Then there exist positive constants W, w such that the energy of solution

given by satisfies,
E(t) < WE(0)exp ( / (s ) ,Vt > 0. (3.43)
In order to prove this theorem, let us define

L(t) = NiE(t) 4 £ib(t), Ve > 0. (3.44)

for N7 > 1, we need the next lemma, which means that there is equivalence between

the perturbed energy and energy functions.

Lemma 3.4 For Ny > 1, we have
P1L(t) < E(t) < L(t)B2, ¥Vt >0, (3.45)

holds for some positive constants 31 and Ps.

Proof. By (3.41]) and (3.44)), we have

[L(t) = ME@)] < elyn(t)],
< €Z/Rn | p(@)w;|uf]' =] da.

lsmce—>l>

Thanks to Holder’s and Young’s inequalities with exponents ;= 1,

2, we have by using Lemma

1/1 (1=n/
[ wwutirzalas < ([ potutac) ([ o)
R" n R"
1 -1
T ([ ponutar) + 52 ([ o),
Al l

l2- (3.46)

IN

IN

Then, since [ > 2, we have by using (3.4])

|L(t) — N1 E(1)]

IA A
)
tqf-k
—~ =
~+

IA
m
o
[+
N N /:
=
==
sl
3
+
<
£
N—

IN A
oo
S O
S35
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Consequently, (3.45)) follows. =
Proof of Theorem From (3.4)), results of Lemma [3.3] we have

L) = NE(t)+e)'(t),
< N300 Va0 - Y IVullR)

2
+ e (lllggny = (k=1 =6+ lalo)| Va3 + el 0 V) ).
i=1

At this point, we choose N7 large and ¢ so small such that

2
L'(t) < My (gioVu) —eE(t), Vt>0. (3.47)
i=1
Multiplying ((5.23]) by £(¢) gives

2

L) < —e£()E() + Mo&(t) Y (gi© V). (3.48)

i=1
The last term can be estimated, using (A1) as follows

§t)Z(gioVui) < Zfi(t) /n/o gi(t — s)|ui(t) — wi(s)|*dsdz,

i=1

N

2

< // &t — )9t — 3)|ua(t) — us(s) [2dsda,

< / / gt — 8)|ui(t) — ui(s)|Pdsdz,
< - Z(gi o Vu,) < —E'(t). (3.49)
Thus, becomes
ER)L'(t) + MpE'(t) < —e£(t)E(t) VYt > 0. (3.50)

Using the fact that ¢ is a nonincreasing continuous function as & and & are nonin-
creasing and so ¢ is differentiable, with £'(¢) < 0 for a.e ¢, then

(EL(E) + MyE(t))Y < E@)L'(t) + MyE'(t) < —e£(H)E(t) Wt > 0. (3.51)

Since, using ((3.45))

F=¢L+ MyE ~ E, (3.52)

3.4. Decay rate for linear cases
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we obtain, for some positive constant w

F'(t) < —w&(t)F(t) Vt>0. (3.53)

Integration over (0,t) leads to, for some constant w > 0 such that

F(t) <WF(0 exp( /g ),wzo. (3.54)

Recalling (3.52)), estimate (3.54)) yields the desired result (3.43)).
This completes the proof of Theorem ((3.2)).

3.5 Concluding comments

1- One can easily obtain the same result in Theorem ([3.2)) in the nonlinear case

(| |l 2 1) + fi(ur,ug) — o(z)A (uy + fot gi(s)ur(t — s, w)ds +uf ) =0,
(lusl= 2“2) + four, uz) — o(x)A (us + f(f 92(8)ua(t — s,x)ds +uy ) =0,
u1(0,2), u2(0, ) = (uro(x )) € (D(R"))?,

)

( )= (
( )= (

= (U11 (I

~— —
<
[\
(=)

(
Juzi(z)) € (Ly(R™))?,

1

| (w10, @), u3(0, 2
(3.55)

where our nonlinearity is given by the functions fi, fo satisfying the next assump-

tions:

(hyp1) The functions f; : R* — R (for i=1,2) is of class C' and there exists a

function F' such that

filz,y) = gi falz,y) = %{;

F >0, zfi(z,y) + yfolz,y) — F(z,y) > 0. (3.57)
and

%2y Y(ry) €R? O (3.58)

of, of, -
< i1
Lo+ L] < s a1y

for some constant d > 0 and 1 < 8;; < =5 for 4,5 = 1,2.
(hyp2) There exists a positive constant &k such that

iz, )| < E(lz| + [y] + 27 + [y[72), (3.59)
and

‘fi(%y) - fi(ﬁs)’
< k(LA [z 4y 4 P 4 s (Jo = v 4 |y — s]), (3.60)

3.5. Concluding comments
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for all (z,y), (r,s) € R? and i = 1,2. Noting that we follow the same steps in the
linear cases with the same perturbed function and some calculations related with
the presence of fi, fs.

2. Let us remark that, it is similar to study the question of existence and decay of

solution of the same problem with the presence of weak-viscoelasticity in the form

() [=2u) + fu(un, us) — d(@)A (ur + ar(t) [ gr(s)ui(t — s,2)ds +u} ) = 0,
) (|U,2\Z_ZU/2)/+f2(U1,U2) — () A (up + as(t) fo G2(s)ug(t — s, x)ds 4+ uy ) =0,
(u1(0,2), u2(0,2)) = (u10(2), uz(z)) € (D(R"))?,
| (10, 2),u5(0,2)) = (un (@), un(@)) € (L},(R"))>%,
(3.61)
where we should need additional, conditions on « as follows
t 00
1— Oéi(t)/ gi(t)dt > ki > 0,/ gi(t)dt < 400, ai(t) > 0, (362)
0 0
/
—a/(t
o) _ (3.63)

li —
s a(D)E(D)
where

a(t) = min{oy (1), az(t)}, VYVt >0.

Under this additional conditions on «, by using the Lemma [I.2] the decay of energy

associate with problem (3.61]) is given in the next result

Theorem 3.3 Let (up, uin) € (D(R") x LL(R™)),7 = 1,2 and suppose that (A1),
(A2), — hold. Then there exist positive constants W,w such that the
energy of solution given by (3.61)) satisfies,
t
E(t) < WE(ty) exp (—w/ a(s)f(s)ds) : (3.64)

to

where £(t) = min{& (¢),&(t)}, YVt >ty > 0.

3.5. Concluding comments
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Transmission system in thermoelasticity

with infinite memories

This Chapter describes a polynomial decay rate of solution for a transmission prob-
lem with 1—d mixed type I and type I thermoelastic system with infinite memories
acting in the first and second parts. The main contribution here is to show that
the t=! is the sharp decay rate of our problem . That is to show that for this
types of materials the dissipation produced by the infinite memories are not strong

enough to produce an exponential decay of the solution.

4.1 Introduction and Previous Stability Results

In the present paper, we consider a transmission problem with 1 — d mixed type [/

and type I1 thermoelastic system and memories terms for ¢ > 0 in the following:

(

pri” = ay (s = [ (b = $)uea(5)ds ) + frfe = 0, x € (~L,0)
e = 10, + B, =0, z € (-L,0),
po" = a3 (v = [ 1a(t = $)00a()d5) + foge =0, € (0, 1),
Cowy — KWy gp + Bov), = 0, z€(0,L),
) (4.1)

u(0,t) = v(0,1),
6(07 t) - Q(07t)7
w1 (0,t) = ws(0,1),
10,(0,t) = kw, (0, 1),
[ a1uz(0,1) — azu,(0,t) = 16(0, ) + B2q(0,1),

52
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where u,v are the displacement of the system at time ¢ in (—L,0) and (0, L) and
0,q are respectively the temperature difference with respect to a fixed reference

temperature, wy, wy are the so-called thermal displacement, which satisfies

wl(.,t):/o 6(..,5)ds + wi (., 0)
and .
wz(.,t):/o q(., s)ds + ws(.,0).

The parameters ay, as, p1, p2, b1, B2, c1-Co, k,l and L < oo are assumed to be positive
constants.
The system (|4.1)) satisfies the Dirichlet boundary conditions:

u(—L,t) =v(L,t) =0, t>0,

(4.2)
wl(—L, t) = U)Q(L,lf) =0, t >0,
and the following initial conditions:
u(.,0) = u’(z),u'(.,0) = u'(z),wi(.,0) = wi(z),0(.,0) = °(z)
(4.3)

v(.,0) = 0%(z),v'(.,0) = v'(x), wa(.,0) = wI(x), q(.,0) = ¢°(z).

We treat the infinite memories as Dafermos [I5], [I6] adding a new variables n, 7o
to the system which corresponds to the relative displacement history. Let us define

the auxiliary variables
m =ni(x,s) =u(zx,t) —u(x,t —s), (x,s) € (—L,0)x RT.
and
Ny = nh(z,8) = v(x,t) —v(x,t —s), (z,5)€ (0,L) x R,

By differentiation we have

d, - d, d .
Enl(x,s)— gnl(x,s)#—%u(x,t), (x,s) € (=L,0) x RT,

and

d , d d
— = —— — L) x R*
dth(m,S) d5772(x7$) + dty(xat)a (.’I?,S) € (07 ) X )

and we can take as initial condition (¢ = 0)

n(z,s) = u’(z,0) —u’(x, —s), (x,5) € (—L,0) x RT.

4.1.

Introduction and Previous Stability Results
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and

=0"(z,0) — 0%z, —s), (x,8) € (0,L) x RY.

Thus, the original memories terms can be rewritten as

Sl (t = )uaa(s)ds = [ (s

n5(z, s)

Vg (t — $)ds

= (Jo mt)dt) uee — [7° m(s)nf oo (s)ds.
and
S et = $)v(s)ds = [ pa(s)vaa(t — 5)ds
= (Jo p2(t)dt) vaw =[5 2(5)173 1 (5)ds.
The problem is transformed into the system
( pru” — ay (Mmum + Jo k() 4. (s )ds) + 610, =0, z € (-L,0),
cauw] =10, + frul, =0, x € (—L,0),
V" — ay (uogvm + fo 112(8)15 4 (5 )ds) + B2g: =0, x€(0,L),
Cowly — kwa 4 + Povl, = 0, x € (0,L),
(@, s) + Eni(z,s) — gu(z,t) =0, z € (—L,0),
e, s) + Enh(x,s) — Gu(a,t) =0, z € (0,L),

(4.4)
u(0,t) = v(0,1),

0(0,t) = q(0,1),

w1(0 t) = w»(0,1),

0(0, ) = 2,x<07t)>
alux(O t) — agv,(0,t) = £10(0,t) + B2q(0, 1),
n(z,s) = u’(z,0) — u’(x, —s),s >0
\ 3z, s) = v(x,0) — v (z, —s),s >0

where fig; =1 — [ ps(t)dt, i=1,2.

The stability of various transmission problems on thermoelasticity have been con-
sidered [43], [13], [12] [19], [1I7], [42], [45], [46] and [52]. The transmission problem
to hyperbolic equations was studied by Dautray and Lions [14] where the existence
and regularity of solutions for the linear problem have been proved. In [45], the

authors considered the transmission problem of viscoelastic waves

pru” — iUy, =0,
" 3
p2v" — Qs + [3 g

x € (0, L()),

xr &€ (Lo,L), (45>

(t — s)vge(s)ds = 0,

satisfying boundary conditions and initial conditions. The authors studied the wave

propagations over materials consisting of elastic and viscoelastic components. They

4.1.

Introduction and Previous Stability Results
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showed that the viscoelastic part produce exponential decay of the solution. In [40],
the authors investigated a 1D semi-linear transmission problem in classical ther-
moelasticity and showed that a combination of the first, second and third energies
of the solution decays exponentially to zero. Marzocchi et al [41] studied a multidi-
mensional linear thermoelastic transmission problem. An existence and regularity
result has been proved. When the solution is supposed to be spherically symmetric,
the authors established an exponential decay result similar to [40]. Next, Rivera
and all [46], considered a transmission problem in thermoelasticity with memory.
As time goes to infinity, they showed the exponential decay of the solution in case
of radially symmetric situations. We must mention the pioneer work by Rivera and
all in [I7] where a semilinear transmission problem for a coupling of an elastic and
a thermoelastic material is considered. The heat conduction is modeled by Catta-
neo’s law removing the physical paradox of infinite propagation speed of signals.
The damped, totally hyperbolic system is shown to be exponentially stable. In
2009, Mesaoudi and all [42] proposed and studied a 1D linear thermoelastic trans-
mission problem, where the heat conduction is described by the theories of Green
and Naghdi. By using the energy method, they proved that the thermal effect is
strong enough to produce an exponential stability of the solution.

The earliest result in this direction was established by [56], where the dynamical

behavior of the system is described by

1 — ayuy pe + 8101, =0, x € (—1,0),

] = bl g0 + Pruy, =0, x € (—1,0), (16)
PoUY — Ags zp + Bab, =0, x € (0,1),

CoTy — kTopu + Pouy, =0, 2 €(0,1),

the system consists of two kinds of thermoelastic components, one is of type
I, another one is of type II. Under certain transmission conditions, these two
components are coupled at the interface. The authors proved that the system is
lack of exponential decay rate and further obtain the sharp polynomial decay rate.
Our paper is devoted to show that our system can achieve polynomial decay
rate. That is, our main result here is to show that for this types of materials
the dissipation produced by the viscoelastic part is not strong enough to produce

an exponential decay of the solution despite that the infinite memory satisfies

assumptions ([4.7) and (4.8)

4.1.
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4.2 Preliminaries and the semi-group approach

For simplicity reason denote u(z,t) = u,v(z,t) = v,w;(z,t) = w;,i = 1,2,q(x,t) =
¢, when there is no confusion. Here v’ = du(t)/dt,v" = dv(t)/dt and v’ =
d*u(t)/dt?, v" = d?v(t) /dt?, w! = d*w;(t)/dt?,i = 1,2.

First we recall and make use the following assumptions on the functions u; as:

We assume that the function p; : R™ — RT is of class C? satisfying:
1—/Ooui(t)dt=um >0,i=12 VteR" (4.7)
0
and that there exists a constants k; > 0 such that
() + kip(t) <0 VteRYi=1,2 (4.8)

We denote by A the unbounded operator in an appropriate Hilbert state space:

Let
V*0,L) = {h € H*(0,L); (L) = 0}
and
VF(—L,0) = {h € H*(—L,0); h(—L) = 0}.
Let

H = VY—L,0) x L*(—L,0) x L*(—L,0) x
x V0,L) x L*(0, L) x V*(0,L) x L*(0, L), (4.9)

equipped, for (u,u’,0,v, v, ws, q), (@, u', 0,0, 0!, 1y, §) € H with an inner product

<(u,u1,0,v,vl,w2,q), (a,ul,é,ﬁ,ﬂl,wg,(j)>7_[

0 t - =
/ [al (,umum + / ug(s)nix(s)ds)ﬂ_m + prutut + 0199} dx
L 0

L t — _
+/ [ag (MOQUw + / /LQ(S)ﬂé’I<S)dS>Z~J_x + pavt vl + kwy s, + CQqux] dx.
0 0
with domain

u,0 € H*(—L,0),u' € H(—L,0),

v e H?0,L),v',qge H(0,L), wy € H*0, L),
D(A) = (u,u,0,v,0  wy,q) €H:{  O(—L) = q(L) = 0,10,(0) = kws,(0) (4.10)
a1piotiz(0) — $10(0) = azv,(0) — F2q(0)

[ u(0) =v(0),6(0) = q(0),

4.2. Preliminaries and the semi-group approach
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and
ol
u L -
o | et (e (o + J7 ()t 1 (s)ds ) = a6
0 o ( — Brug + le:m:)
Al v vt (4.11)
vt py! (CL2 (Mozvm + [ M2(8)77§,m(5)d3> - 32%;)
W ¢
q c;1< — Bovl + kw27m>

Lemma 4.1 Let A and H be given in and . Then, the operator A is
dissipative in H.

4.2. Preliminaries and the semi-group approach
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Proof. Let W = (u,u',0,v,v',ws,q)", then it is note hard to see that

0 00
RAW, W)y = R(/ p11a1<,u01ui+/ ul(s)nf,x(s)ds>u_zdx
L 0

+ /OL Pl_l <a1 <M01u$ + /OOO M1(8)ni7r(8)ds) - 510>zde
+ /_OL ! (zem - 51u;>§dx

L o0
+ / /)21@2(#021131;4-/ u2(s)n§@(s)d5>mdaz
0 0

+ /OL ,02_1 (az (,UOQ"Ux + /OOO Mz(s)n;x(s)ds) — 52@[) Iﬁdx

L
(/{:wQ’u - ﬁwi)qﬁdx + / qumdx>
0

0 [e's)
= R(/ pytan ,U01U +/ m(S)??i,x(S)dS)u_xdfv
0

L

0

i (o (o + [ (o)t (o)ds) YT
0

/.
0 0 o 0 o
/ c lwmé’dx—k/ cl_lﬁlul&tdx—/ pyBi0uldx

-L

—L

¥ / gtk + [ o)t (s)ds s
0 0

L [e's) .
[ (et [ el (s)as Yot
0 0

L L L
+ / <kw2,m — ﬁwé)q_xdx + / kq,Ws zdx — / Py lﬁgqﬁﬁda:)
0 0 0

0 L L
= R( / c; M0,,0dx + / ks 0 GudT + / k:qudx>
L 0 0

0
= —clll/ |0, |*da
-L
< 0. (4.12)

Then, (4.12)) means that the operator A is dissipative in 7. ® In the next Theorem,
we shall prove that the operator (4.11]) generates a Cyy semigroup of contractions on

4.2. Preliminaries and the semi-group approach
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H.

Theorem 4.1 Let A and H be given in and . Then, A generates a C

semi-group S(t) of contractions on H.

Proof. For any
F= (f17f27f37f47f57f67f77f87f9)T € H)

the equation
AW = F

has a unique solution W = (u, u!, 8, v, v', wy, q)7 € D(A) satisfying the transmission
and boundary conditions. Then, using Lemma [.T]and Sobolev embedding theorem,
one obtains A™! is compact on H. Therefore, the Lumer-Phillips theorem (see [50])
gives the result. This completes the proof. m For U = (u,u',0, v, v, ws,q)T, the
problem can then be reformulated under the abstract from

U = AU, (4.13)

where U(0) = (u®, ut, 0°,0°, v, w), ¢°)T € H is given.

The following is the well-known Gearhart-Herbst-Pruss-Huang theorem for dissi-
pative systems. We will use necessary and sufficient conditions for Cy-semigroups
being exponentially stable in a Hilbert space. This result was obtained by Gearhart
[24] and Huang [22]

Theorem 4.2 Let S(t) = e be a Cy-semigroup of contractions on Hilbert space.

Then S(t) is exponentially stable if and only if
p(A) D {i: (e R} =R

and
T [|(iC1 — A) 2 < oo.
|¢]—00

4.3 Lack of Exponential Stability

Following the techniques in [4], it is easy to check that (H,||.||%) is a Hilbert space.
In this section we prove the lack of exponential decay using Theorem that is we

show that there exists a sequence of values h,, such that

[(ihnd — A) | 220) — 00 (4.14)

4.3. Lack of Exponential Stability
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It is equivalent to prove that there exist a sequence of data F,, € H and a sequence
of real numbers h,,, € R, with || F,,,||% < 1 such that

H(th] - A)_lFmH’H = HUmH%—t — 00. (415>

Theorem 4.3 Assume that the kernel satisfying hypothesis (w and (@ The

semi group S(t) on H is not exponentially stable.

Proof. We will find a sequence of bounded functions

Fm - (fl,ma f2,maf3,ma f4,m7 f5,maf6,ma f?,ma f8,ma f9,m)T S H7 h € R?

for which the corresponding solutions of the resolvent equations is not bounded.
This will prove that the resolvent operator is not uniformly bounded. We consider

the spectral equation

hU,, — AU, =
and show that the corresponding solution U, is not bounded when F}, is bounded
in H. Rewriting the spectral equation in term of its components, we get
(ihu —ul = fim,
it (oot + 06 (905) — 520) = pr o
ihei 6 — ( — fruy, + mm> = C1/3m
ihv — o' = fam
ihpyv! — (CL? (MO?UM + 37 pa(s)nh 4o (s )d5> - ﬁﬂh) = pafsm (4.16)
thwy — q = fem
ihcaq — ( — Bovy + ka,mx) = Co.frm
ihnf —u' + 11, = fam
Lihnh —v' 15 = fom

We prove that there exists a sequence of real numbers h,, so that (4.16|) verified Let

us consider fi,,, = fam = fom = fsm = fom = 0 and using the equations to eliminate

the terms u',v* and chose for, = fsm = fsm = fom = Am to obtain u! = ihu,

v! = ihv and ¢ = ihw,. Then, system becomes
(_h2y — I (a1 (Mmum + Jo k()4 (s )dS) - 610:2) = Am
Hﬁ—cf(—6w<+wm>:A

-m%—@(@@wm+ﬂ)m %m(ﬂﬂ—&mWﬁzﬂm (4.17)
—h?wy — ¢y ( — Bovl + ka,m) = Am

ihn —ihu+nj, =0

i, — ihv + 15, = 0

4.3. Lack of Exponential Stability



Chapter 4. Transmission system in thermoelasticity with infinite memories 61

We look for solutions of the form

U= A, U = by, 0 = A, Wy = dp, U = ey,

vh = A (@, 5) = Y(8)1Am, 15(, 5) = 72(8) Am

with a,b,c,d, e, f € C and v1(s),72(s) depend on h and will be determined explicitly
in what follows. From (4.17)), we get a, b, c,d, e and f satisfy

(

—h*a —pi! (alhm (Mma + 7 M1(S)%(S)d8> - 510h> =1,

the — cl’1< — Pre+ lhmc) =1,

—h% — p;! (azhm (,uogb + [ uﬂs)w(s)ds) — 62ihd> =1, (4.18)
ihd — 02_1( — Bof + k:hmd> _ 1,

M,s + thy, — iha = 0.

| 2.5 +1hy2 — ihb = 0.

From (4.18)5 and (4.18)s we get

71(s5) = a — ae™™, (4.19)

and
Yo(s) = b — be ™", (4.20)

Then, from ‘ ) " we have
/ pi(s)n(s)ds = / 11 (s)(a — ae~™)ds
0

0

= a/ ul(s)ds—a/ p1(s)ae™"ds
0 0

= a(l— pon) — a/ooo 1 (s)e™ ™ ds. (4.21)
and
/000 p2(8)y2(s) ds = b(1 — pga) — b/ooo pa(s)e™ s ds. (4.22)

Now, we would like to find the parameters constants. To this end, choosing

crih = hpl, coth = khy,, (4.23)
using equations (4.18)), and (4.18))4, we obtain
C1

e = —, 4.24

5 42
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&)
= . 4.25
f 3, (4.25)
By equations (4.18)); and (4.18)3, we have
€= T ) <1 +p1 hmay [§7 i (s)7a(s)ds — pflhmﬁlc)7
d= (*hQ*PQ_}hmazuoz) (1 T p;lhm@ fooo M2(5)72(5)d5 - pflhm62c>.

Recalling from ([£.24)), ([£.25) that

w0t = el + fm
C1 Cy

= Bt

i + (%)2] hZ,.

>\m7
we get

1912 1|2 €1
w3 + o]z 3,

Therefore we have
T Ul > T (4 o3
. c1\? 2?2
= lim [(—) +<—> :|h3n

which completes the proof. m

4.4 Polynomial Stability

Lemma 4.2 [7], [38], [56] For some constant C > 0, a Cy semigroup S(t) = e of

contractions on a Hilbert space satisfies
1S(E)Woll < CtH[Wollp(ay, YWo € D(A), t — oo,

if and only if the following conditions hold

1. p(A) DR
2. Chm 1(i¢I — A)7H| < o0

Our main result reads as follows.

Theorem 4.4 Assume that and (@ hold. Then t=! is the sharp decay rate.

Therefore, the decay rate of the system cannot be faster than t=!.

4.4. Polynomial Stability
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Proof. 1. Using proof by contradiction. For this purpose, we assume that
there exists A\ = i€ € 6(A),0 € R,§ # 0 on the imaginary axis and W =
(u, ut, 0, v, 0", wy, q) € D(A) is the eigenvector corresponding to A. Then,

A= ul (4.26)

St = o (an v+ [ (o)t (5)ds) - 516 (4.27)
0

N = c;1<—51u;+19m), (4.28)

o= ol (4.29)

Mt = p2_1<a2<uozvm+/ Mz(s)ﬁé,xx(s)d-S)—ﬁqu), (4.30)
0

Sy = q (4.31)

N = 02_1(—521};—%]611]2,”)- (4.32)

Since A is dissipative by Lemma we have R(AW, W) = —c; ! fEL |0, |>dz = 0,
which yields 0, = 6,, = 0, then by (£.28), we have ul = 0, then u = u! = 0. Hence
(u,u', wy,q) = 0 which contradicts the fact that W = 0is an eigenvector. This
completes the proof.

2. We would now show that

i [[(iCT — A)7H| < o0 (4.33)
We prove that there at least exists a sequence
Vi = (U, 1, Oy Uy U Wo s ) € D(A),
with ||V,|l% = 1, and a sequence ¢, € R with ¢, — oo such that

4.4. Polynomial Stability
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or, for Q; = (—=L,0),Qs = (0, L)

CaliCuttn — upy) — 0, in H'(), (4.34)
Cn (chu /01 (al <:U’01un,rx + /0 NI(S)Tﬁ,n,m(S)dS) - ﬁlen,x>) — 07 in L2<Ql)7
Co <@ ( Byl , + 16, )) 0, in L2(Q,), (4.35)
Cn(iCnvn - Urlb) — 07 in Hl (92)7 (436)

G (16008 = ™ (0 (st [ (51t a(5)d) = Bat)) = 0, i L2(02),

Ca(iCawan — Gn) — 0, in H' (), (4.37)
G (ig‘nqn - c51< — Bovl, + ka,n,m)) S0, in LH(Q), (4.38)
ihnt — u%n + 7715 =0 (4.39)
ihny — vy, + 15, =0 (4.40)

Noting that
Re(GuliG — Ao, Vidr = GallVE Busllze — 0.

Then

VG 0ne—0, in L*—L,0). (4.41)

By Poincaré’s inequality, we get

V¢ 0,—0, in L*—L,0). (4.42)

Thanks to the Gagliardo-Nirenberg inequality, we have

Ve bullie < O IVG OualliIVG Oullie + CallV/Gr Oullze. (4.43)

Thus,

VG 6,(0) = 0. (4.44)
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From (4.34), we have £ (i¢,) 'u, , is bounded in L*(—L,0). By (4.35)) we have the
boundedness of (i¢,) ™10, .. in L*(—L,0).
Using again the Gagliardo-Nirenberg inequality, we have

I(YVE) tulin < a6 el VG Oualliz + ol (V) el

which gives

(VV&) -y >0, (YVG) T0a0) 0 (4.45)

Multiplying equation after (4.34) by p(z)u, , in L? — norm for p(z) € C*[—L,0], to

get
~Colttn, P(2)Un0) £2(~1,0) — pl_la1<“01u"’”’p(x)u"’x>L2(—L7o)
oo [ s @)
01 B1(On.ar () tn o) L2(~L,0) = 0. (4.46)

Integration by parts gives

- C2<un7p($)un,I>L2(_L,0) = C’g <_L)’un(_L)’2 - 2p(0)’un(0)‘2 + C72l<px(x)un7 u”>L2(L70)

- p11a1u01<un,m,p(:v)un,x>L2(LO) = —p1 a1p01P(0)|tn (0] + pitarporp(— L) [up o (= L)]?

-1
+ m a1N01<p ””(x)u"’x’u”’“’>L2(—L,0)

and

o [ m s @), (1.47)
o ap(0) [ ()0, 5d50,0(0)
0

ot ap(-L) [ (o)L dsuna(~L)
0

sorta(pae) [ (s )
0

L2(—L,0)
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Since
pflﬁl <9n,xap(x>un,x>L2(fL,O) — 07
then by the above integrations, for p(z) = z € C'[—L, 0], Eq.(4.46) takes the form

~Cfun( =L+ 2 tn, un)

L2(—L,0)
-1 2 -1
—p1 arpor |t (—L)|" + p3 alu01<u"’$’un’x>L2(—L,0)

oy / ia ()1 (— L 5)dst o (~ L)
0

-1 t
ds, n> — 0, 8
+ 9N a1</0 Nl(s)Th,n,x(S) §, Un, L2(—L,0) ( )

and hence u, . (—L) and {,u,(—L) are bounded.
Similarly, taking p(z) = z + L € C'[—L, 0], Eq.(4.46) takes the form
—Calun (0)[* + C2<una un>

L2(~L,0)
-1 2 -1
—py a1 ptor|n . (0)]° + py a1M01<Un,z7Un,x>L2(L70)

—py ay / 111(8)11 2 (0, 8)dstur, £(0)
0

—1 > ¢ d nx> - 0 449
+ 0 a1<\/0 :ul(s)nl,n,:c(s) 5, Un, L2(—-L,0) ( )

Then, we get boundedness of (,u,(0) and u, ,(0).
Multiplying (4.35)) by w, . and taking the integration to get since ¢, > 0,

ZCn<6na un,m> + Cflﬁl<u1,n,x7 un,m> - Cill<en,zm7 un,x> — 0.
L2(—L,0)

L2(~L,0)
By (4.42)), we have after dividing by iv/C,

i{n<9n, um> 0
LQ(—L,O)

L2(—L,0)

Integrating by part to get
l(l\/c_n>_1 <9n,z(_L)un,x(_L) - en,m(o)un,x«))) + l<\/<Tngn,x7 (ign)_lun,xm>L2(_L 0)
+B1 \/Z<u1,n,wu un,x>L2(L’0) — 0 (450)

By (4.45)and the boundedness of u, ,(—L) and u, ,(0), we have

i/G) ™ (Bna(= L)t e (L) = 02 (0)2(0) ) = 0
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Moreover, from equation after (4.34]), we obtain that (i¢,) 't .. is bounded in
L*(—L,0), thus
l( V Cnen,wu (iCn)_lun,mx) — 0
Hence by(4.50)),we get
V VG Une — 0, in  L*(—L,0) (4.51)
thanks to the Poincaré inequality, we have
V VG u,—0, in  L*(—L,0) (4.52)

By (4.51),(4.52) and Galiardo-Nirenberg inequality, we get

V VG u,(0) =0 (4.53)
From equation after (4.34) and (4.41)) and since ¢, > 0, we have
ignul,n - pl_lal (NOlun,zm + / M1(5)77i,n,m(3)d5> — 07 n LZ(_L7 0)7 (454>
0

Multiplying the above by u,,, we get

2.Cn<u1,na un>L2(—L,O) - p1_1a1< (MOlun,x:c + /0 ,Ul(s)nllf,n,:ca:(s)d8> ) un> — 0.

L2(~L,0)

Integrating by part, we get

_<u1,n7 ul,n>L2( L0)

_pflaINOIUn,m(O)un(0> + p;lQIMOIUn,x<_L)un(_L) — PIIG1M01<Un,x7 un,:p>L2(L 0)

wprtan [ (o)t 0.5d5000) — o' [ (o)t pl-Ls)dsin (D)
0 0

! h . d M> — 0.
ot [ mm s )
Since uy, »(0), Uy . (—L) are bounded, by (4.51) and w,(—L) — 0, u,(0) — 0, we have
Uy Gty — 0, in L*(—L,0). (4.55)
Multiplying equation after (4.34)) by (x + L)u,. ., we get the real part as follows

2%[ — <C2u1,n, (x + L)unx>

L2(—L,0)
—pi s { (portim e + / (50} o ()3 ) (2 + D))
0
2 2 2
= - n 0 < ) n>
Cln(O)P + G ),

ot [ ()t 0.9ds00(0) + o [ (el ) 0
0 e 0 v L2(-L,0)

L2(—L,O)}

-1 2 -1
— p1 a1 o1 |tun 2 (0)|* + p3 alﬂ01<un,xaun,$>L2(L’0)
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Hence by (4.51)and (4.55))
Catin(0), Uy 2 (0) — 0 (4.56)

Now, multiplying equation after (4.34) by zu,, ., we get the real part as follows
20| — (Caub, wun,. ) 4.57
Gubns) (457

o0

_p1_1a1< <N01un,x:c + H1 (S)ni,n,m(s)@) ’ xun7$>

0 L2(—L,O):|

= _Cs‘un(_L)‘z + C72L<un7 un> - p;1a1M01’un,x(_L)‘2 + pf1G1M01<un,x7 un,a:>

L2(—L,0) L?(—L,0)

ot [ (st (-Ledsuna(-L) g [ ot s 0,
0 0 L2(—L,0)

Then
Cutn(—L), tp o(—L) — 0. (4.58)

Taking again equation after (4.34)), multiplying by w,,, we have

Valiuutsun) 4 o7 VG (B un)

L2(—L,0) L?(-L,0)

—1
- n@ Un,zx, Un
P~ ¢ 1,u01< ’ >L2(—L70)

. - o] ‘ d n> 0 459
P1 C a1</0 lu’l(s)nl,n,:m(s) 5 L2(—L,0) o ( )

By (51) and (&50), we have

-1
- nQ Un,zay Un
P1 G 1MO1< ; >L2(_L70)

= —p; tar o1 v/ Cutin 2 (0)u, (0) + py tar pror v/ i o (— L), (— L)

1 a1fo1V/ Co{ Un.as Un, 2 Lo)
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and

_pl_l gna1< / M1(8>n§,n,xr<s)d87 un>
0

L2(—L,0)

— o s/ [ ()0, 5)dsn 0
0
o o /G [ ()L s)dsin (D)
0

—1 = t
+p1a1pior Cn< / 111 (8)71 3,0 (5)ds, un,x>L2(_L70) — 0 (4.60)
Thus by and - we have
\/ VCuoup — 0, in  L*(—L,0). (4.61)
Multiplying equation after (4.34) by (x + L)uy, ., we have

<z’\/§_nfnu7ll, (x + L)unx> fl\/QTn51<9n,x, (x + L)una:>

L2-1.0) L2(—L,0)
1
— n n,TT) L nx>
P VG a1M01<U azy (2 + L)un, L2(~L0)
o §a1</0 M1(5)771,n,m<5) s, (x )i, L2(—L,0) ( )

Integrating by parts and using (4.41))and the boundedness of u, , in L*(—L,0), we
get

2 —1 2
- n 9 - n|WUn.x 0
VGl OP + VG ) = o o /Gl (0

1
+pq "a1por Cn<un,xa un,x>L2(_L70)
—/)flch V Cn / Ml(s),’ﬁ n :1:(07 S>d8u”’z<0)

_pl (11 V CTL/ / nlnaz( >d8’un7x>L2(—L,O) — 0 (463)
Thus by (4.51] and -

\/ﬁui(o), \/ﬁun,x(o) -0 (4.64)

Multiplication of (4.54) by u,, . yields

. 1 —1
ZCn<un, um> — p1 aiflor <una¢x um>
L2(—L,0) L2(—L,0)

-1 t
—P1 CL1</0 Ml(s)nl,n,mm(8>d87un,$>L2(_L70) — 0, (465>
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Due to (4.56)and (4.58]), we get

-1
—pP1 G1fo1 <un,mza un,x>

- pfla1< / 251 (S)ni,n,xaﬁ<$)d87 un,m>
0

L2(—L,0) L*(-L,0)
= %(_Pflalﬂmﬂun,m(ow + piaypion) | un o (= L)
ot [ 0,5t 0) 4 i [ ()LL)
+p1_1a1< /OOO (11()11 2 (8)ds, un7x>L2(_L70) —0 (4.66)
Thus, it follows from that
(iCntins tUn,z) =+ 0 (4.67)

Taking the product of (4.54) with 6,,, yields

.n n70n> —pt < na:$79n>
iG, <U1, L2(=L.0) P1 Q1014 Un, L2(-L.0)

—pi'ar( /0 (S er($)s,,) 50 LA(-L.0), (469

Due to (T11). (Eand

—1
- n,TT 9n>
P1 a1N01<U ; L2(—L0)
= —p1 i1z (0)0n (0) + p7 aspiortn o (—L)0n (= L)

-1
+m a1M01<U @bne) oo (4.69)

and

o1 = t

P1 a1</0 Ml(s)nl,n,mz<s)d879n>L2(L’O)

=gl [ (o 0,550

0

sortan [ (sl (- Lo)dsB (D)

0
—1 OO t

sortan( [ m(o (s 0y b (4.70)

0

L2(~L.0)
Then from (4.68)) that

. 1
z(n<un, 9n>L2(—L,O) =0 (4.71)

Multiplying (4.35)by u), we have

<iCn9n, u’ — cl_ll<c9n,m, u,ll>L2(_L 0 + cl_lﬁ1<u71w, u,ll> —0 (4.72)

>L2(—L,0) L2(=L,0)
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by (@67), [ETT) we have
—0 (4.73)

Integrating by part

1 _ _ 1(_T) — 1
OO0 (0) — o (LY (L) = (o), =0 (4T4)
Due to (4.45)and (4.64), we get
O,z (0)uz, (0) = O o(—L)us (—L) — 0. (4.75)
From (4.74) we have
<9w, u,lw> 0. (4.76)
P/ L2(-L,0)
Multiplying (4.35) by (« + L)6,,., integrating to get
. o1 Bl
%KZC"G"’ (@ + L)G"’m>L2(—L,0) “ <(lt9n,m Brtnz), (@ + L)G"’I>L2(—L,o)} =0
(4.77)
By (4.41) and (4.42)), we get
o0, (2 + L em> 50 478
(i (w4 D) (4.78)

Thus by (4.77)) and (4.41)), we have

— 163 1 (0) 1 (0) + 2R[e; Bt (2 + L)B0)] — 0 (4.79)

Then by (4.76), we get

On(0) = 0 (4.80)
Hence, by ([4.66),(4.56),([.44)and (4.80), we have

On the hand taking the product of (4.38)) with (x — L)ws,, », yields

+ 62_162<v,117$, (x — L)w27n7x>

] =0, (4.82)

%[ié“n@m (z— L>w2v"7x>L2<o,L>

—02_1]6<w27n’$$, (I - L)w2,n,$>

L2(0,L)

L2(0,L)

Using the transmission conditions in (4.1)), we get

(Gn, qn) + cglk(wgvnvx, W) — 2R [02_152<vn7x, (x — L)qn7x> ] — 0. (4.83)

L2(0,L)
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Taking the product of equation after (4.36) with (z — L)v,, to obtain

. 1 -1 = t
Gl b (2 = D) = 03 it + / 12571 (5)5, (@ = L))

+p2_1ﬂ2<Qn,:ca (1‘ - L)Un,ac> — O, (484)

L2(0,L)

Integrating (4.84)by parts we have

L2(0,L)

1 1 —1 t
Y n,xr S n,xr S d57vnx>
<Un /Un>L2(07L) + 92 G2<M02U : +/O 112(8)705,3,2(5) :

L2(0,L)
2R pz o (7 = D), | =0 (4.85)
Thus by and
a2<,u02vn7x + /000 112(8)n5,, o (8)ds, U"’x>L2(0,L) + <p2v}1, U71L>L2(0,L)
+C2<Qm Qn>L2(O’L) + k<w2,n,x7 w2,n,:p>L2(0’L) — 0 (4.86)
Then,
Up s vl Wa .z qn — 0, m L*(0,L) (4.87)
Thus together with , and , we obtain
Vo = (U, i, Oy U, UL W20, Gn) T — 0 (4.88)

which contradicts ||V,,|| = 1 therefore, (4.33]) holds.
]
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Chapter 5

Blow up of solutions for coupled system

Love-equations with infinite memories

A coupled system of nonlinear Love equations with infinite memories is considered.

The nonexistence of weak solution is proved

5.1 Introduction

Let u = u(x,t),v = v(z,t),x € Q be a bounded domain of R with smooth boundary
00, t > 0. We consider a system of nonlinear Love-equation for £ > 0 in the form
/ /
<|u’|l*2u’> - </\0ux + Al + <|u;|l*2u;> )x + ffoo pi(t — 8)ugze(s)ds = fi(u,v),
(|U’]l_21/>/ — <)\on + 5\1@; + <|U;‘Z_Q'U;,)/> +« ffoo po(t — 8)ugp(s)ds = fau,v),
' (5.1)
where Ao, A1, M, > 0,1 > 2, are constants. The functions 1, o, f1(u,v), fa(u, v)
are specified later. Equation satisfies the homogeneous Dirichlet boundary
conditions:
ulag = v]aa = 0, t>0, (5.2)

and the following initial conditions

u(x, —t) = ug(z,t), u'(z,0)=w(x) in HjNH?

v(z, —t) = vo(z,t), V'(x,0) = vi(2) in HinNH.
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To deal with a wave equations with infinite histories, we assume that the kernel
functions pq, po satisfy the following hypothesis:
(Hypl:) p1,po : RY — R are a nonincreasing C! functions such that

Ao — a/ pi(s)ds =1>0, pi(0)>0. (5.4)
0

Ao — a/ po(s)ds =k >0, puz(0) > 0. (5.5)
0

The famous and widely used technical lemma [1.2| will play an important role in the

sequel.

5.2 Blow up result

We prove that if (5.11)) hold, then the blow up of solutions of (5.1)) for all time occurs
when the initial energy is negative.
Let us assume that there exist F € C?(R?* R) and the constants p > [, such that

OF OF

%(u,v):fl(uﬂ))a %(uﬁv):fz(u’v)’

wfy(u,v) +vfalu,v) = pF(u,v), V(u,v) € R?

(5.6)
co(|vfP + [u’) < pF(u,v) < ey (o + |ul?), Y(u,v) € R? co,c; € R,
We introduce the energy functional E(t) associated with system ({5.1))-(5.3))
2m(t) = 2L D N+ L+ T =2 | F d 5.7
(t) = =l + Nl + [l + [l [l ) + T (@) g (u, ug)dz.  (5.7)

10 = (oo [mds)lul+ (a—a [ pats)ds) ol
o [Tl <t - 9lEds +a [l -, - ) s

Remark 5.1 Note that the integral [, F(u,v)dz in (5.7) makes sense because
H} Q)N LP(Q) for p > 2.
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Example 5.1 The functions fi(u,v), fo(u,v) can be given by the formulas
fi(u,v) = ag|u+ 0[P~ (u + v) + by |u| P~ 2y v|P/2,
fi(u,v) = arfu+ v~ (u+ ) + by [o] 2D 2olul’? ar, by > 0,a1,01 > 0,p > 2.
It is note hard to see this Lemma (Using Lemma [1.2).

Lemma 5.1 Supose that (Hypl) holds. Let u be solution of system —.
Then the energy functional s a nonincreasing function, i.e., for allt > 0,

d a [
—Et) = —>\1|IUQC||§+—/ 11 () ||ua (t) — ua(t — s)|[5ds
dt 2 Jo
a D
- >\1||U;||3+§/0 1t (s)||v (t) = va(t — s)||5ds.

For reader, we state this Lemma with its proof.

Lemma 5.2 Let v > 0 be a real positive number and let L(t) be a solution of the

ordinary differential inequality

— = = L), (58)
defined in [0, 00). If L(0) > 0, then the solution does not exist fort > L(0)™& vt
Proof. The direct integration of gives

L7(0) = L7"(t) = &vt
Thus, we get the following estimate:

L (t) > [L*”(O) - 51/15]_1. (5.9)
It is clear that the right-hand side of is unbounded for
Evt = L77(0).

Lemma [5.2) is proved. m Our goal is to prove that when the initial energy is

positive, the solution of system (5.1)) blows up for all time under the (5.6[), (5.11]).
We introduce the following notation for some constant ~,

Y= e, R = (1 _ l)nz/u—p) B, = (l _ 1)772/(1_,,) (5.10)
’ 2 1 ’ q ’

wher 7, q are a constants will be specified later.
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Lemma 5.3 (see [59], Lemma 3.3) Suppose (Hppl), (5.6) hold. Let (u,v) be so-

lution of -. Assume that p > 2, ||ug.(0)|| + ||voL(0)||3 > n¥1=P) and
E(0) < Ey. Then, there exists a constant vy > v such that J(t) > ~¢ and

p/ F(u,v)dz > g, vt > 0.
Q

The result here reads as follows.

Theorem 5.1 Assume that (5.6) hold and p > 1. For any (up(0),v(0)) € HN H?
such that
402 (0)2 + w02 (0)I2 > ~%,  E(0) < E».

There exist a number q,2 < q < p, such that

> > Mo(1+4¢/2)
max (/o ul(s)ds,/o m(s)ds) < )\(1/2(] s q/2> : (5.11)

Then, any solutions (u,v) of (5.1)-(5.9) satisfies Vt > 0,
[[ul[} + l|v][; — oo
Proof. Let
H(t) = Ey, — E(1), vt > 0. (5.12)

By multiplying the first equation in (|5.1) by —’ and the second by —v’, integrating
over 2 and using (5.7)), Lemma Lemma we obtain

H'(t) = —E't)
1 o0
= Ml = 5o [ () — (= )l
3 1112 1 OO / 2
Ml = 5o [ ) e - 9)lids
> 0, Vt>0. (5.13)

Consequently, since E’ is absolutely continuous, we have
H(0) = Ey — E(0) > 0, (5.14)
which implies

-1 1
0 < H(0) < H) = Bt [+l 101+ ] - 5700+ | Flu oy, e >
Q

5.2. Blow up result
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From (Hpl), (5.10) and result in Lemma [5.3] we obtain
E _ l_ 1 A /1L G / . J F
2 = = |l + Nl + o ||l+||vm|| 5 (u, )
1
<Ey— -2+ / F(u,v)dx
2 Q

1
<Ey,— v+ / F(u,v)dx
2 Q

1
<E— =+ / F(u,v)dx
2 0
< / F(u,v)dz (5.15)
Q
One gets
0< H(O /]: u,v) (5.16)

Then, we define a functionals

1

M(t) = 5/Q<|u’|l_1u’u—|—|v'|l_1v'v>dx,

_ 1 2 2 rl=1, =1,
N(t) = )\12/Q<|ux| T ] )daz+/ﬂ<]ux| yut oMol ) e,
and introduce
L(t)=H'""7(t)+eM(t) + eN(t), (5.17)

for € small enough and
0<o<1,2/(1-20)<p. (5.18)

We now show that L(t) satisfies the differential inequality in Lemma[5.2] By taking
the derivative of (5.17) and using (5.6) and Lemma , we obtain

Y [—1
L(t) = (L=o)H () (t) + —— I/ lf+ il + I/} + |15 ]

o0

— (o [ )l (o [ pats)ds) ol

b ca /0 " (s) /Q o (t — 5) — s (s) usdards
# oz [ i) [t =) = v(9undads
+ e /Q Fu(w, v)uda + £ /Q Folu, v)vda. (5.19)
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By the Cauchy-Schwarz and Young inequalities, we find
/ pi(s) / [uz(t — 8) — ug(s)|uydrds
0 Q
S/ pa(8) e (= 5) = vz (s)|[2ds | uall2
0

> > i (s)ds
< [ O )~ wa(o)ds + 2Lz
0
and
/ ug(s)/[vx(t—s)—vx(s)]vmd:cds
0 0
S/ p2(8)[|v2(t = 5) — va(s)|l2ds]|vl2
0
> > p12(s)ds
< [ o) lente = ) - ute) s + 2L g o
0
Therefore,

()

Vv

. 1—1

(L= ) H (1) H'(¢) + —— [l + = I/} + 15
o0 > 1 (s)ds

_ 5()\0—04/ ul(s)ds—afoTwqu%
0

o0 o0 d
_ 5()\0 _ a/ 112(s)ds — QM> v, |2
0 4y
+cay [ m)lualt— s) - wil)|ds
0
4 car [ o) ualt — 5) — va(s) s
0
+ 5/f1(u,v)uda:—|—a/fg(u,v)vdx. (5.20)
Q Q
By (5.6), we obtain
/ fi1(u, ug)udz +/ fo(u, ug )uzdz
Q Q
< e (Jlully + vl)- (5.21)
Then, it follows since (5.18)), ¢ < 1 and due to the inequality

(1—0o)H(t)H'(t) > 0,Vt > 0,
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that

L'(t)

1
[ R A TR Hv;rv}
= fo pua(s 2
_ g(Ao—wyjﬁ (($)ds a2 )H w3
00 oo d
- 4%—a/ m@ﬂ&Hﬁiﬁ&1:M%%
0 4y
+cay [l - s) - wls)|Bds
0

b oeay / o8| 0a(t — 8) — va(s)|[2ds
0
+ ea(Jloll+ ull). (5.22)

Adding and substituting ¢F(t),2 < ¢ < p, by using the definition of H(t), Ey, we

get
qg.l—1
() > €(1+§)T[Hu’lli+||u;!|§+Hv’||§+||v;|!§ + 2qH (1) — =E
q
+ L0=a [ mlds)lul;
v g o—a/ s)ds) sl
+ zaG =) [l ) - o)
q
s cald =) [Tl - 9) - wlo)ds
0
+ (e = ) (llullp + ol) (5.23)
for some
alzg—7>0, i.ey < q/2,
Mol-1+ 4 {1 1+ ]/w (s)ds > 0
Ao = — — | — — S)as .
2 0 9 Ay 21 J, H1

ay = Mo[—1+ 2]—a[i—1+2} /Oooug(s)ds>0.

4y
a3 =c —q > 0.
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Then, estimate ([5.23) becomes

q.l—1
L) 2 e(t+ D)= [l + Il + 0+ leill] + eaf (2) - g

+ €oza2||ux||§+€oza1/ 11 (8)||ug (t) — ug(t — s)||5ds
0

+ Eaa4||va%+5aa1/ ,ug(s)HUx(t)—vx(t—s)Hgds
0

+ e (flully + oll). (5.24)

Since o > N P/P we take a5 = ¢; — q — 2E5(n 7'y, F) > 0.

We can now find a positive constants v > 0 such that
2(0) 2 o[ B+ [+ o+ B+ e o+ e
[T ) = e = lBds + [ plen(t) = vale = o)lds
el + el
Thus, we can choose € > 0 small enough such that
L(t) > L(0) >0, Vt>D0. (5.25)

Other hand, we have by (5.18)), Holder’s and Young’s inequalities,

1/(1-0) 1/(1-0) 1/(1-0)
(werarade) ™7 <] )| < )
Q Q

11 1/(1-0)
< ettt =5 (Ul + ey
(11 o) 1/(1-0)
< QO )+
< TR0 (07 4 ),

and

1/(1-0) 1/(1-0) 1/(1-0)
[ (1120 < | [ wrtoas] "7 < el
Q Q

1/(1-0)
< Jeteatt=> (101 + el
< QRO g+ oy
< TR0 (ol 4 o J5),
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similarly

1/(1-0) 1/(1-0) 1/(1-0)
[ (el 2uads) 7 < | [ gl ) < [ )
Q Q
11 1/(1—0)
el (1l I+ lully)
1_Ly/(1—¢
el +

(1-1y o T o s/(1—o)
el @ F 0 (Jul| 707D 4 Yl 54,

IA

/(1=0)

IN

IN

and

1/(1-0) 1/(1-0) 1/(1-0)
[ (r2ode) ™7 < | [ s < )
Q Q
11 1/(1-0)
el 15 (g I+ o)

c|Q| (7-3)/(~0)

IN

1/(1-0o)

IN

lvalls + Il

(L-1y/(1-¢o /(- s/(1—a
< el (ol 07 4 o 7).

for 1 +1=1. We take s = (1 — o) to get

T n { _1
l-0c 1-20
By using the algebraic inequality
1
§(z+1)§<1+—>(z+a), V:>0, 0<v<1l,a>0  (5.26)
a
we find
/02 < e(july + HE), Ve 0,T.). (5.27)
Then

1/(
(/ |u1|l—1u/u+ |'U,|l_1'U,'UdI‘>
Q

Similarly, we obtain

e(llully + I+ ol + Il + H(2) ).

1/(1-0)
([t o odn) ™ < e+ I+ ol + 2+ H)).
Thus

1
L(t) = Hl"(t)+6§/(|u’|l1u’u—|—\v’\llv’v>d:&
0

1
+ 5/\15/ <|U$|2 + |Ux|2>dx+€/ (|u;|l_1u;u+ |v’$|l_1v;v>dx.
Q 0
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Then
L'77(t) < | Ht) + ullh + lollh + 'l + 101+ gl + vzl -
This yields
L'(t) > agLY3=90 vt > 0. (5.28)

Finally, as a result of simple integration of ([5.28]), completes the proof of Theorem
Bl w

5.2. Blow up result
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Abstract:

In this thesis, we study the existence/nonexistence in time as well as the
asymptotic behavior of some viscoelastic problems in the presence of
different damping and different nonlinearities in the sources. In this
regard, we prove several decay results under appropriate assumptions
on the kernels and the structural parameters of the equations. We use
the multiplier method, the well depth method to establish the desired
stability results of the problems. Our results generalize many results
existing in the literature.

Keywords: Wave equation, Viscoelastic, Damping, Coupled system,
Existence, Decay rate, Thermo-elasticity, Transmission system, Infinite
memory, Blow up.



Résumé

Dans cette thése, nous étudions |'existence/non-existence dans le temps
ainsi que le comportement asymptotique de certains problemes
viscoélastiques en présence d'amortissement différent et de non-
linéarités différentes dans les sources. A cet regard, nous prouvons
plusieurs résultats sous des hypotheses appropriées sur les noyaux et les
parametres structurels des équations. Nous utilisons la méthode du
multiplicateur, la méthode de la profondeur du puits, pour établir les
résultats souhaités en termes de stabilité des problémes. Nos résultats
généralisent de nombreux résultats existants dans la littérature.

Mots-clés: Equation des ondes, Viscoélastique, Amortissement, Systeme
couplé, Existence, Taux de la décroissance, Thermoélasticité, Systeme de
transmission, Mémoire infinie, Explosion en temps fini.
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