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Notations and definitions

Notations

ω: connected bounded open subset of R2 with a Lipschitz-continuous boundary, being

locally on a single side of its boundary.

γ: boundary of ω, 0 ∈ γ.

γ(y): arc joining 0 to the point y ∈ γ.

γ1: relatively open subset of γ such that lengthγ1 > 0.

γ2 = γ\γ1.

dγ: length element along γ.

(να): unit outer normal vector along the boundary γ.

(τα): unit tangent vector along the boundary γ, related by τ1 = −ν2 and τ2 = ν1.

(xα) = (x1, x2): generic point in ω̄.

∂α = ∂
∂xα

, ∂αβ = ∂2

∂xα∂xβ
.

∂ν = να∂α: outer normal derivative operator.

∂τ = τα∂α: tangential derivative operator.

∆ = ∂αα: Laplacian operator.

∆2 = ∆∆ = ∂αα∂ββ: biharmonic operator.

Ω = ω×]− 1, 1[.

Γ± = ω × {±1}.

dΓ: area element along ∂Ω.

x = (xi) = (x1, x2, x3): generic point in Ω̄.

∂i = ∂
∂xi

.

γij(v) = 1
2

(∂ivj + ∂jvi).
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∂θα = ∂α − ∂αθ∂3, ∂θ3 = ∂3.

γθij(v) = 1
2

(
∂θi vj + ∂θj vi

)
.

δij: Kronecker symbols.

Λ ≥ 0: friction coefficient.

λε, µε: Lamé constants of the material.

Ωε = ω×]− ε, ε[.

Γε± = ω × {±ε}.

dΓε: area element along ∂Ωε.

xε = (xεi ) = (x1, x2, εx3): generic point in Ω̄ε.

∂εi = ∂
∂xεi

.

θε : ω̄ → R: mapping for defining the middle surface ¯̂ωε of the shallow shell.
¯̂ωε = {(x1, x2, θ

ε(x1, x2)) ∈ R3, (x1, x2) ∈ ω}: middle surface of the shallow shell.

aε3 = (|∂1θ
ε|2 + |∂2θ

ε|2 + 1)−
1
2 (−∂1θ

ε,−∂2θ
ε, 1): continuously varying unit vector normal

to the middle surface ¯̂ωε.

Θε : Ω̄ε → R3: mapping for defining the reference configuration of the shallow shell.

Θε(xε) = (x1, x2, θ
ε(x1, x2)) + xε3a

ε
3(x1, x2).

Ω̂ε = Θε(Ωε).

γ̂ε1 = Θε(γ1).

Γ̂ε+ = Θε(Γε+): upper face of ¯̂
Ωε.

Γ̂ε− = Θε(Γε−): lower face of ¯̂
Ωε.

Θε(γ × [−ε, ε]): lateral face of ¯̂
Ωε.

¯̂
Ωε: reference configuration of the shallow shell.

dΓ̂ε: area element along ∂Ω̂ε.

n̂ε = (n̂εi ): unit outer normal vector along the boundary of Ω̂ε.

(f̂ εi ): applied body forces of density in interior of shallow shell.

(ĝεi ): applied surface forces of density on upper and lower (or lower) faces of shallow shell.

(ĥε1, ĥ
ε
2, 0): applied surface forces of von Kármán type on lateral face of shallow shell.

x̂ε = Θε(xε): generic point in ¯̂
Ωε.

∂̂εi = ∂
∂x̂εi

.
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ûε = (ûεi ): unknown vector field.

Êε
ij(v̂

ε) = 1
2
(∂̂εi v̂

ε
j + ∂̂εj v̂

ε
i + ∂̂εi v̂

ε
m∂̂

ε
j v̂

ε
m): Green-Saint Venant strain tensor field.

γ̂εij(v̂
ε) = 1

2
(∂̂εi v̂

ε
j + ∂̂εj v̂

ε
i ): linearized strain tensor.

σ̂εij: second Piola-Kirchhoff stresses.

v̂εN : normal components of v̂ε.

v̂εT : tangential components of v̂ε.

Ĝε
N : contact force.

Ĝε
T : friction force.

∂ûε

∂t
: velocity.

∂ûεN
∂t

: normal velocity.
∂ûεT
∂t

: tangential velocity.

ρ̂ε: mass density.

p̂ε, q̂ε: given initial data.

Ĉε = (ĉεijkl): compliance tensor.

Âε = (âεijkl): rigidity tensor.

d̂ε: gap function.

⇀: weak convergence.

→: strong convergence.

Definitions

W s,p(.), (s ∈ R, p ≥ 1): usual Sobolev space.

‖ ‖s,p,.: norm in W s,p(.).

| |s,p,.: semi-norm in W s,p(.), (s ∈ N).

Hs(.) = W s,2(.), ‖ ‖s,. = ‖ ‖s,2,. and | |s,. = | |s,2,..

V(Ω̂ε) =

{
v̂ε = (v̂εi ) ∈ W 1,4(Ω̂ε;R3); v̂εα independent of x̂ε3 and v̂ε3 = 0

on Θε(γ1 × [−ε, ε])

}
.

K(Ω̂ε) =
{

v̂ε ∈ V(Ω̂ε); v̂εN ≤ d̂ε on Γ̂ε+

}
.

V(Ωε) =

{
vε = (vεi ) ∈ W 1,4(Ωε;R3); vεα independent of xε3 and vε3 = 0

on γ1 × [−ε, ε]

}
.
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K(Ωε) =
{
vε ∈ V(Ωε); vεN ≤ dε on Γε+

}
.

V(Ω) =

{
v = (vi) ∈ W 1,4(Ω;R3); vα independent of x3 and v3 = 0

on γ1 × [−1, 1]

}
.

V1(Ω) = V2(Ω) =
{
v ∈ W 1,4(Ω); v independent of x3 on γ1 × [−1, 1]

}
.

V3(Ω) =
{
v ∈ W 1,4(Ω); v = 0 on γ1 × [−1, 1]

}
.

K(ε)(Ω) = {v ∈ V(Ω); vN(ε) ≤ d(ε) on Γ+}.

K(Ω) = {v ∈ V(Ω); v3 ≤ d on Γ+} with d(ε) = d+O(ε).

VKL(Ω) =

{
v = (vi) ∈ H1(Ω;R3); vα independent of x3 and v3 = 0

on γ1 × [−1, 1], ∂iv3 + ∂3vi = 0 in Ω

}
.

V(ω) = {η = (ηi) ∈ H1(ω)×H1(ω)×H2(ω); η3 = ∂νη3 = 0 on γ1}.

V (ω) = {η ∈ H2(ω); η = ∂νη = 0 on γ1}.

V(Ω̂ε) =

{
v̂ε ∈ W 1,4(Ω̂ε;R3); ∂v̂

ε

∂t
∈ W 1,4(Ω̂ε;R3), v̂εα independent of x̂ε3

and v̂ε3 = 0 on Θε(γ1 × [−ε, ε])

}
.

K(Ω̂ε) =
{

v̂ε ∈ V(Ω̂ε); v̂εN ≤ d̂ε on Γ̂ε+
}
.

V(Ωε) =

{
vε = (vεi ) ∈ W 1,4(Ωε;R3); ∂v

ε

∂t
∈ W 1,4(Ωε;R3), vεα independent of xε3

and vε3 = 0 on γ1 × [−ε, ε]

}
.

K(Ωε) =
{

vε ∈ V(Ωε); vεN ≤ dε on Γε+
}
.

V(Ω) =

{
v = (vi) ∈ W 1,4(Ω;R3); ∂v

∂t
∈ W 1,4(Ω;R3), vα independent of x3

and v3 = 0 on γ1 × [−1, 1]

}
.

V1(Ω) = V2(Ω) =

{
v ∈ W 1,4(Ω); ∂v

∂t
∈ W 1,4(Ω), v independent of x3

on γ1 × [−1, 1]

}
.

V3(Ω) =
{
v ∈ W 1,4(Ω); ∂v

∂t
∈ W 1,4(Ω), v = 0 on γ1 × [−1, 1]

}
.

K(ε)(Ω) =
{

v ∈ V(Ω); vN(ε) ≤ d(ε) on Γ+

}
.

K(Ω) =
{

v ∈ V(Ω); v3 ≤ d on Γ+

}
.

VKL(Ω) =
{

v ∈ V(Ω); ∂iv3 + ∂3vi = 0 in Ω
}
.

KKL(Ω) =
{

v ∈ VKL(Ω); v3 ≤ d on Γ+

}
.

K(ω) = {η ∈ V(ω); η3 ≤ d in ω}.

K = {η ∈ V (ω); η ≤ d in ω}.

K̃ = {η ∈ V (ω); η ≤ d̃ in ω}.

Σ(Ω̂ε) = L2(Ω̂ε;S3).

Σ(Ωε) = L2(Ωε;S3).

Σ(Ω) = L2(Ω;S3).

M3: space of matrix of order 3.

Sn: space of symmetric tensors of order n.
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Conventions

Latin indices: belong to the set {1,2,3}.

Greek indices: belong to the set {1,2}.

The summation convention with respect to repeated indices is systematically used.

ε: designates a parameter that is > 0 and approaches zero.

2ε: thickness of the shallow shell.

Exponents iso and anis: corresponds to a problem respectively designate isotropic and

anisotropic material.

Indices sta, dyn and c: corresponds to a problem respectively designate static, dynamical

and contact cases.
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Introduction

Historical notes

From one century ago it has been appear the justification of the classical von Kármán’s

theory of plates. The von Kármán equations, originally proposed by Theodore von Kár-

mán [vK10] in 1910, which play an important role in applied mathematics.

The Marguere-von Kármán equations are two-dimensional equations for a nonlinearly

elastic shallow shell subjected to boundary conditions analogous to those of von Kármán

equations for plate. They were initially proposed by Marguerre [Mar38] in 1938 and von

Kármán and Tsien [vKT39] in 1939.

Since these equations attracted the attention of several researchers. However, the

majority of the results obtained were on the static or semi-static models. The questions

of existence, unicity, regularity and stability were the subject of several research tasks.

We quote among them the works carried out by Kesavan and Srikanth [KS83], Kavian

and Rao [KR93], Rao [Rao95], Léger and Miara [LM05], Devdariani, Janjgava and Gulua

[DJG06].

Since the remarkable work of Ciarlet and Paumier [CP86] in 1986 on the justification

of the Marguerre-von Kármán equations in Cartesian coordinates by means of the formal

asymptotic expansions method applied in the form of the displacement-stress approach,

the mathematical analysis of these equations knew much progress and developments. Thus

Andreoiu-Banica [AB99] in 1999 justified these equations in curvilinear coordinates. Then

and within the same preceding framework Gratie [Gra02] in 2002 has generalized these

equations, where only a portion of the lateral face is subjected to boundary conditions

of von Kármán type, the remaining portion being free. She shows that the leading term

10



of the asymptotic expansion is characterized by a two-dimensional boundary value prob-

lem called the generalized Marguerre-von Kármán equations. Then Ciarlet and Gratie

[CG06a, CG06b] in 2006 have described and analyzed two models of generalized von Kár-

mán plates and generalized Marguerre-von Kármán shallow shells, and have established

an existence theorem for the generalized Marguerre-von Kármán equations.

In the dynamical case, some studies were done for the linearized isotropic homogeneous

elastic thin shells, Xiao [Xia98, Xia01a, Xia01b, Xia99] studied the two-dimensional linear

dynamic equations of membrane shells, flexural shells and Koiter shells, and proved the

existence and uniqueness of solutions to the dynamic equations for Koiter shells. Ye [Ye03]

improved Xiao’s results on membrane shells and extended them to the generalized dynamic

membrane shells. Yan [Yan06] justified the two-dimensional equations of linear dynamic

shallow shells with variable thickness. The existence and uniqueness of a strong, global

in time, solution of the time-dependent von Kármán equations have been established by

Puel and Tucsnak [PT96]. In this direction, see also Lions [Lio69, Theorem 4.1], Koch

and Stahel [KS93], Böhm [Böh96], Tataru and Tucsnak [TT97], Chueshov and Lasiecka

[CL04, CL07]. Li and Bai [LB09], Li [Li09, Li10] in 2009-2010 extended the study of the

Marguerre-von Kármán equations to the viscoelastic case. In the same way, we quote

the works [CGB10, CGB13], where we identified the dynamical equations of generalized

Marguerre-von Kármán shallow shells and we established the existence of solutions to

these equations using compactness method.

It is well-known that the analysis of convergence of the nonlinear three-dimensional

models towards the two-dimensional models in the elastostatic or elastodynamic cases

is very difficult problem. To our knowledge the method of gamma convergence is the

only method employed effectively until now for such problems. We quote the recent

work of Abels et al [AMM11] where the asymptotic behaviour of solutions of three-

dimensional nonlinear elastodynamics thin plate is studied. They showed that three-

dimensional solutions of the nonlinear elastodynamic equation converge to solutions of

the time-dependent von Kármán plate equation. The same question for the nonlinear

elastodynamic Marguerre-von Kármán shallow shells equations remains open.
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The problem of a unilateral contact with Coulomb friction attracted attention of many

research workers both in engineering and mathematics. In the case of linearly thin elastic

structures, Paumier [Pau02] studied the asymptotic modeling of Signorini with Coulomb

friction in the Kirchhoff-Love theory of plates by using a convergence method. In the same

way but for the frictionless case, Léger and Miara [LM08, LM11] extended the study to

the elastic shallow shell. More recently, Ben Belgacem et al. [BBBT02] modeled the

obstacle problem without friction for Naghdi shell. In this direction, see also Kikuchi

and Oden [KO88] and the references therein for the contact problems in elasticity. For

the nonlinear case, Chacha and Bensayah [CB08] studied the asymptotic modeling of a

Coulomb frictional Signorini problem for the von Kármán plates using the formal asymp-

totic expansion method. In this direction, we quote our work [BCG13] for justification

of the generalized Marguerre-von Kármán equations with Signorini conditions. In the

dynamical case, we refer to Eck et al. [EJK05] for further references for linear elasticity

and we quote the important result of Bock and Jarušek [BJ09] for von Kármán equations.

For anisotropic materials, the justification by asymptotic analysis has been done

for: linearly elastic plates by Destuynder [Des80], linearly elastic shells by Caillerie and

Sanchez-Palencia [CSP95] and Giroud [Gir98], see also Sanchez-Hubert and Sanchez-

Palencia [SHSP92]. In this way but for nonlinear case, we refer to Begehr, Gilbert and Lo

[BGL91], Gilbert and Vashakmadze [GV00] for plates and Chacha and Miloudi [CM12]

for shells.

For numerical approximations, some studies have been done for the von Kármán equa-

tions. Miyoshi [Miy76] studied the mixed finite element method for these equations.

Kesavan [Kes79, Kes80] proposed an iterative finite element method of the bifurcation

branches near simple eigenvalues of the linearized problem of von Kármán equations and

mixed finite element method for the same problem. Brezzi [Bre78] and Brezzi et al.

[BRR80, BRR81] analyzed a finite element approximations of von Kármán plate bending

equations and studied a Hellan-Herrmann-Johnson mixed finite element scheme for the

von Kármán equations. Reinhart [Rei82] proposed an approximation of the von Kármán
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equations using a Hermann-Miyoshi finite element scheme. Ciarlet et al. [CGK07] studied

the finite element method for the generalized von Kármán equations. Recently, we extend

the results of Ciarlet et al. [CGK07] to the generalized Marguerre-von Kármán equations

in [GC14].

Organization of the thesis

The objective of this thesis is to study the asymptotic modeling of three-dimensional

problems of nonlinearly elastic shallow shells, in dynamical case, with and without unilat-

eral contact. More precisely, the aim of this study is to derive, mathematical justification

of a two-dimensional models for nonlinearly elastodynamic shallow shell problems, with

and without unilateral contact. This contact is modeled by the Signorini conditions

with Coulomb’s law friction. The derivation of the two-dimensional models is done using

an asymptotic analysis. Also, to study the numerical approximation of the generalized

Marguerre-von Kármán equations.

This thesis is organized as follows:

The first Chapter, concerns the mathematical models of three-dimensional problems

of nonlinear elasticity shallow shell with and without unilateral contact, in static and

dynamical case.

The second Chapter, concerns the formal derivation of the two-dimensional dynam-

ical model for thin elastic shallow shell of generalized Marguerre-von Kármán type with

homogeneous and isotropic material, starting from the three-dimensional nonlinear elas-

todynamics problem. It extended the model obtained by Gratie [Gra02] to the dynamical

case. This work was published in [CGB10].

In addition, concerns the study of existence solutions to dynamical equations of gen-

eralized Marguerre-von Kármán shallow shells, which identified in this Chapter. Uusing

compactness method of Lions [Lio69]. It generalizes the study carried out by Ciarlet and

Gratie [CG06b] to the dynamical case. This work was published in [CGB13].

The third Chapter, concerns the formal derivation of the two-dimensional dynamical

model of generalized Marguerre-von Kármán shallow shell with nonhomogeneous and

13



anisotropic material.

The fourth Chapter, concerns the asymptotic modeling of the three-dimensional

model of generalized Marguerre-von Kármán shallow shell with homogeneous and isotropic

material under Signorini conditions in elastostatic. This work was published in [BCG13].

The fifth Chapter, concerns the generalization of the results obtained in the fourth

Chapter to the dynamical case.

In addition, concerns the study of existence solutions to dynamical contact equations

of generalized Marguerre-von Kármán shallow shells, which identified in this Chapter.

Using penalization method.

The sixth Chapter, concerns the generalization of the results obtained in the fifth

Chapter to the nonhomogeneous and anisotropic material.

The seventh Chapter, concerns the analysis a finite element approximations of

generalized Marguerre-von Kármán equations. This work was published in [GC14].
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Chapter 1

Mathematical models of nonlinearly
elastic shallow shell with and without
unilateral contact

In this Chapter, we give the definitions of the kinds of nonlinearly elastic shallow shell
and the associated three-dimensional mathematical models with and without unilateral
contact.
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1.1 Definitions

Definition 1.1 (Shallow shell) A shell is shallow if, in its reference configuration, the

deviation of the middle surface from a plane is (up to an additive constant) of the order

of the thickness of the shell (see Figure 1.1).

2ε

O(ε)

Figure 1.1

Let ω be a connected bounded open subset of R2 with a Lipschitz-continuous boundary γ,
ω being locally on a single side of γ, we assume 0 ∈ γ and we denote by γ(y) the arc joining
0 to the point y ∈ γ. Let γ1 be a relatively open subset of γ such that lengthγ1 > 0 and
lengthγ2 > 0, where γ2 = γ\γ1. The unit outer normal vector (να) and the unit tangent
vector (τα) along the boundary γ are related by τ1 = −ν2 and τ2 = ν1. The outer normal
and tangential derivative operators να∂α and τα∂α along γ are denoted respectively by ∂ν
and ∂τ .

For any ε > 0, let Ωε = ω×] − ε, ε[, Γε± = ω × {±ε} and θε : ω̄ → R is a function of
class C3 that satisfies θε = ∂νθ

ε = 0 on γ1. We define the mapping

Θε : Ω̄ε → R3 : Θε(xε) = (x1, x2, θ
ε(x1, x2)) + xε3a

ε
3(x1, x2),

for all xε = (x1, x2, x
ε
3) ∈ Ω̄ε, where aε3 is a continuously varying unit vector normal to

the middle surface Θε(ω̄). For small enough ε, the mapping Θε : Ω̄ε → Θε(Ω̄ε) is a
C1 − diffeomorphism (see [CP86]). We let Ω̂ε = Θε(Ωε), γ̂ε1 = Θε(γ1), Γ̂ε± = Θε(Γε±) and
we denote by x̂ε = Θε(xε) a generic point in ¯̂

Ωε, (n̂εi ) is the unit outer normal vector
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along the boundary of the set Ω̂ε. The set ¯̂
Ωε in the absence of applied forces is called the

reference configuration of the shell.
Following the definition proposed by Ciarlet and Paumier [CP86], we say that a shell

¯̂
Ωε is shallow if there exists a function θ ∈ C3(ω̄) independent of ε such that θε(x1, x2) =

εθ(x1, x2), for all (x1, x2) ∈ ω̄ (see Figure 1.2).

ω

ω̂ε

Ωε

Ω̂ε

θεΘε

Figure 1.2

Definition 1.2 (Clamped shallow shell) If the shallow shell is subjected to a boundary

condition of place ûεi = 0 on the lateral face Θε(γ × [−ε, ε]).

Definition 1.3 (Forces of von Kármán’s type) These specific surfaces forces acting on the

portion Θε(γ1× [−ε, ε]) of its lateral face, are horizontal and their resultant after integra-

tion across the thickness of the shallow shell is given along Θε(γ1) and that, accordingly,
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the admissible displacements along Θε(γ1×[−ε, ε]) are those whose horizontal components

are independent of the vertical variable and whose vertical component vanishes.

These boundary conditions read as:
{
ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε]) ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1.

(1.1)

Definition 1.4 (Classical Marguerre-von Kármán shallow shell) If the shallow shell is

subjected to applied surface forces of von Kármán’s type on the all lateral face Θε(γ ×

[−ε, ε]).

Definition 1.5 (Generalized Marguerre-von Kármán shallow shell) If the shallow shell

is subjected to applied surface forces of von Kármán’s type on the portion Θε(γ1× [−ε, ε])

of its lateral face, the remaining portion Θε(γ2 × [−ε, ε]) being free.

1.2 Three-dimensional problem of nonlinear elasticity

in Cartesian coordinates

Consider a nonlinearly shallow shell occupying in its reference configuration the set ¯̂
Ωε,

with thickness 2ε.
The shell is subjected to body forces of density (f̂ εi ) in its interior Ω̂ε and to surface

forces of density (ĝεi ) on its upper and lower faces Γ̂ε+ and Γ̂ε−. We assume that these
densities do not depend on the unknown.

The unknown in the three-dimensional formulation of clamped shallow shell is the
displacement field ûε = (ûεi )(x̂

ε, t), where the functions ûεi :
¯̂
Ωε → R are their Cartesian

components that the body undergoes when it is subjected to applied forces. The unknown
ûε satisfies the following equations of equilibrium





−∂̂εj (σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i ) = f̂ εi in Ω̂ε,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j = 0 on Θε(γ × [−ε, ε]),

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j = ĝεi on Θε

(
Γε+ ∪ Γε−

)
,

where the matrix σ̂ε = (σ̂εij) :
¯̂
Ωε → M3 called the second Piola- Kirchhoff stress tensor

field.
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Let the Green-Saint Venant strain tensor field associated with an arbitrary displace-
ment field v̂ε of the reference configuration ¯̂

Ωε be defined by

Êε
ij(v̂

ε) =
1

2
(∂̂εi v̂

ε
j + ∂̂εj v̂

ε
i + ∂̂εi v̂

ε
m∂̂

ε
j v̂

ε
m).

We assume that the elastic material constituting the shell is nonhomogeneous and
anisotropic, and that the reference configuration is a natural state. The consideration of
the fundamental principle of material frame-indifference implies that the stress tensor σ̂ε

satisfies the following Hooke’s law

σ̂εij = Âεijkl(x̂
ε)Êε

kl(û
ε),

which is called the constitutive equation in Cartesian coordinates of the material, where
Âε = (âεijkl) is the rigidity tensor.

In the important special case where the elastic material is homogeneous and isotropic
and the reference configuration is a natural state, the Hooke’s law is of the following
specific form

σ̂εij = λεÊε
pp(û

ε)δij + 2µεÊε
ij(û

ε),

where λε and µε are the two Lamé constants of the material. In this case, the material is
called a Saint Venant-Kirchhoff material.

1.3 Signorini contact conditions and Coulomb friction

law

The most models for the description of contact and friction are the Signorini contact
condition and the Coulomb friction law. The Signorini condition models was proposed
in 1933 by Signorini [Sig33] and the Coulomb law of friction was proposed in 1781 by
[Cou81].

We consider that the shallow shell is in contact on Γ̂ε+ with a rigid foundation. Let
d̂ε be the normal gap, or separation, between the contact boundary and the rigid surface,
measured along the outward normal direction to Γ̂ε+. The fact that the elastic shallow
shell cannot penetrate the foundation means that the normal displacement ûεN satisfies
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ûεN ≤ d̂ε on Γ̂ε+. Moreover the contact force Ĝε
N are compressive hence Ĝε

N ≤ 0 and either
there is contact ûεN = d̂ε or the surface is free Ĝε

N = 0, which means Ĝε
N(ûεN − d̂ε) = 0.

Thus the Signorini contact model is then given by the complementarity condition

ûεN ≤ d̂ε, Ĝε
N ≤ 0, Ĝε

N(ûεN − d̂ε) = 0.

Let Λ ≥ 0 be the friction coefficient, then the static Coulomb friction law reads as
follows

{
|Ĝε

T | < Λ|Ĝε
N | ⇒ ûεT = 0 on Γ̂ε+,

|Ĝε
T | = Λ|Ĝε

N | ⇒ ∃δ > 0, ûεT = −δĜε
T on Γ̂ε+.

It states that, if |Ĝε
T | < Λ|Ĝε

N |, then the shallow shell sticks to the foundation, that
is ûεT = 0. If |Ĝε

T | = Λ|Ĝε
N |, then the shallow shell slip to the foundation, that is

ûεT = −δĜε
T .

The dynamical Coulomb friction law reads as follows

{
|Ĝε

T | < Λ|Ĝε
N | ⇒

∂ûεT
∂t

= 0 on Γ̂ε+ × ]0,+∞[ ,

|Ĝε
T | = Λ|Ĝε

N | ⇒ ∃δ > 0,
∂ûεT
∂t

= −δĜε
T on Γ̂ε+ × ]0,+∞[ .

It states that, if |Ĝε
T | < Λ|Ĝε

N |, then the shallow shell sticks to the foundation, that
is ∂ûεT

∂t
= 0. If |Ĝε

T | = Λ|Ĝε
N |, then the shallow shell slip to the foundation, that is

∂ûεT
∂t

= −δĜε
T .

1.4 Formulation of problems without unilateral contact

In this Section, we consider a nonlinearly shallow shell occupying in its reference configu-
ration the set ¯̂

Ωε, with thickness 2ε. The shell is subjected to body forces of density (f̂ εi )

in its interior Ω̂ε and to surface forces of density (ĝεi ) on its upper and lower faces Γ̂ε+ and
Γ̂ε−. On the portion Θε(γ1× [−ε, ε]) of its lateral face, the shell is subjected to horizontal
forces of von Kármán type (ĥε1, ĥ

ε
2, 0), the remaining portion Θε(γ2 × [−ε, ε]) being free.

21



1.4.1 Generalized Marguerre-von Kármán shallow shell in elas-

tostatic

Consider a nonlinearly elastostatic shallow shell occupying in its reference configuration
the set ¯̂

Ωε, with thickness 2ε, its constituting material is a Saint Venant-Kirchhoff material
with Lamé constants λε > 0 and µε > 0.

The unknown in the three-dimensional formulation is the displacement field ûε =

(ûεi )(x̂
ε), where the functions ûεi are their Cartesian components, satisfies the following

three-dimensional boundary value problem




−∂̂εj (σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i ) = f̂ εi in Ω̂ε,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε]) ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on γ2 × [−ε, ε] ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on Γε+ ∪ Γε−,

(1.2)

where {
σ̂εij = λεÊε

pp(û
ε)δij + 2µεÊε

ij(û
ε),

Êε
ij(û

ε) = 1
2
(∂̂εi û

ε
j + ∂̂εj û

ε
i + ∂̂εi û

ε
m∂̂

ε
j û

ε
m).

(1.3)

This problem studied by Gratie [Gra02] in detail. In addition, when γ1 = γ, we obtain
the classical Marguerre-von Kármán equations, which have been studied by Ciarlet and
Paumier [CP86].

1.4.2 Generalized Marguerre-von Kármán shallow shell in elas-

todynamic

Consider a nonlinearly elastodynamic shallow shell occupying in its reference configuration
the set ¯̂

Ωε, with thickness 2ε, its constituting material is a Saint Venant-Kirchhoff material
with Lamé constants λε > 0 and µε > 0.

The unknown in the three-dimensional formulation is the displacement field ûε =

(ûεi )(x̂
ε, t), where the functions ûεi are their Cartesian components satisfies the following

22



three-dimensional boundary value problem




ρ̂ε
∂2ûεi
∂t2
− ∂̂εj (σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i ) = f̂ εi in Ω̂ε × ]0,+∞[ ,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε])× ]0,+∞[ ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1 × ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on (γ2 × [−ε, ε])× ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on

(
Γε+ ∪ Γε−

)
× ]0,+∞[ ,

ûε (x̂ε, 0) = p̂ε and ∂ûε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε,

(1.4)

where {
ρ̂ε : the mass density,
p̂ε, q̂ε : the given initial data. (1.5)

This problem is studied in Chapter 2.

1.4.3 Generalized nonhomogeneous anisotropic Marguerre-von

Kármán shallow shell in elastodynamic

Consider a nonlinearly elastodynamics shallow shell occupying in its reference configura-
tion the set ¯̂

Ωε, with thickness 2ε. We assume that the elastic material constituting the
shell is nonhomogeneous and anisotropic, and that the reference configuration is a natural
state.

The unknowns displacement field ûε = (ûεi )(x̂
ε, t) and stress field σ̂ε = (σ̂εij)(x̂

ε, t)

satisfies the following three-dimensional boundary value problem in Cartesian coordinates:




ρ̂ε
∂2ûεi
∂t2
− ∂̂εj (σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i ) = f̂ εi in Ω̂ε × ]0,+∞[ ,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε])× ]0,+∞[ ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1 × ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on (γ2 × [−ε, ε])× ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on

(
Γε+ ∪ Γε−

)
× ]0,+∞[ ,

(Aσ̂ε)ij = γ̂εij(û
ε) + 1

2
∂̂εi û

ε
l ∂̂

ε
j û

ε
l in Ω̂ε × ]0,+∞[ ,

ûε (x̂ε, 0) = p̂ε and ∂ûε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε,

(1.6)

where 



γ̂εij(û
ε) = 1

2
(∂̂εi û

ε
j + ∂̂εj û

ε
i ),

ρ̂ε : the mass density,
p̂ε, q̂ε : the given initial data.

(1.7)

The mapping A is defined by

(Aσ̂ε)ij = ĉεijklσ̂
ε
kl,

where Ĉε = (ĉεijkl) is the compliance tensor and Âε = (âεijkl) the associated rigidity tensor.
This problem is studied in Chapter 3.
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1.5 Formulation of problems with unilateral contact

In this Section, we consider a nonlinearly shallow shell occupying in its reference config-
uration the set ¯̂

Ωε, with thickness 2ε. The shell is subjected to vertical body forces of
density (f̂ εi ) in its interior Ω̂ε, its lower face Γ̂ε− subjected to a surface forces of density
(ĝεi ). We suppose also that this shell is in unilateral contact with Coulomb friction at
the upper face Γ̂ε+ and Λ its frictional coefficient, such that d̂ε is the gap function which
describes the distance between the upper face and the rigid foundation measured in the
normal direction. On the portion Θε(γ1× [−ε, ε]) of its lateral face, the shell is subjected
to horizontal forces of von Kármán type (ĥε1, ĥ

ε
2, 0), the remaining portion Θε(γ2× [−ε, ε])

being free.

1.5.1 Signorini problem with Coulomb friction of generalized

Marguerre-von Kármán shallow shell in elastostatic

Consider a nonlinearly elastostatic shallow shell occupying in its reference configuration
the set ¯̂

Ωε, with thickness 2ε, its constituting material is a Saint Venant-Kirchhoff material
with Lamé constants λε > 0 and µε > 0.

The problem consists of finding the displacement field ûε and the contact force Ĝε

which satisfy the following problem in Cartesian coordinates:




−∂̂εj (σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i ) = f̂ εi in Ω̂ε,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε]) ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on γ2 × [−ε, ε] ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on Γε−,

ûεN ≤ d̂ε, Ĝε
N ≤ 0, Ĝε

N(ûεN − d̂ε) = 0 on Γ̂ε+,

|Ĝε
T | < Λ|Ĝε

N | ⇒
∂ûεT
∂t

= 0 on Γ̂ε+,

|Ĝε
T | = Λ|Ĝε

N | ⇒ ∃δ > 0,
∂ûεT
∂t

= −δĜε
T on Γ̂ε+,

(1.8)

where {
ûεN = ûεn̂ε, ûεT = ûε − ûεN n̂ε,

Ĝε
N = Ĝεn̂ε, Ĝε

T = Ĝε − Ĝε
N n̂ε.

(1.9)

This problem is studied in Chapter 4.

24



1.5.2 Signorini problem with Coulomb friction of generalized

Marguerre-von Kármán shallow shell in elastodynamic

Consider a nonlinearly elastodynamic shallow shell occupying in its reference configuration
the set ¯̂

Ωε, with thickness 2ε, its constituting material is a Saint Venant-Kirchhoff material
with Lamé constants λε > 0 and µε > 0.

The unknowns displacement field ûε = (ûεi )(x̂
ε, t), stress field σ̂ε = (σ̂εij)(x̂

ε, t) and
the contact force Ĝε satisfies the following three-dimensional boundary value problem in
Cartesian coordinates:





ρ̂ε
∂2ûεi
∂t2
− ∂̂εj (σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i ) = f̂ εi in Ω̂ε × ]0,+∞[ ,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε])× ]0,+∞[ ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1 × ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on (γ2 × [−ε, ε])× ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on Γε− × ]0,+∞[ ,

ûεN ≤ d̂ε, Ĝε
N ≤ 0, Ĝε

N(ûεN − d̂ε) = 0 on Γ̂ε+ × ]0,+∞[ ,

|Ĝε
T | < Λ|Ĝε

N | ⇒
∂ûεT
∂t

= 0 on Γ̂ε+ × ]0,+∞[ ,

|Ĝε
T | = Λ|Ĝε

N | ⇒ ∃δ > 0,
∂ûεT
∂t

= −δĜε
T on Γ̂ε+ × ]0,+∞[ ,

ûε (x̂ε, 0) = p̂ε, ∂û
ε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε,

(1.10)

where {
∂ûεN
∂t

= ∂ûε

∂t
n̂ε,

∂ûεT
∂t

= ∂ûε

∂t
− ∂ûεN

∂t
n̂ε.

(1.11)

This problem is studied in Chapter 5.

1.5.3 Signorini problem with Coulomb friction of generalized non-

homogeneous anisotropic Marguerre-von Kármán shallow

shell in elastodynamic

Consider a nonlinearly elastodynamics shallow shell occupying in its reference configura-
tion the set ¯̂

Ωε, with thickness 2ε. We assume that the elastic material constituting the
shell is nonhomogeneous and anisotropic, and that the reference configuration is a natural
state.

The unknowns displacement field ûε = (ûεi )(x̂
ε, t), stress field σ̂ε = (σ̂εij)(x̂

ε, t) and
the contact force Ĝε satisfies the following three-dimensional boundary value problem in
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Cartesian coordinates:




ρ̂ε
∂2ûεi
∂t2
− ∂̂εj (σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i ) = f̂ εi in Ω̂ε × ]0,+∞[ ,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε])× ]0,+∞[ ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1 × ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on (γ2 × [−ε, ε])× ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on Γε− × ]0,+∞[ ,

(Aσ̂ε)ij = γ̂εij(û
ε) + 1

2
∂̂εi û

ε
l ∂̂

ε
j û

ε
l in Ω̂ε × ]0,+∞[ ,

ûεN ≤ d̂ε, Ĝε
N ≤ 0, Ĝε

N(ûεN − d̂ε) = 0 on Γ̂ε+ × ]0,+∞[ ,

|Ĝε
T | < Λ|Ĝε

N | ⇒
∂ûεT
∂t

= 0 on Γ̂ε+ × ]0,+∞[ ,

|Ĝε
T | = Λ|Ĝε

N | ⇒ ∃δ > 0,
∂ûεT
∂t

= −δĜε
T on Γ̂ε+ × ]0,+∞[ ,

ûε (x̂ε, 0) = p̂ε, ∂û
ε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε.

(1.12)

This problem is studied in Chapter 6.

1.6 Conclusion

In this Chapter, we present a new three-dimensional models for generalized Marguerre-
von Kármán shallow shell, two models without contact and three models with contact.
These models are reduced (lower-dimensional) to two-dimensional models using asymp-
totic analysis in Chapters 2-6.
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Part I

Problems without unilateral contact
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Chapter 2

Dynamical equations of generalized
Marguerre-von Kármán shallow shells

In a recent work Gratie [Gra02] has generalized the classical Marguerre-von Kármán
equations studied by Ciarlet and Paumier in [CP86], where only a portion of the lateral
face is subjected to boundary conditions of von Kármán’s type and the remaining portion
being free. In this Chapter, we extend formally this study to dynamical case. To this
end, we have identified the dynamical equations of generalized Marguerre-von Kármán
shallow shells. This work was published in [CGB10]. Then, we establish the existence of
solutions to these equations. This results was published in [CGB13].
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2.1 Asymptotic Modeling of generalized Marguerre-von

Kármán shallow shell in dynamical case

2.1.1 Three-dimensional problem

Consider a nonlinearly elastodynamic shallow shell occupying in its reference configuration
the set ¯̂

Ωε, with thickness 2ε, its constituting material is a Saint Venant-Kirchhoff material
with Lamé constants λε > 0 and µε > 0.

The shell is subjected to vertical body forces of density (f̂ εi ) = (0, 0, f̂ ε3 ) in its interior
Ω̂ε and to vertical surface forces of density (ĝεi ) = (0, 0, ĝε3) on its upper and lower faces
Γ̂ε+ and Γ̂ε−. On the portion Θε(γ1 × [−ε, ε]) of its lateral face, the shell is subjected to
horizontal forces of von Kármán type (ĥε1, ĥ

ε
2, 0), the remaining portion Θε(γ2 × [−ε, ε])

being free.
The unknown in the three-dimensional formulation is the displacement field ûε =

(ûεi )(x̂
ε, t), where the functions ûεi are their Cartesian components, which satisfies the

following three-dimensional boundary value problem:

(C.P̂ ε)isodyn





ρ̂ε
∂2ûεi
∂t2
− ∂̂εj (σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i ) = f̂ εi in Ω̂ε × ]0,+∞[ ,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε])× ]0,+∞[ ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1 × ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on (γ2 × [−ε, ε])× ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on

(
Γε+ ∪ Γε−

)
× ]0,+∞[ ,

ûε (x̂ε, 0) = p̂ε and ∂ûε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε,

where 



σ̂εij = λεÊε
pp(û

ε)δij + 2µεÊε
ij(û

ε),

Êε
ij(û

ε) = 1
2
(∂̂εi û

ε
j + ∂̂εj û

ε
i + ∂̂εi û

ε
m∂̂

ε
j û

ε
m),

ρ̂ε : the mass density,
p̂ε, q̂ε : the given initial data.

(2.1)

First, we rewrite the above boundary value problem (C.P̂ ε)isodyn in the weak form, by
using Green’s formula, we show that any smooth solution of the boundary value problem
also satisfies the following variational problem:

(V.P̂ ε)isodyn





Find ûε(x̂ε, t) ∈ V(Ω̂ε) ∀t ≥ 0, such that,
d2

dt2

{
ρ̂ε
∫

Ω̂ε
ûεi v̂

ε
i dx̂

ε
}

+
∫

Ω̂ε
(σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i )∂̂

ε
j v̂

ε
i dx̂

ε =
∫

Ω̂ε
f̂ ε3 v̂

ε
3dx̂

ε

+
∫

Γ̂ε+∪Γ̂ε−
ĝε3v̂

ε
3dΓ̂ε +

∫
γ̂ε1
{
∫ ε
−ε (v̂εα ◦Θε) dxε3}ĥεαdγ̂ε,

∀v̂ε ∈ V(Ω̂ε), ∀t > 0,

ûε (x̂ε, 0) = p̂ε and ∂ûε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε.
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Next, we formulate the variational problem (V.P̂ ε)isodyn on a domain Ωε.

Proposition 2.1 Let there be a given C1-diffeomorphism Θε that satisfies the orientation-

preserving condition. Then the variational problem (V.P̂ ε)isodyn is equivalent to the following

variational problem

(P ε)isodyn





Find uε(xε, t) ∈ V(Ωε) ∀t ≥ 0, such that,

d2

dt2

{
ρε
∫

Ωε
uεiv

ε
i δ
εdxε

}
+
∫

Ωε
σεijb

ε
kj∂

ε
kv

ε
i δ
εdxε

+
∫

Ωε
σεijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε =

∫
Ωε
f ε3v

ε
3δ
εdxε +

∫
Γε+∪Γε−

gε3v
ε
3δ
εβεdΓε

+
∫
γ1
hεα{
∫ ε
−ε v

ε
αdx

ε
3}dγ, ∀vε ∈ V(Ωε),∀t > 0,

uε(xε, 0) = pε and ∂uε

∂t
(xε, 0) = qε in Ωε,

where 



uεi = ûεi ◦Θε, f εi = f̂ εi ◦Θε,

gεi = ĝεi ◦Θε, hεα = ĥεα ◦Θε,

pεi = p̂εi ◦Θε, qεi = q̂εi ◦Θε,

(2.2)





∂̂εj v̂
ε
i = bεkj (xε) ∂εkv

ε
i (xε) ,

dx̂ε = δεdxε,

dΓ̂ε = δεβεdΓε,

(2.3)

such that 



∇εΘε(xε) = (∂εjΘ
ε
i (x

ε)) ∀xε ∈ Ω̄ε,

δε(xε) = det∇εΘε(xε) ∀xε ∈ Ω̄ε,

bεij(x
ε) = ({∇εΘε(xε)}−1)ij ∀xε ∈ Ω̄ε,

βε(xε) = {b3i(x
ε)b3i(x

ε)} 1
2 ∀xε ∈ (Γε+ ∪ Γε−).

Proof.

In the problem (V.P̂ ε)isodyn, using the relations (2.2)-(2.3), we obtain the problem
(P ε)isodyn.

2.1.2 Asymptotic analysis

We first transform (P ε)isodyn into a problem posed over an open set independent of ε.
Accordingly, let
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Ω = ω×]− 1, 1[, Γ± = ω × {±1} and to any point x ∈ Ω̄, we associate the point xε ∈ Ω̄ε

by the bijection πε : x = (x1, x2, x3) ∈ Ω̄→ xε = (x1, x2, εx3) ∈ Ω̄ε.
To the functions uε, vε ∈ V(Ωε) and σε ∈ Σ(Ωε), we associate the scaled functions

u(ε), v and σ(ε) defined by




uεα(xε, t) = ε2uα(ε)(x, t), uε3(xε, t) = εu3(ε)(x, t),
vεα(xε) = ε2vα(x), vε3(xε) = εv3(x),
σεαβ(xε, t) = ε2σαβ(ε)(x, t), σεα3(xε, t) = ε3σα3(ε)(x, t),
σε33(xε, t) = ε4σ33(ε)(x, t),

(2.4)

for all xε = πεx ∈ Ω̄ε.
Next, we make the following assumptions: there exists constants λ > 0, µ > 0, ρ > 0

and for some T > 0, the functions f3 ∈ L2(0, T ;L2(Ω)), g3 ∈ L2(0, T ;L2(Γ+ ∪ Γ−)),
hα ∈ L2(0, T ;L2(γ1)), θ ∈ C3(ω̄) independent of ε and p(ε) ∈ V(Ω), q(ε) ∈ L2(Ω;R3),
such that 




λε = λ, µε = µ, ρε = ε2ρ,
f ε3 (xε, t) = ε3f3(x, t) ∀xε = πεx ∈ Ωε,
gε3(xε, t) = ε4g3(x, t) ∀xε = πεx ∈ (Γε+ ∪ Γε−),
hεα(y1, y2, t) = ε2hα(y1, y2, t) ∀(y1, y2) ∈ γ1,
θε(x1, x2) = εθ(x1, x2) ∀(x1, x2) ∈ ω̄,
pεα(xε) = ε2pα(ε)(x) ∀xε = πεx ∈ Ωε,
pε3(xε) = εp3(ε)(x) ∀xε = πεx ∈ Ωε,
qεα(xε) = ε2qα(ε)(x) ∀xε = πεx ∈ Ωε,
qε3(xε) = εq3(ε)(x) ∀xε = πεx ∈ Ωε.

(2.5)

Using the scalings (2.4) and the assumptions (2.5), we obtain

Theorem 2.1 The scaled displacement field u(ε) = (ui(ε)) satisfies the following varia-

tional problem

(P (ε))isodyn





Find u(ε)(x, t) ∈ V(Ω) ∀t ∈ [0, T ], such that,

At (u (ε) ,v) +Bθ (σ (ε) ,v) + 2Cθ (σ (ε) ,u (ε) ,v) = F (v)

+ε2R (ε;σ (ε) ,u (ε) ,v) ,∀v ∈ V(Ω),∀t ∈ ]0, T [ ,

u (ε) (x, 0) = p (ε) and ∂u(ε)
∂t

(x, 0) = q (ε) in Ω,

where
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



At (u (ε) ,v) = − d2

dt2

{
ρ
∫

Ω
u3 (ε) v3dx

}
,

Bθ (σ (ε) ,v) = −
∫

Ω
σij (ε) γθij(v)dx,

Cθ (σ (ε) ,u (ε) ,v) = −1
2

∫
Ω
σij (ε) ∂θi u3 (ε) ∂θj v3dx,

F (v) = −
∫

Ω
f3v3dx−

∫
Γ+∪Γ−

g3v3dΓ−
∫
γ1
hα{
∫ 1

−1
vαdx3}dγ,

∂θαv = ∂αv − ∂αθ∂3v, ∂
θ
3v = ∂3v, γ

θ
ij(v) = 1

2

(
∂θi vj + ∂θj vi

)
.

Proof.

The proof is similar to that of Theorem 3.1 in [CP86],
we have

∫

Ωε
σεijb

ε
kj∂

ε
kv

ε
i δ
εdxε = ε5

∫

Ω

σij (ε) γθij (v) dx+ ε7%B (ε;σ (ε) ,v) ,

∫

Ωε
σεijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε = ε5

∫

Ω

σij (ε) ∂θi u3 (ε) ∂θj v3dx

+ ε7%C (ε;σ (ε) ,u (ε) ,v) ,

∫

Ωε
f ε3v

ε
3δ
εdxε +

∫

Γε+∪Γε−

gε3v
ε
3δ
εβεdΓε +

∫

γ1

hεα

{∫ ε

−ε
vεαdx

ε
3

}
dγ =

ε5

(∫

Ω

f3v3dx+

∫

Γ+∪Γ−

g3v3dΓ +

∫

γ1

hα

{∫ 1

−1

vαdx3

}
dγ

)
+ ε7%F (ε; v) .

In addition

d2

dt2

{
ρε
∫

Ωε
uεiv

ε
i δ
εdxε

}
= ε5 d

2

dt2

{
ρ

∫

Ω

u3 (ε) v3dx

}
+ ε7%D(ε; u(ε),v).

Then

− d2

dt2

{
ρ

∫

Ω

u3(ε)v3dx

}
−
∫

Ω

σij(ε)γ
θ
ij(v)dx−

∫

Ω

σij(ε)∂
θ
i u3(ε)∂θj v3dx =

−
∫

Ω

f3v3dx−
∫

Γ+∪Γ−

g3v3dΓ−
∫

γ1

hα

{∫ 1

−1

vαdx3

}
dγ + ε2R (ε;σ(ε),u(ε),v) .

The remainders %B, %C , %F and %D are bounded for all 0 ≤ ε ≤ ε0, (see [CP86]).
We use technics of asymptotic analysis employed by Ciarlet [Cia90] in (P (ε))isodyn

(ε designates a parameter approaches zero), we obtain
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Theorem 2.2 We suppose that

(u(ε), σ(ε)) = (u0, σ0) + ε(u1, σ1) + ε2(u2, σ2) + · · · ,

with

u0 =
(
u0
i

)
∈ V(Ω), ∂3u

0
3 ∈ C0

(
Ω̄
)
,

up = (upi ) ∈ W 1,4(Ω;R3), ∀p ≥ 1, σ0
ij = σ0

ji ∈ L2(Ω).

Then the leading term u0 ∈ VKL(Ω) ∀t ∈ [0, T ] (Kirchhoff-Love displacement field) is

solution of the problem

(PKL)isodyn





Find u0 ∈ VKL(Ω) ∀t ∈ [0, T ], such that,

d2

dt2

{
ρ
∫

Ω
u0

3v3dx
}

+
∫

Ω
σ0
αβ∂βvαdx+

∫
Ω
σ0
αβ∂α(u0

3 + θ)∂βv3dx =
∫

Ω
f3v3dx+

∫
Γ+∪Γ−

g3v3dΓ + 2
∫
γ1
hαvαdγ, ∀v ∈ VKL(Ω),∀t ∈ ]0, T [ ,

u0 (x, 0) = p0 and ∂u0

∂t
(x, 0) = q0 in Ω,

where 



σ0
αβ = 2λµ

λ+2µ
Ē0
σσ(u0)δαβ + 2µĒ0

αβ(u0),

Ē0
αβ(u0) = 1

2
(∂αu

0
β + ∂βu

0
α + ∂αu

0
3∂βu

0
3 + ∂αθ∂βu

0
3 + ∂βθ∂αu

0
3).

(2.6)

Proof.

We introduce the formal series expansions of the scaled displacement and the scaled
stresses (u(ε), σ(ε)) into the variational problem (P (ε))isodyn and cancel the successive pow-
ers of ε, until we can fully identify the leading term, for more details see [Cia90, Cia97].

2.1.3 Equivalence with a two-dimensional problem

We show that the leading term u0 of the asymptotic expansions u(ε) is characterized by
the following two-dimensional problem
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Theorem 2.3 The components of the leading term u0 = (u0
i ) are of the form u0

α =

ζα − x3∂αζ3 and u0
3 = ζ3 with ζ = (ζi) ∈ V(ω) ∀t ∈ [0, T ], where the field ζ satisfies the

following limit scaled two-dimensional displacement problem

(P (ω))isodyn





2ρ
∫
ω
∂2ζ3
∂t2

η3dω −
∫
ω
mαβ(∇2ζ3)∂αβη3dω +

∫
ω
N̄αβ∂α(ζ3 + θ)∂βη3dω

+
∫
ω
N̄αβ∂βηαdω =

∫
ω

p3η3dω + 2
∫
γ1
hαηαdγ, ∀η ∈ V(ω),∀t ∈]0, T [,

ζ3(., 0) = p0
3 and ∂ζ3

∂t
(., 0) = q0

3 in ω,

where





mαβ(∇2ζ3) = −1
3

{
4λµ
λ+2µ

∆ζ3δαβ + 4µ∂αβζ3

}
,

N̄αβ = 4λµ
λ+2µ

Ē0
σσ (ζ) δαβ + 4µĒ0

αβ (ζ) ,

Ē0
αβ (ζ) = 1

2
(∂αζβ + ∂βζα + ∂αθ∂βζ3 + ∂βθ∂αζ3 + ∂αζ3∂βζ3) ,

p3 =
∫ 1

−1
f3dx3 + g3(.,+1) + g3(.,−1).

Proof. Since v = (vi) ∈ VKL (Ω), we conclude that there exists η = (ηi) ∈ V(ω), such
that vα = ηα − x3∂αη3 and v3 = η3 (see [Cia97, Theorem 1.4-4]).

(i) We take v = (−x3∂1η3,−x3∂2η3, η3), with η3 ∈ H2(ω) and η3 = ∂νη3 = 0 on γ1, we
get

d2

dt2
{ρ
∫

Ω

ζ3η3dx}+

∫

Ω

−x3σ
0
αβ∂αβη3dx+

∫

Ω

σ0
αβ∂α(ζ3 + θ)∂βη3dx =

∫

Ω

f3η3dx+

∫

Γ+∪Γ−

g3η3dΓ.

(ii) We take v = (η1, η2, 0), with ηα ∈ H1(ω), we get
∫

Ω

σ0
αβ∂βηαdx = 2

∫

γ1

hαηαdγ.

(iii) Using Fubini’s Formula:
∫

Ω
Fdx =

∫
ω

{∫ 1

−1
Fdx3

}
dω, we obtain

d2

dt2
{ρ
∫

Ω

ζ3η3dx} = 2ρ

∫

ω

∂2ζ3

∂t2
η3dω,

∫

Ω

−x3σ
0
αβ∂αβη3dx = −

∫

ω

mαβ∂αβη3dω,
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∫

Ω

σ0
αβ∂α(ζ3 + θ)∂βη3dx =

∫

ω

N̄αβ∂α(ζ3 + θ)∂βη3dω,

∫

Ω

f3η3dx+

∫

Γ+∪Γ−

g3η3dΓ =

∫

ω

{
∫ 1

−1

f3dx3 + g3(.,+1) + g3(.,−1)}η3dω

∫

Ω

σ0
αβ∂βηαdx =

∫

ω

N̄αβ∂βηαdω = 2

∫

γ1

hαηαdγ.

Then

2ρ

∫

ω

∂2ζ3

∂t2
η3dω −

∫

ω

mαβ∂αβη3dω +

∫

ω

N̄αβ∂α(ζ3 + θ)∂βη3dω

+

∫

ω

N̄αβ∂βηαdω =

∫

ω

{
∫ 1

−1

f3dx3 + g3(.,+1) + g3(.,−1)}η3dω + 2

∫

γ1

hαηαdγ.

Next, we write the two-dimensional boundary value problem as an equivalent varia-
tional problem (P̄ (ω))isodyn, using Green’s formulas.

Theorem 2.4 If ζ = (ζi) is a solution of the problem (P (ω))isodyn sufficiently regular, then

is also a solution of the following two-dimensional problem

(P̄ (ω))isodyn





Find ζ ∈ V(ω) ∀t ∈ [0, T ], such that,

2ρ∂
2ζ3
∂t2
− ∂αβmαβ(∇2ζ3)− N̄αβ∂αβ (ζ3 + θ) = p3 in ω × ]0, T [ ,

∂βN̄αβ = 0 in ω × ]0, T [ ,

ζ3 = ∂νζ3 = 0 on γ1× ]0, T [ ,

N̄αβνβ = 2hα on γ1 × ]0, T [ ,

mαβ(∇2ζ3)νανβ = 0 on γ2 × ]0, T [ ,

∂αmαβ(∇2ζ3)νβ + ∂τ (mαβ(∇2ζ3)νατβ) = 0 on γ2 × ]0, T [ ,

N̄αβνβ = 0 on γ2 × ]0, T [ ,

ζ3 (., 0) = p0
3 and ∂ζ3

∂t
(., 0) = q0

3 in ω.
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Proof.

Applying the Green formulas, we obtain

−
∫

ω

mαβ∂αβη3dω =

∫

γ

{(∂αmαβ) νβ + ∂τ (mαβνατβ)} η3dγ

−
∫

γ

mαβνανβ∂νη3dγ −
∫

ω

(∂αβmαβ) η3dω,

∫

ω

N̄αβ∂α (ζ3 + θ) ∂βη3dω = −
∫

ω

{
∂β
(
N̄αβ∂α (ζ3 + θ)

)}
η3dω

+

∫

γ

(
N̄αβ∂α (ζ3 + θ)

)
νβη3dγ,

∫

ω

N̄αβ∂βηαdω = −
∫

ω

(
∂βN̄αβ

)
ηαdω +

∫

γ

N̄αβνβηαdγ.

Thus
∫

ω

[
2ρ
∂2ζ3

∂t2
− ∂αβmαβ − ∂β

(
N̄αβ∂α (ζ3 + θ)

)
− p3

]
η3dω −

∫

ω

(
∂βN̄αβ

)
ηαdω +

∫

γ

(
N̄αβνβ − 2h̃α

)
ηαdγ −

∫

γ2

mαβνανβ∂νη3dγ +

∫

γ2

{[
∂αmαβ + N̄αβ∂α (ζ3 + θ)

]
νβ + ∂τ (mαβνατβ)

}
η3dγ = 0,

for all η = (ηα, η3) ∈ V(ω). The functions h̃α : γ × [0, T ]→ R defined by

h̃α = hα on γ1 × [0, T ] and h̃α = 0 on γ2 × [0, T ].

These equations imply that all the factors of ηα, η3, and ∂νη3 vanish in their respective
domains of integration. Then we get

2ρ
∂2ζ3

∂t2
− ∂αβmαβ − ∂β

(
N̄αβ∂α (ζ3 + θ)

)
= p3 in ω × ]0, T [ ,

and

∂βN̄αβ = 0 in ω × ]0, T [ ,

so that

∂β
(
N̄αβ∂α (ζ3 + θ)

)
= N̄αβ∂αβ (ζ3 + θ) in ω × ]0, T [ ,
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consequently

2ρ
∂2ζ3

∂t2
− ∂αβmαβ − N̄αβ∂αβ (ζ3 + θ) = p3 in ω × ]0, T [ .

For boundary conditions, we get

N̄αβνβ − 2h̃α = 0 on γ × ]0, T [ ,

thus

N̄αβνβ = 2hα on γ1 × ]0, T [ ,

and

N̄αβνβ = 0 on γ2 × ]0, T [ .

We also get

mαβνανβ = 0 on γ2 × ]0, T [ ,

and

[
∂αmαβ + N̄αβ∂α (ζ3 + θ)

]
νβ + ∂τ (mαβνατβ) = 0 on γ2 × ]0, T [ ,

since N̄αβνβ = 0 on γ2 × ]0, T [, we conclude that

∂αmαβνβ + ∂τ (mαβνατβ) = 0 on γ2 × ]0, T [ .

2.1.4 Equivalence with the dynamical equations of generalized

Marguerre-von Kármán shallow shells

We rewrite the two-dimensional boundary value problem (P̄ (ω))isodyn as dynamical equa-
tions of generalized Marguerre-von Kármán shallow shells as follows

Theorem 2.5 Assume that the set ω is simply-connected and that its boundary γ is

smooth enough. Let ζ = (ζi) be a solution of (P̄ (ω))isodyn with the regularity

ζα ∈ H3(ω), ζ3 ∈ H4(ω) ∀t ∈ [0, T ]. Then
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a) The functions h̃α : γ × [0, T ]→ R defined by :

h̃α = hα on γ1 × [0, T ] and h̃α = 0 on γ2 × [0, T ],

are in the space H
3
2 (γ) and satisfy the compatibility conditions :
∫

γ

h̃1dγ =

∫

γ

h̃2dγ =

∫

γ

(x1h̃2 − x2h̃1)dγ = 0.

b) Furthermore, there exists a function Φ ∈ H4(ω), uniquely defined by the relations

Φ(0) = ∂1Φ(0) = ∂2Φ(0) = 0, such that

N̄11 = 2∂22Φ, N̄12 = N̄21 = −2∂12Φ, N̄22 = 2∂11Φ.

c) Finally, the pair (ζ3,Φ) ∈ H4(ω) × H4(ω) ∀t ∈ [0, T ], satisfies the following scaled

dynamic equations of generalized Marguerre-von Kármán shallow shells

(P )isodyn





2ρ∂
2ζ3
∂t2

+ 8µ(λ+µ)
3(λ+2µ)

∆2ζ3 = 2 [Φ, ζ3 + θ] + p3 in ω × ]0, T [ ,

∆2Φ = −µ(3λ+2µ)
2(λ+µ)

[ζ3, ζ3 + 2θ] in ω × ]0, T [ ,

ζ3 = ∂νζ3 = 0 on γ1× ]0, T [ ,

mαβ(∇2ζ3)νανβ = 0 on γ2× ]0, T [ ,

∂αmαβ(∇2ζ3)νβ + ∂τ (mαβ(∇2ζ3)νατβ) = 0 on γ2 × ]0, T [ ,

Φ = Φ0 and ∂νΦ = Φ1 on γ × ]0, T [ ,

ζ3 (., 0) = p0
3 and ∂ζ3

∂t
(., 0) = q0

3 in ω,

where 



Φ0(y) = −y1

∫
γ(y)

h̃2dγ + y2

∫
γ(y)

h̃1dγ +
∫
γ(y)

(x1h̃2 − x2h̃1)dγ,

Φ1(y) = −ν1

∫
γ(y)

h̃2dγ + ν2

∫
γ(y)

h̃1dγ, y = (y1, y2) ∈ γ,

[Φ, ζ] = ∂11Φ∂22ζ + ∂22Φ∂11ζ − 2∂12Φ∂12ζ.

Proof.

a) From the definition of N̄αβ, and since N̄αβνβ = 2h̃α on γ, we conclude that
h̃α ∈ H

3
2 (γ).

Hence h̃α belong to the space ∈ H
3
2 (γ) and satisfy the compatibility conditions

(see [CG01, Theorem 4]).
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b) (i) Since the set ω is simply-connected and by using the generalized Poincaré theorem
(see [Sch66, Theorem VI,p.59],[CG01, Theorem 7]), the equation ∂βN̄αβ = 0 in
ω imply that there exist distributions ψα ∈ D′(ω), unique up to the addition
of constants, such that N̄1α = 2∂2ψα, N̄2α = −2∂1ψα.

(ii) Since the equation N̄12 = N̄21 implies that ∂αψα = 0. Another application of
the same result shows that there exist a distribution Φ ∈ D′(ω), unique up to
the addition of polynomials of degree ≤ 1, such that ψ1 = ∂2Φ, ψ2 = −∂1Φ,
so that N̄11 = 2∂22Φ, N̄12 = N̄21 = −2∂12Φ, N̄22 = 2∂11Φ in ω.

c) (i) From N̄αβνβ = 2h̃α on γ×]0, T [, we obtain

h̃1 =
1

2
N̄1βνβ = ∂τ (∂2Φ),

h̃2 =
1

2
N̄2βνβ = −∂τ (∂1Φ),

then for all y ∈ γ, we get

∂1Φ(y) = −
∫

γ(y)

h̃2dγ et ∂2Φ(y) =

∫

γ(y)

h̃1dγ,

∂νΦ(y) = −ν1(y)

∫

γ(y)

h̃2dγ + ν2(y)

∫

γ(y)

h̃1dγ,

∂τΦ(y) = −τ1(y)

∫

γ(y)

h̃2dγ + τ2(y)

∫

γ(y)

h̃1dγ.

Thus

Φ = Φ0 and ∂νΦ = Φ1 on γ×]0, T [.

(ii) Since −∂αβmαβ = 8µ(λ+µ)
3(λ+2µ)

∆2ζ3, N̄αβ∂αβ(ζ3 + θ) = 2[Φ, ζ3 + θ], so that

2ρ
∂2ζ3

∂t2
+

8µ (λ+ µ)

3 (λ+ 2µ)
∆2ζ3 = 2 [Φ, ζ3 + θ] + p3 in ω × ]0, T [ .

(iii) From ∆2Φ = 1
2
∆N̄αα and ∂αβN̄αβ = 0, we get

∆2Φ = −µ (3λ+ 2µ)

2 (λ+ µ)
[ζ3, ζ3 + 2θ] in ω × ]0, T [ .
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2.2 Existence result for a dynamical equations of gen-

eralized Marguerre-von Kármán shallow shells

2.2.1 Dynamical equations of generalized Marguerre-von Kár-

mán shallow shells

Theorem 2.6 Assume that the set ω is simply-connected and that the functions h̃α ∈

L2(γ) ∀t ∈ [0, T ] satisfy the compatibility conditions. Let χ ∈ H2(ω) be the unique

solution in the sense of distributions of




∆2χ = 0 in ω,

χ = Φ0 and ∂νχ = Φ1 on γ,

Φ0 ∈ H
3
2 (γ),Φ1 ∈ H

1
2 (γ)

(2.7)

and let

E =
µ (3λ+ 2µ)

λ+ µ
, ξ =

√
Eζ3, θ̃ =

√
Eθ, f =

√
Ep3, Φ̃ = Φ− χ. (2.8)

The pair (ζ3,Φ) ∈ H4(ω)×H4(ω) ∀t ∈ [0, T ], satisfies the scaled dynamical equations

of generalized Marguerre-von Kármán shallow shells in the sense of distributions, if and

only if, the pair (ξ, Φ̃) ∈ V (ω)×H2
0 (ω) ∀t ∈ [0, T ], satisfies

(P)isodyn





2ρ∂
2ξ
∂t2
− ∂αβmαβ(∇2ξ) = 2[Φ̃ + χ, ξ + θ̃] + f in ω×]0, T [,

∆2Φ̃ = −1
2
[ξ, ξ + 2θ̃] in ω×]0, T [,

ξ = ∂νξ = 0 on γ1×]0, T [,

mαβ(∇2ξ)νανβ = 0 on γ2×]0, T [,

∂αmαβ(∇2ξ)νβ + ∂τ (mαβ(∇2ξ)νατβ) = 0 on γ2×]0, T [,

Φ̃ = ∂νΦ̃ = 0 on γ×]0, T [,

ξ(., 0) = ξ0(.) and ∂ξ
∂t

(., 0) = ξ1(.) in ω.
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Proof.

By classical elliptic theory, there exists a unique function χ ∈ H2(ω) such that
∆2χ = 0 in ω, χ = Φ0 and ∂νχ = Φ1 on γ (see [Cia97, Theorem 5.6-1]). Letting Φ̃ = Φ−χ,
we clearly have

{
∆2Φ̃ = ∆2Φ in ω × ]0, T [ ,

Φ̃ = ∂νΦ̃ = 0 on γ× ]0, T [ .

Using the functions ξ, θ̃, f and Φ̃ defined in (2.8), the scaled dynamical equations of
generalized Marguerre-von Kármán shallow shells presented in Theorem 2.5 is equivalent
to the scaled problem (P)isodyn.

2.2.2 Existence theory

The asymptotic analysis carried out in the first part in this Chapter is purely formal.
In what follows, we establish the existence of solutions to the dynamical equations of
generalized Marguerre-von Kármán shallow shells, by adapting a compactness method.

First, we use the following Lemma

Lemma 2.1 If (ξ, η, χ) ∈ [H2(ω)]3 such that

ξ = ∂νξ = 0 on γ1 and χ = ∂νχ = 0 on γ2,

then ∫

ω

[ξ, η]χdω =

∫

ω

[χ, η]ξdω. (2.9)

Proof.

Since C∞(ω̄) = H2(ω), let the functions ξ, η, and χ in C∞(ω̄), we write

[ξ, η] = ∂11(∂22η.ξ) + ∂22(∂11η.ξ)− 2∂12(∂12η.ξ).

Integrating by parts, we obtain
∫

ω

[ξ, η]χdω −
∫

ω

[χ, η]ξdω =
∫

γ

χ{∂22η∂1ξν1 + ∂11η∂2ξν2 − ∂12η∂2ξν1 − ∂12η∂1ξν2}dγ

−
∫

γ

ξ{∂22η∂1χν1 + ∂11η∂2χν2 − ∂12η∂2χν1 − ∂12η∂1χν2}dγ.
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If ξ = ∂νξ = 0 on γ1 and χ = ∂νχ = 0 on γ2, consequently
∫

ω

[ξ, η]χdω −
∫

ω

[χ, η]ξdω = 0.

Theorem 2.7 Assume f ∈ L2(0, T ;L2(ω)), ξ0 ∈ V (ω) and ξ1 ∈ L2(ω), then there exists

a solution (ξ, Φ̃) to the problem (P)isodyn, such that




ξ ∈ L∞(0, T ;V (ω)),

∂ξ
∂t
∈ L∞(0, T ;L2(ω)),

Φ̃ ∈ L∞(0, T ;H2
0 (ω)).

(2.10)

Proof.

Denote by G2 the inverse of ∆2 with homogenous Dirichlet boundary condition in ω
(the Green operator), we write

Φ̃ = −1

2
G2

[
ξ, ξ + 2θ̃

]
in ω × ]0, T [ .

Then

2ρ
∂2ξ

∂t2
− ∂αβmαβ

(
∇2ξ

)
= 2

[
−1

2
G2

[
ξ, ξ + 2θ̃

]
+ χ, ξ + θ̃

]
+ f in ω × ]0, T [ .

From (2.10), we get
[
Φ̃ + χ, ξ + θ̃

]
∈ L∞(0, T ;L1(ω)),

and for the first equation in (P)isodyn, we have

∂2ξ

∂t2
∈ L∞(0, T ;H−1(ω)),

so that the initial conditions make sense.
Step 1: (Faedo-Galerkin approximation)

Let wi, i ≥ 1 denote an orthonormal basis of the Hilbert space V (ω) and let Vm denote,
for each integer m ≥ 1, the subspace of V (ω) spanned by the functions wi, 1 ≤ i ≤ m.

We construct the Faedo-Galerkin approximation ξm(t) of a solution in the form

ξm(t) =
m∑

i=1

αim(t)wi.
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So the function ξm(t) is the solution of the following approximate problem

(Pm)isodyn





2ρ
∫
ω
∂2ξm(t)
∂t2

wjdω −
∫
ω
∂αβmαβ (∇2ξm(t))wjdω =

2
∫
ω

[
−1

2
G2

[
ξm(t), ξm(t) + 2θ̃

]
+ χ, ξm(t) + θ̃

]
wjdω +

∫
ω
fwjdω,

1 ≤ j ≤ m in ω × ]0, T [ ,
ξm(t) = ∂νξm(t) = 0 on γ1× ]0, T [ ,
mαβ (∇2ξm(t)) νανβ = 0 on γ2× ]0, T [ ,
∂αmαβ (∇2ξm(t)) νβ + ∂τ (mαβ (∇2ξm(t)) νατβ) = 0 on γ2× ]0, T [ ,

ξm (., 0) = ξ0m(.) and ∂ξm
∂t

(., 0) = ξ1m(.) in ω,

and we have

ξ0m ∈ Vm and ξ0m → ξ0 in V (ω), ξ1m ∈ Vm and ξ1m → ξ1 in L2(ω).

Now, define
Φ̃m(t) = −1

2
G2

[
ξm(t), ξm(t) + 2θ̃

]
in ω × ]0, T [ , (2.11)

and note that
∆2Φ̃m(t) = −1

2

[
ξm(t), ξm(t) + 2θ̃

]
in ω × ]0, T [ , (2.12)

Φ̃m(t) ∈ H2
0 (ω), (2.13)

so that we may rewrite the first equation of (Pm)isodyn as

2ρ

∫

ω

∂2ξm(t)

∂t2
wjdω + a(ξm(t), wj)− 2

∫

ω

[
Φ̃m(t), ξm(t) + θ̃

]
wjdω =

2

∫

ω

[
χ, ξm(t) + θ̃

]
wjdω +

∫

ω

fwjdω , 1 ≤ j ≤ m in ω × ]0, T [ , (2.14)

where

a(ξ, η) =
2E

3(1− σ2)

∫

ω

[∆ξ∆η − (1− σ){∂11ξ∂22η + ∂22ξ∂11η − 2∂12ξ∂12η}]dω. (2.15)

The constants E > 0 and σ ∈]0, 1
2
[ are respectively the Young’s modulus and the

Poisson’s coefficient of the constitutive elastic material of the shallow shells.
In general Φ̃m(t) is not in Vm, one assures the existence of ξm(t), and therefore of

Φ̃m(t), in an interval [0, tm], tm > 0 (see [Lio69, Theorem 4.1]).
Step 2: (A priori estimates)
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Multiplying dαjm(t)

dt
on both sides of (2.14) and summing on the index j, we obtain

2ρ

∫

ω

∂2ξm(t)

∂t2
∂ξm(t)

∂t
dω + a(ξm(t),

∂ξm(t)

∂t
)

−2

∫

ω

[
Φ̃m(t), ξm(t) + θ̃

] ∂ξm(t)

∂t
dω = 2

∫

ω

[
χ, ξm(t) + θ̃

] ∂ξm(t)

∂t
dω

+

∫

ω

f
∂ξm(t)

∂t
dω in ω × ]0, T [ . (2.16)

Since we have

2ρ

∫

ω

∂2ξm(t)

∂t2
∂ξm(t)

∂t
dω = ρ

d

dt

∫

ω

|∂ξm(t)

∂t
|2dω = ρ

d

dt
||∂ξm(t)

∂t
||20,ω,

and since a is elliptic, we conclude that there exists a constant α > 0 such that

a(ξm(t), ξm(t)) ≥ α||ξm(t)||2V (ω),

thus

a(ξm(t),
∂ξm(t)

∂t
) =

d

2dt
a(ξm(t), ξm(t)) ≥ α

2

d

dt
||ξm(t)||2V (ω).

Since Φ̃m(t) ∈ H2
0 (ω), we infer by use of [Cia97, Theorem 5.8-2 ] that

∫

ω

[
Φ̃m(t), ξm(t) + θ̃

] ∂ξm(t)

∂t
dω =

∫

ω

[
∂ξm(t)

∂t
, ξm(t) + θ̃

]
Φ̃m(t)dω.

Using (2.12), we get

∂

∂t
∆2Φ̃m(t) = ∆2∂Φ̃m(t)

∂t

= −1

2

∂

∂t

[
ξm(t), ξm(t) + 2θ̃

]

= −1

2

[
∂ξm(t)

∂t
, ξm(t) + 2θ̃

]
− 1

2

[
ξm(t),

∂ξm(t)

∂t

]

= −
[
∂ξm(t)

∂t
, ξm(t) + θ̃

]
,

which yields

−2

∫

ω

[
∂ξm(t)

∂t
, ξm(t) + θ̃

]
Φ̃m(t)dω = 2

∫

ω

[∆2∂Φ̃m(t)

∂t
]Φ̃m(t)dω

= 2

∫

ω

[∆
∂Φ̃m(t)

∂t
][∆Φ̃m(t)]dω

=
d

dt

∫

ω

|∆Φ̃m(t)|2dω

=
d

dt
||∆Φ̃m(t)||20,ω.
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Since ∂ξm(t)
∂t
∈ V (ω), i.e., ∂ξm(t)

∂t
= ∂ν [

∂ξm(t)
∂t

] = 0 on γ1 and χ = ∂νχ = 0 on γ2, then
applying Lemma 2.1, gives

2

∫

ω

[
χ, ξm(t) + θ̃

] ∂ξm(t)

∂t
dω = 2

∫

ω

[
∂ξm(t)

∂t
, ξm(t) + θ̃

]
χdω

= −2

∫

ω

∆2∂Φ̃m(t)

∂t
χdω,

and we have
∫

ω

∆2∂Φ̃m(t)

∂t
.χdω =

d

dt

∫

ω

∆2Φ̃m(t).χdω −
∫

ω

∆2Φ̃m(t).
∂χ

∂t
dω.

From (2.7) and (2.13), it follows that

d

dt

∫

ω

∆2Φ̃m(t).χdω =
d

dt

∫

ω

Φ̃m(t).∆2χdω = 0,

and since the function χ is independent of t, so that
∫

ω

∆2Φ̃m(t).
∂χ

∂t
dω = 0,

thus
∫

ω

∆2∂Φ̃m(t)

∂t
.χdω = 0.

Then (2.16) can be written as

d

dt
{ρ||∂ξm(t)

∂t
||20,ω +

1

2
a(ξm(t), ξm(t)) + ||∆Φ̃m(t)||20,ω} =

∫

ω

f
∂ξm(t)

∂t
dω,

which, by integration from 0 to t, yields
∫ t

0

d

dτ
{ρ||∂ξm(τ)

∂τ
||20,ω +

1

2
a(ξm(τ), ξm(τ)) + ||∆Φ̃m(τ)||20,ω}dτ =

∫ t

0

{
∫

ω

f
∂ξm(τ)

∂τ
dω}dτ.

Hence, there exists constants C1 > 0 and C2 > 0 such that

ρ||∂ξm(t)

∂t
||20,ω +

α

2
||ξm(t)||2V (ω) + ||∆Φ̃m(t)||20,ω ≤ C1

∫ t

0

||f ||20,ωdτ

+C2

∫ t

0

||∂ξm(τ)

∂τ
||20,ωdτ + ρ||∂ξm(0)

∂t
||20,ω +

α

2
||ξm(0)||2V (ω) + ||∆Φ̃m(0)||20,ω.
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Since

∆2Φ̃m(0) = −1

2

[
ξm(0), ξm(0) + 2θ̃

]
,

then, there exists a constant C3 > 0 such that

||∆Φ̃m(0)||0,ω ≤ C3.

Thus, there exists a constant C4 > 0 such that

ρ||∂ξm(t)

∂t
||20,ω +

α

2
||ξm(t)||2V (ω) + ||∆Φ̃m(t)||20,ω ≤ C4 + C2

∫ t

0

||∂ξm(τ)

∂τ
||20,ωdτ,

for all t ∈ [0, T ], which implies that tm = T .

Then, via Gronwall’s inequality, we conclude that

ξm(t) ∈ L∞(0, T ;V (ω)), (2.17)

∂ξm(t)

∂t
∈ L∞(0, T ;L2(ω)), (2.18)

Φ̃m(t) ∈ L∞(0, T ;H2
0 (ω)). (2.19)

Step 3: (Passing to the limit)
From (2.17)-(2.19), we observe that there exists ξn(t) and Φ̃n(t) such that (weak conver-
gence is denoted ⇀)

ξn(t) ⇀ ξ(t) in L∞(0, T ;V (ω)) weak∗,

∂ξn(t)

∂t
⇀

∂ξ(t)

∂t
in L∞(0, T ;L2(ω)) weak∗,

Φ̃n(t) ⇀ Φ̃(t) in L∞(0, T ;H2
0 (ω)) weak ∗ .

According to the Rellich-Kondrachoff theorem [LM68, Chap. 1, Theorem 16.1], the com-
pact imbedding of H2(ω×]0, T [) into L2(ω×]0, T [) implies that

ξn(t) → ξ(t) in L2(ω×]0, T [). (2.20)

Let φj, 1 ≤ j ≤ j0 be functions of C1([0, T ]) such that

φj(T ) = 0 and ψ =

j0∑

j=1

φj ⊗ wj. (2.21)
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For m = n > j0, we obtain

2ρ

∫

ω

∂2ξn(t)

∂t2
ψ(t)dω + a(ξn(t), ψ(t))− 2

∫

ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω =

2

∫

ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω +

∫

ω

fψ(t)dω in ω × ]0, T [ .

Thus

2ρ

∫ T

0

{
∫

ω

∂2ξn(t)

∂t2
ψ(t)dω}dt+

∫ T

0

a(ξn(t), ψ(t))dt

−2

∫ T

0

{
∫

ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt = 2

∫ T

0

{
∫

ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω}dt

+

∫ T

0

{
∫

ω

fψ(t)dω}dt in ω × ]0, T [ ,

and we have
∫ T

0

{
∫

ω

∂2ξn(t)

∂t2
ψ(t)dω}dt = −

∫ T

0

{
∫

ω

∂ξn(t)

∂t

∂ψ(t)

∂t
dω}dt

+

∫

ω

∂ξn(T )

∂t
ψ(T )dω −

∫

ω

∂ξn(0)

∂t
ψ(0)dω = −

∫ T

0

{
∫

ω

∂ξn(t)

∂t

∂ψ(t)

∂t
dω}dt

−
∫

ω

ξ1nψ(0)dω.

Since ψ(T ) = 0, we also obtain

− 2ρ

∫ T

0

{
∫

ω

∂ξn(t)

∂t

∂ψ(t)

∂t
dω}dt+

∫ T

0

a(ξn(t), ψ(t))dt −

2

∫ T

0

{
∫

ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt =

2

∫ T

0

{
∫

ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω}dt+

∫ T

0

{
∫

ω

fψ(t)dω}dt +

2ρ

∫

ω

ξ1nψ(0)dω in ω × ]0, T [ . (2.22)

From (2.13), we get
∫ T

0

{
∫

ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt =

∫ T

0

{
∫

ω

[
Φ̃n(t), ψ(t)

]
(ξn(t) + θ̃)dω}dt,

and we have

[Φ̃n(t), ψ(t)] ⇀ [Φ̃(t), ψ(t)] in L2(ω×]0, T [).
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Then, because ξn(t)→ ξ(t) in L2(ω×]0, T [), we obtain
∫ T

0

{
∫

ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt →

∫ T

0

{
∫

ω

[
Φ̃(t), ψ(t)

]
(ξ(t) + θ̃)dω}dt

=

∫ T

0

{
∫

ω

[
Φ̃(t), ξ(t) + θ̃

]
ψ(t)dω}dt.

We have

[χ, ξn(t) + θ̃] ⇀ [χ, ξ(t) + θ̃] in L2(ω×]0, T [),

thus
∫ T

0

{
∫

ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω}dt →

∫ T

0

{
∫

ω

[
χ, ξ(t) + θ̃

]
ψ(t)dω}dt.

Then passing to the limit in (2.22), we obtain

− 2ρ

∫ T

0

{
∫

ω

∂ξ(t)

∂t

∂ψ(t)

∂t
dω}dt+

∫ T

0

a(ξ(t), ψ(t))dt −

2

∫ T

0

{
∫

ω

[
Φ̃(t), ξ(t) + θ̃

]
ψ(t)dω}dt =

2

∫ T

0

{
∫

ω

[
χ, ξ(t) + θ̃

]
ψ(t)dω}dt+

∫ T

0

{
∫

ω

fψ(t)dω}dt +

2ρ

∫

ω

ξ1ψ(0)dω in ω × ]0, T [ , (2.23)

for all ψ of the form (2.21).
Passing to the limit, we deduce that (2.23) still true for all

ψ(t) ∈ L2(0, T ;V (ω)) such that ∂ψ(t)
∂t
∈ L2(0, T ;L2(ω)) and ψ(T ) = 0 (this comes from

the density of functions of the form (2.21) in the space of functions ψ(t) ∈ L2(0, T ;V (ω))

such that ∂ψ(t)
∂t
∈ L2(0, T ;L2(ω)) with ψ(T ) = 0 see [DL72, LM68]).

Then (ξ, Φ̃) satisfies

2ρ
∂2ξ

∂t2
− ∂αβmαβ

(
∇2ξ

)
= 2

[
Φ̃ + χ, ξ + θ̃

]
+ f in ω × ]0, T [ ,

and

∂ξ

∂t
(0) = ξ1.

Taking into account (2.17) and (2.18), and applying [Lio69, Lemma 1.2], we deduce
that

ξn(0) ⇀ ξ(0) in L2(ω),
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and we obtain

ξn(0) = ξ0n → ξ0 in V (ω),

with the consequence that

ξ(0) = ξ0.

It remains to be shown that

∆2Φ̃ = −1

2

[
ξ, ξ + 2θ̃

]
in ω × ]0, T [ .

Noting that

[ξn(t), ξn(t) + 2θ̃]→ [ξ(t), ξ(t) + 2θ̃] in D′(ω×]0, T [),

if φ ∈ D(ω×]0, T [) we obtain

[φ, ξn(t) + 2θ̃] ⇀ [φ, ξ(t) + 2θ̃] in L2(ω×]0, T [),

and, from (2.20), we deduce that
∫ T

0

{
∫

ω

[
ξn(t), ξn(t) + 2θ̃

]
φdω}dt =

∫ T

0

{
∫

ω

[
φ, ξn(t) + 2θ̃

]
ξn(t)dω}dt

→
∫ T

0

{
∫

ω

[
φ, ξ(t) + 2θ̃

]
ξ(t)dω}dt

=

∫ T

0

{
∫

ω

[
ξ(t), ξ(t) + 2θ̃

]
φdω}dt.

Finally, passing to the limit in (2.11) for m = n, we have

Φ̃(t) = −1

2
G2

[
ξ(t), ξ(t) + 2θ̃

]
in ω × ]0, T [ ,

which yields

∆2Φ̃ = −1

2

[
ξ, ξ + 2θ̃

]
in ω × ]0, T [
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2.3 Conclusion

The application of the asymptotic expansions method to the three-dimensional nonlinear
elastodynamic shallow shells, with a specific class of boundary conditions of generalized
Marguerre-von Kármán type, shows that the leading term of the asymptotic expansions is
characterized by two-dimensional dynamical boundary value problem called the dynamical
equations of generalized Marguerre-von Kármán shallow shells, which depends on the Airy
function Φ and the vertical component ζ3 of the displacement field of the middle surface
of the shallow shell.

The application of the compactness method to the dynamical equations of general-
ized Marguerre-von Kármán shallow shells, shows that there exists a solution to these
equations.
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Chapter 3

Dynamical equations of generalized
nonhomogeneous anisotropic
Marguerre-von Kármán shallow shells

In this Chapter, we extend formally the study of the second Chapter to nonhomogeneous
anisotropic material. More precisely, we considered a three-dimensional dynamical model
for a nonlinearly elastic shallow shell with a specific class of boundary conditions of
generalized Marguerre-von Kármán type, made of a general nonhomogeneous anisotropic
material.
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3.1 Setting of the problem

Consider a nonlinearly elastodynamics shallow shell occupying in its reference configura-
tion the set ¯̂

Ωε, with thickness 2ε. We assume that the elastic material constituting the
shell is nonhomogeneous and anisotropic, and that the reference configuration is a natural
state.

The shell is subjected to vertical body forces of density (f̂ εi ) = (0, 0, f̂ ε3 ) in its interior
Ω̂ε and to vertical surface forces of density (ĝεi ) = (0, 0, ĝε3) on its upper and lower faces
Γ̂ε+ and Γ̂ε−. On the portion Θε(γ1 × [−ε, ε]) of its lateral face, the shell is subjected to
horizontal forces of von Kármán type (ĥε1, ĥ

ε
2, 0), the remaining portion Θε(γ2 × [−ε, ε])

being free.
The unknowns displacement field ûε = (ûεi )(x̂

ε, t) and stress field σ̂ε = (σ̂εij)(x̂
ε, t)

satisfy the following three-dimensional boundary value problem in Cartesian coordinates:

(C.P̂ ε)anisdyn





ρ̂ε
∂2ûεi
∂t2
− ∂̂εj (σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i ) = f̂ εi in Ω̂ε × ]0,+∞[ ,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε])× ]0,+∞[ ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1 × ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on (γ2 × [−ε, ε])× ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on

(
Γε+ ∪ Γε−

)
× ]0,+∞[ ,

(Aσ̂ε)ij = γ̂εij(û
ε) + 1

2
∂̂εi û

ε
l ∂̂

ε
j û

ε
l in Ω̂ε × ]0,+∞[ ,

ûε (x̂ε, 0) = p̂ε and ∂ûε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε,

where 



γ̂εij(û
ε) = 1

2
(∂̂εi û

ε
j + ∂̂εj û

ε
i ),

ρ̂ε : the mass density,
p̂ε, q̂ε : the given initial data.

(3.1)

The mapping A is defined by

(Aσ̂ε)ij = ĉεijklσ̂
ε
kl,

where Ĉε = (ĉεijkl) is the compliance tensor. We suppose that the associated rigidity
tensor Âε = (âεijkl) satisfy the following conditions





âεijkl(x̂
ε) ∈ L∞(Ω̂ε),

âεijkl = âεjikl = âεklij = âεklji
∃c > 0, âεijklτ̂

ε
klτ̂

ε
ij ≥ cτ̂ εij τ̂

ε
ij, τ̂

ε
ij = τ̂ εji.

First, we rewrite the above boundary value problem (C.P̂ ε)anisdyn in the weak form, by
using Green’s formula, we show that any smooth solution of the boundary value problem
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also satisfies the following variational problem:

(V.P̂ ε)anisdyn





Find (ûε, σ̂ε) ∈ V(Ω̂ε)× Σ(Ω̂ε) ∀t ≥ 0, such that,
d2

dt2

{
ρ̂ε
∫

Ω̂ε
ûεi v̂

ε
i dx̂

ε
}

+
∫

Ω̂ε
σ̂εij γ̂

ε
ij(v̂

ε)dx̂ε +
∫

Ω̂ε
σ̂εij ∂̂

ε
j û

ε
l ∂̂

ε
j v̂

ε
l dx̂

ε =∫
Ω̂ε
f̂ ε3 v̂

ε
3dx̂

ε +
∫

Γ̂ε+∪Γ̂ε−
ĝε3v̂

ε
3dΓ̂ε +

∫
γ̂ε1
{
∫ ε
−ε (v̂εα ◦Θε) dxε3}ĥεαdγ̂ε,

∀v̂ε ∈ V(Ω̂ε),∀t > 0,∫
Ω̂ε

(Aσ̂ε)ij τ̂
ε
ijdx̂

ε −
∫

Ω̂ε
τ̂ εij γ̂

ε
ij(û

ε)dx̂ε − 1
2

∫
Ω̂ε
τ̂ εij ∂̂

ε
j û

ε
l ∂̂

ε
j û

ε
l dx̂

ε = 0

∀τ̂ ε ∈ Σ(Ω̂ε),∀t > 0,

ûε (x̂ε, 0) = p̂ε and ∂ûε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε.

In order to transform the problem (V.P̂ ε)anisdyn into problem posed over the cylindrical
domain Ωε, we use the one to one mapping (Θε)−1 and the relations (2.3).

Let there be a given C1-diffeomorphism that satisfies the orientation-preserving con-
dition. Then the variational problem (V.P̂ ε)anisdyn is equivalent to the following variational
problem:

(P ε)anisdyn





Find (uε, σε) ∈ V(Ωε)× Σ(Ωε) ∀t ≥ 0, such that,
d2

dt2

{
ρε
∫

Ωε
uεiv

ε
i δ
εdxε

}
+
∫

Ωε
σεijb

ε
kj∂

ε
kv

ε
i δ
εdxε

+
∫

Ωε
σεijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε =

∫
Ωε
f ε3v

ε
3δ
εdxε +

∫
Γε+∪Γε−

gε3v
ε
3δ
εβεdΓε

+
∫
γ1
hεα{
∫ ε
−ε v

ε
αdx

ε
3}dγ, ∀vε ∈ V(Ωε),∀t > 0,∫

Ωε
(Aσε)ijτ

ε
ijδ

εdxε −
∫

Ωε
τ εijb

ε
kj∂

ε
ku

ε
iδ
εdxε

−1
2

∫
Ωε
τ εijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mu

ε
l δ
εdxε = 0

∀τ ε ∈ Σ(Ωε),∀t > 0,
uε(xε, 0) = pε and ∂uε

∂t
(xε, 0) = qε in Ωε,

where 



uεi = ûεi ◦Θε, vεi = v̂εi ◦Θε, σεij = σ̂εij ◦Θε, τ εij = τ̂ εij ◦Θε,
(Aσε)ij = (Aσ̂ε)ij ◦Θε, cεijkl = ĉεijkl ◦Θε,

f ε3 = f̂ ε3 ◦Θε, gε3 = ĝε3 ◦Θε, hεα = ĥεα ◦Θε,
pεi = p̂εi ◦Θε, qεi = q̂εi ◦Θε.

3.2 Asymptotic analysis

3.2.1 The scaled three-dimensional problem

We transform (P ε)anisdyn into a problem posed over an open set independent of ε. Accord-
ingly, let the bijection πε : x = (x1, x2, x3) ∈ Ω̄→ xε = (x1, x2, εx3) ∈ Ω̄ε.

First, we note that, if θε satisfies θε = εθ with θ ∈ C3 (ω̄). Then there exists ε0 =

ε0 (θ) > 0 such that the Jacobian matrix ∇εΘε (xε) is invertible for all xε ∈ Ω̄ε and all ε
with 0 ≤ ε ≤ ε0. Let the functions bij (ε), δ (ε) and β (ε) be defined by

53







bij (ε) (x) = bεij (xε) ,
δ (ε) (x) = δε (xε) ,
β (ε) (x) = βε (xε) ,

(3.2)

where 



bαβ (ε) (x) = δαβ + ε2b]αβ (ε;x1, x2) ,

bα3 (ε) (x) = ε(∂αθ(x1, x2) + ε2b]α3 (ε;x1, x2)),

b3β (ε) (x) = −ε(∂βθ(x1, x2) + ε2b]3β (ε;x1, x2)),

b33 (ε) (x) = 1 + ε2b]33 (ε;x1, x2) ,
δ (ε) (x) = 1 + ε2δ] (ε;x1, x2) ,
β (ε) (x) = 1 + ε2β] (ε;x1, x2) ,

and there exists a positive constant c such that

sup
0≤ε≤ε0

(x1,x2)∈ω̄

|b]ij (ε;x1, x2) | ≤ c,

sup
0≤ε≤ε0

(x1,x2)∈ω̄

|δ] (ε;x1, x2) | ≤ c.

sup
0≤ε≤ε0

(x1,x2)∈ω̄

|β] (ε;x1, x2) | ≤ c.

To the functions uε, vε ∈ V(Ωε) and σε, τ ε ∈ Σ(Ωε), we associate the scaled functions
u(ε), v ∈ V(Ω) and σ(ε), τ ∈ Σ(Ω) defined by





uεα(xε, t) = ε2uα(ε)(x, t), uε3(xε, t) = εu3(ε)(x, t),
vεα(xε) = ε2vα(x), vε3(xε) = εv3(x),
σεαβ(xε, t) = ε2σαβ(ε)(x, t), σεα3(xε, t) = ε3σα3(ε)(x, t),
σε33(xε, t) = ε4σ33(ε)(x, t),
τ εαβ(xε) = ε2ταβ(x), τ εα3(xε) = ε3τα3(x),
τ ε33(xε) = ε4τ33(x),

(3.3)

for all xε = πεx ∈ Ω̄ε.
Next, we make the following assumptions : there exists constant ρ > 0 and for

some T > 0, the functions f3 ∈ L2(0, T ;L2(Ω)), g3 ∈ L2(0, T ;L2(Γ+ ∪ Γ−)), hα ∈
L2(0, T ;L2(γ1)), θ ∈ C3(ω̄) independent of ε and p(ε) ∈ V(Ω), q(ε) ∈ L2(Ω;R3), such
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that 



ρε = ε2ρ,
f ε3 (xε, t) = ε3f3(x, t) ∀xε = πεx ∈ Ωε,
gε3(xε, t) = ε4g3(x, t) ∀xε = πεx ∈ (Γε+ ∪ Γε−),
hεα(y1, y2, t) = ε2hα(y1, y2, t) ∀(y1, y2) ∈ γ1,
θε(x1, x2) = εθ(x1, x2) ∀(x1, x2) ∈ ω̄,
pεα(xε) = ε2pα(ε)(x) ∀xε = πεx ∈ Ωε,
pε3(xε) = εp3(ε)(x) ∀xε = πεx ∈ Ωε,
qεα(xε) = ε2qα(ε)(x) ∀xε = πεx ∈ Ωε,
qε3(xε) = εq3(ε)(x) ∀xε = πεx ∈ Ωε,
cεijkl(x

ε) = cijkl(ε)(x) ∀xε = πεx ∈ Ωε.

(3.4)

Using the relations (3.2), the scalings (3.3) and the assumptions (3.4), we obtain

Theorem 3.1 The scaled displacement-stress fields (u(ε), σ(ε)) satisfies the following

variational problem:

(P (ε))anisdyn





Find (u(ε), σ(ε)) ∈ V(Ω)× Σ(Ω) ∀t ∈ [0, T ], such that,

Dt (u (ε) ,v) +Bθ (σ (ε) ,v) + 2Cθ (σ (ε) ,u (ε) ,v) = F (v)

+ε2R (ε;σ (ε) ,u (ε) ,v) ,∀v ∈ V(Ω),∀t ∈ ]0, T [ ,

A(σ (ε) , τ)−Bθ (τ,u (ε))− Cθ (τ,u (ε) ,u (ε)) =

ε2S (ε;σ (ε) ,u (ε) , τ) ,∀τ ∈ Σ(Ω),∀t ∈ ]0, T [ ,

u (ε) (x, 0) = p (ε) and ∂u(ε)
∂t

(x, 0) = q (ε) in Ω,

where





A(σ (ε) , τ) =
∫

Ω
cαβγδ(ε)σγδ(ε)ταβdx,

Bθ (τ (ε) ,v) =
∫

Ω
τij (ε) γθij(v)dx,

Cθ (τ (ε) ,u (ε) ,v) = 1
2

∫
Ω
τij (ε) ∂θi u3 (ε) ∂θj v3dx,

Dt (u (ε) ,v) = d2

dt2

{
ρ
∫

Ω
u3 (ε) v3dx

}
,

F (v) =
∫

Ω
f3v3dx+

∫
Γ+∪Γ−

g3v3dΓ +
∫
γ1
hα{
∫ 1

−1
vαdx3}dγ,

∂θαv = ∂αv − ∂αθ∂3v, ∂θ3v = ∂3v, γθij(v) = 1
2

(
∂θi vj + ∂θj vi

)
,

and the remainders R and S are bounded.
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Proof.

We have
∫

Ωε
σεijb

ε
kj∂

ε
kv

ε
i δ
εdxε = ε5

∫

Ω

σij (ε) γθij (v) dx+ ε7%B (ε;σ (ε) ,v) ,

∫

Ωε
σεijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε = ε5

∫

Ω

σij (ε) ∂θi u3 (ε) ∂θj v3dx

+ ε7%C (ε;σ (ε) ,u (ε) ,v) ,

∫

Ωε
f ε3v

ε
3δ
εdxε +

∫

Γε+∪Γε−

gε3v
ε
3δ
εβεdΓε +

∫

γ1

hεα

{∫ ε

−ε
vεαdx

ε
3

}
dγ =

ε5

(∫

Ω

f3v3dx+

∫

Γ+∪Γ−

g3v3dΓ +

∫

γ1

hα

{∫ 1

−1

vαdx3

}
dγ

)
+ ε7%F (ε; v) .

d2

dt2

{
ρε
∫

Ωε
uεiv

ε
i δ
εdxε

}
= ε5 d

2

dt2

{
ρ

∫

Ω

u3 (ε) v3dx

}
+ ε7%D(ε; u(ε),v).

So that the first equation in variational problem (P ε)anisdyn may be written as

Dt (u (ε) ,v) +Bθ (σ (ε) ,v) + 2Cθ (σ (ε) ,u (ε) ,v) = F (v) +

ε2R (ε;σ (ε) ,u (ε) ,v) ,

where

R (ε;σ (ε) ,u (ε) ,v) = %F (ε; v)− %B (ε;σ (ε) ,v)−

%C (ε;σ (ε) ,u (ε) ,v)− %D(ε; u(ε),v).

Next, we have
∫

Ωε
(Aσε)ijτ

ε
ijδ

εdxε = ε5

∫

Ω

cαβγδ(ε)σγδ(ε)ταβdx+ ε7%A (ε;σ(ε), τ) ,

∫

Ωε
τ εijb

ε
kj∂

ε
ku

ε
iδ
εdxε = ε5

∫

Ω

τij (ε) γθij (u(ε)) dx+ ε7%B (ε; τ,u(ε)) ,

1

2

∫

Ωε
τ εijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mu

ε
l δ
εdxε =

ε5

2

∫

Ω

τij∂
θ
i u3 (ε) ∂θju3 (ε) dx

+ ε7%C (ε; τ,u (ε) ,u (ε)) .
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Then the second equation in variational problem (P ε)anisdyn may be also written as

A(σ (ε) , τ)−Bθ (τ,u (ε))− Cθ (τ,u (ε) ,u (ε)) = ε2S (ε;σ (ε) ,u (ε) , τ) ,

where

S (ε;σ (ε) ,u (ε) , τ) = %B (ε; τ, u(ε)) + %C (ε; τ,u (ε) ,u (ε))− %A (ε;σ(ε), τ) .

Now, note that, there exists a positive constant C such that, for all u, v ∈ V(Ω) and
σ, τ ∈ Σ(Ω)

sup
0≤ε≤ε0

∫

Ω

|%A(ε;σ, τ)|dx ≤ C|σ|0,Ω|τ |0,Ω,

sup
0≤ε≤ε0

∫

Ω

|%B(ε; τ,v)|dx ≤ C|τ |0,Ω‖v‖1,Ω,

sup
0≤ε≤ε0

∫

Ω

|%C(ε; τ,u,v)|dx ≤ C|τ |0,Ω|u|1,4,Ω|v|1,4,Ω,

sup
0≤ε≤ε0

∫

Ω

|%F (ε; v)|dx ≤ C‖v‖1,Ω,

sup
0≤ε≤ε0

∫

Ω

|%D(ε,u(ε),v)|dx ≤ C‖∂
2u(ε)

∂t2
‖−1, 4

3
,Ω‖v‖1,4,Ω.

We can also refer to [CP86] for more details.

3.2.2 The limit three-dimensional problem

Assume that the scaled displacement-stress (u(ε), σ(ε)) admit a formal asymptotic ex-
pansion of the form:

(u(ε), σ(ε)) = (u0, σ0) + ε(u1, σ1) + ε2(u2, σ2) + · · · , (3.5)

with
u0 = (u0

i ) ∈ V (Ω), ∂3u
0
3 ∈ C0

(
Ω̄
)
, up = (upi ) ∈ W 1,4(Ω;R3) ∀p ≥ 1, σp ∈ Σ(Ω) ∀p ≥ 0,

and
cijkl(ε)(x) = c0

ijkl(x) + εc1
ijkl(x) + ε2c2

ijkl(x) + · · · , (3.6)

57



with
c0
ijkl(x) = cijkl(0)(x), cpijkl ∈ L∞(Ω) ∀p ≥ 0.
We also assume that when ε→ 0

p (ε)→ p0 in V(Ω), q (ε)→ q0 in L2(Ω;R3).

We substitute the formal asymptotic expansion (3.5)-(3.6) into the variational problem
(P (ε))anisdyn , we obtain the following limit three-dimensional problem

Theorem 3.2 The leading term (u0, σ0) satisfies the following variational problem:

(P 0
1 )anisdyn





Find (u0, σ0) ∈ V(Ω)× Σ(Ω) ∀t ∈ [0, T ], such that,
∫

Ω
σ0
iα∂ivαdx−

∫
Ω
σ0
αβ∂βθ∂3vαdx =

∫
γ1
hα{
∫ 1

−1
vαdx3}dγ,

∀vα ∈ Vα(Ω),∀t ∈ ]0, T [ ,

d2

dt2

{
ρ
∫

Ω
u0

3v3dx
}

+
∫

Ω
σ0
i3∂iv3dx+

∫
Ω
σ0
ij∂iu

0
3∂jv3dx

−
∫

Ω
σ0
α3∂αθ∂3v3dx−

∫
Ω
{σ0

αj∂αθ∂3u
0
3∂jv3 + σ0

iβ∂iu
0
3∂βθ∂3v3}dx

+
∫

Ω
σ0
αβ∂αθ∂3u

0
3∂βθ∂3v3dx =

∫
Ω
f3v3dx+

∫
Γ+∪Γ−

g3v3dΓ,

∀v3 ∈ V3(Ω),∀t ∈ ]0, T [ ,
∫

Ω
c0
αβγδσ

0
γδταβdx−

∫
Ω
ταβγαβ(u0)dx− 1

2

∫
Ω
ταβ∂αu

0
3∂βu

0
3dx

+1
2

∫
Ω
ταβ(∂αθ∂3u

0
β + ∂βθ∂3u

0
α)dx

+1
2

∫
Ω
ταβ(∂αθ∂βu

0
3 + ∂βθ∂αu

0
3)∂3u

0
3dx

−1
2

∫
Ω
ταβ∂αθ∂βθ(∂3u

0
3)2dx = 0,

∀(ταβ) ∈ L2(Ω;S2),∀t ∈ ]0, T [ ,
∫

Ω
τα3(∂αu

0
3 + ∂3u

0
α)dx+

∫
Ω
τα3∂αu

0
3∂3u

0
3)dx

−
∫

Ω
τα3∂αθ∂3u

0
3dx−

∫
Ω
τα3∂αθ(∂3u

0
3)2dx = 0,

∀(τα3) ∈ L2(Ω;R2),∀t ∈ ]0, T [ ,
∫

Ω
τ33∂3u

0
3dx+ 1

2

∫
Ω
τ33(∂3u

0
3)2dx = 0,

∀τ33 ∈ L2(Ω), ∀t ∈ ]0, T [ ,

u0 (x, 0) = p0 and ∂u0

∂t
(x, 0) = q0 in Ω,

where

γij(v) = 1
2

(∂ivj + ∂jvi).
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Proof. Using technics of the asymptotic analysis method, we first replace u(ε), σ(ε),
and cijkl(ε)(x) by their expansions (3.5)-(3.6) in the forms A, Bθ, Cθ, Dt and F . Next
we equate to zero the terms which are independent of ε in (P (ε))anisdyn , then we show that
(u0, σ0) satisfy (P 0

1 )anisdyn .

Theorem 3.3 The leading term u0 satisfies the following variational problem:

(P 0
2 )anisdyn





Find u0 ∈ VKL(Ω) ∀t ∈ [0, T ], such that,

d2

dt2

{
ρ
∫

Ω
u0

3v3dx
}

+
∫

Ω
σ0
αβ∂βvαdx+

∫
Ω
σ0
αβ∂α(u0

3 + θ)∂βv3dx =
∫

Ω
f3v3dx+

∫
Γ+∪Γ−

g3v3dΓ +
∫
γ1
hα{
∫ 1

−1
vαdx3}dγ,

∀v ∈ VKL(Ω),∀t ∈ ]0, T [ ,

u0 (x, 0) = p0 and ∂u0

∂t
(x, 0) = q0 in Ω,

where





σ0
αβ = c0,−1

αβγδ(x)Ē0
γδ(u

0),

(c0,−1
αβγδ) is the inverse of (c0

αβγδ),

Ē0
γδ(u

0) = 1
2

(
∂γu

0
δ + ∂δu

0
γ + ∂γθ∂δu

0
3 + ∂δθ∂γu

0
3 + ∂γu

0
3∂δu

0
3

)
.

Proof.

The proof has been divided into 3 steps.

Step 1. The fifth equation in (P 0
1 )anisdyn gives

∂3u
0
3(1 +

1

2
∂3u

0
3) = 0,

so that
∂3u

0
3 = 0 or ∂3u

0
3 = −2.

Since the inclusion H3(Ω) ↪→ C1(Ω) and u0
3 = 0 on γ1 × [−1, 1], the solution ∂3u

0
3 =

−2 is eliminated. Hence we obtain

∂3u
0
3 = 0 in Ω. (3.7)

Consequently, the fourth equation in (P 0
1 )anisdyn reduces to

∂αu
0
3 + ∂3u

0
α = 0 in Ω. (3.8)
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Step 2. Taking into account the equations (3.7)-(3.8), the third equation in (P 0
1 )anisdyn

reduces to

c0
αβγδσ

0
γδ − γαβ(u0)− 1

2
∂αu

0
3∂βu

0
3 −

1

2
(∂αθ∂βu

0
3 + ∂βθ∂αu

0
3) = 0. (3.9)

We observe that
γαβ(u0) =

1

2

(
∂αu

0
β + ∂βu

0
α

)
.

If (c0,−1
αβγδ) is the inverse of (c0

αβγδ), we show that

σ0
αβ = c0,−1

αβγδ(x)Ē0
γδ(u

0).

Note that
c0,−1
αβγδ(x) = aαβγδ(x)− aαβi3(x)iij(x)aj3γδ(x),

where i = (iij) is the inverse of the matrix (ai3j3).

Step 3. Taking into account the equation (3.7), we next find that the second equation
in (P 0

1 )anisdyn reduce to

d2

dt2

{
ρ

∫

Ω

u0
3v3dx

}
+

∫

Ω

σ0
α3∂αv3dx+

∫

Ω

σ0
αβ∂αu

0
3∂βv3dx =

∫

Ω

f3v3dx+

∫

Γ+∪Γ−

g3v3dΓ, (3.10)

From the first equation and the relation (3.8), we conclude that
∫

Ω

σ0
α3∂αv3dx =

∫

Ω

σ0
αβ∂βθ∂αv3dx+

∫

Ω

σ0
αβ∂βvαdx−

∫

γ1

hα{
∫ 1

−1

vαdx3}dγ. (3.11)

We replace the integral
∫

Ω
σ0
α3∂αv3dx in equation (3.10) by their expression (3.11),

we find that

d2

dt2

{
ρ

∫

Ω

u0
3v3dx

}
+

∫

Ω

σ0
αβ∂βvαdx+

∫

Ω

σ0
αβ∂α(u0

3 + θ)∂βv3dx =

∫

Ω

f3v3dx+

∫

Γ+∪Γ−

g3v3dΓ +

∫

γ1

hα{
∫ 1

−1

vαdx3}dγ.
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3.2.3 The limit two-dimensional problem

We use some technics employed by Raoult [Rao85], who assumed that the initial data
ϕ3 = p0

3 and ψ3 = q0
3 are independent of x3 and sufficiently smooth. We also assume

that the initial data p0
α = ϕα − x3∂αp

0
3 and q0

α = ψα − x3∂αq
0
3, such that ϕα and ψα are

independent of x3 and sufficiently smooth.
First, we show in the next theorem that (P 0

2 )anisdyn is in a sense of two-dimensional
problem posed over the two-dimensional domain ω̄.

To formulate this result, we define the following coefficients

C0
αβγδ(x1, x2) =

∫ 1

−1

c0,−1
αβγδ(x)dx3, (3.12)

C1
αβγδ(x1, x2) =

∫ 1

−1

x3c
0,−1
αβγδ(x)dx3, (3.13)

C2
αβγδ(x1, x2) =

∫ 1

−1

x2
3c

0,−1
αβγδ(x)dx3. (3.14)

Moreover we define also the tensors (N̄anis
αβ ) and (manis

αβ ), associated to the Kirchhoff-Love
displacement u0, by

N̄anis
αβ (ζ) = C0

αβγδĒ
0
γδ(ζ) + C1

αβγδΥγδ(ζ3), (3.15)

manis
αβ (ζ) = C1

αβγδĒ
0
γδ(ζ) + C2

αβγδΥγδ(ζ3), (3.16)

where
Ē0
γδ (ζ) = 1

2
(∂γζδ + ∂δζγ + ∂γθ∂δζ3 + ∂δθ∂γζ3 + ∂γζ3∂δζ3),

Υγδ(ζ3) = −∂γδζ3,
denote the components of the two-dimensional strain tensor and of the two-dimensional

curvature tensor.

Theorem 3.4 The leading term u0 = (u0
i ) is of the form u0

α = ζα − x3∂αζ3 and u0
3 = ζ3

with ζ = (ζi) ∈ V(ω) ∀t ∈ [0, T ]. In addition, the field ζ satisfies the following limit scaled

two-dimensional displacement problem:

(P (ω))anisdyn





Find ζ ∈ V(ω) ∀t ∈ [0, T ], such that,

2ρ
∫
ω
∂2ζ3
∂t2

η3dω −
∫
ω
manis
αβ ∂αβη3dω +

∫
ω
N̄anis
αβ ∂α(ζ3 + θ)∂βη3dω

+
∫
ω
N̄anis
αβ ∂βηαdω =

∫
ω

p3η3dω + 2
∫
γ1
hαηαdγ, ∀η ∈ V(ω),∀t ∈]0, T [,

ζ(., 0) = ϕ and ∂ζ
∂t

(., 0) = ψ in ω,
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where

p3 =
∫ 1

−1
f3dx3 + g3(.,+1) + g3(.,−1).

Proof.

i) From v ∈ VKL(Ω), by a standard argument due to Ciarlet (see,e.g., [Cia97, Theorem
1.4-4]), we get

u0
α = ζα − x3∂αζ3 and u0

3 = ζ3 with ζ = (ζi) ∈ V(ω).

ii) We observe that
Ē0
γδ(u

0) = Ē0
γδ (ζ) + x3Υγδ(ζ3). (3.17)

From the definition of σ0
αβ and (3.17), we conclude that

∫ 1

−1

σ0
αβdx3 =

∫ 1

−1

c0,−1
αβγδ(x)

[
Ē0
γδ (ζ) + x3Υγδ(ζ3)

]
dx3

=

(∫ 1

−1

c0,−1
αβγδ(x)dx3

)
Ē0
γδ (ζ) +

(∫ 1

−1

x3c
0,−1
αβγδ(x)dx3

)
Υγδ(ζ3)

= C0
αβγδĒ

0
γδ(ζ) + C1

αβγδΥγδ(ζ3)

= N̄anis
αβ (ζ),

and
∫ 1

−1

x3σ
0
αβdx3 =

∫ 1

−1

x3c
0,−1
αβγδ(x)

[
Ē0
γδ (ζ) + x3Υγδ(ζ3)

]
dx3

=

(∫ 1

−1

x3c
0,−1
αβγδ(x)dx3

)
Ē0
γδ (ζ) +

(∫ 1

−1

x2
3c

0,−1
αβγδ(x)dx3

)
Υγδ(ζ3)

= C1
αβγδĒ

0
γδ(ζ) + C2

αβγδΥγδ(ζ3)

= manis
αβ (ζ),

iii) First we choose, in (P 0
2 )anisdyn , v ∈ VKL(Ω) with the components

vα(x) = −x3∂αη3(x1, x2), v3(x) = η3(x1, x2),

with η3 ∈ H2(ω) and η3 = ∂νη3 = 0 on γ1.

This choice shows that (P 0
2 )anisdyn reduce to

d2

dt2

{
ρ

∫

Ω

ζ3η3dx

}
−
∫

Ω

x3σ
0
αβ∂αβη3dx+

∫

Ω

σ0
αβ∂α(ζ0

3 + θ)∂βη3dx =

∫

Ω

f3η3dx+

∫

Γ+∪Γ−

g3η3dΓ. (3.18)
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The second choice of v ∈ VKL(Ω) is

vα(x) = ηα(x1, x2), v3(x) = 0,

with ηα ∈ H1(ω).

In this case shows that (P 0
2 )anisdyn reduce to
∫

Ω

σ0
αβ∂βηαdx = 2

∫

γ1

hαηαdγ (3.19)

Using Fubini’s Formula:
∫

Ω
Fdx =

∫
ω

{∫ 1

−1
Fdx3

}
dω, we have

d2

dt2
{ρ
∫

Ω

ζ3η3dx} = 2ρ

∫

ω

∂2ζ3

∂t2
η3dω,

∫

Ω

−x3σ
0
αβ∂αβη3dx = −

∫

ω

manis
αβ ∂αβη3dω,

∫

Ω

σ0
αβ∂α(ζ3 + θ)∂βη3dx =

∫

ω

N̄anis
αβ ∂α(ζ3 + θ)∂βη3dω,

∫

Ω

f3η3dx+

∫

Γ+∪Γ−

g3η3dΓ =

∫

ω

{
∫ 1

−1

f3dx3 + g3(.,+1) + g3(.,−1)}η3dω

=

∫

ω

p3η3dω,

∫

Ω

σ0
αβ∂βηαdx =

∫

ω

N̄anis
αβ ∂βηαdω = 2

∫

γ1

hαηαdγ.

Then

2ρ

∫

ω

∂2ζ3

∂t2
η3dω −

∫

ω

manis
αβ ∂αβη3dω +

∫

ω

N̄anis
αβ ∂α(ζ3 + θ)∂βη3dω

+

∫

ω

N̄anis
αβ ∂βηαdω =

∫

ω

p3η3dω + 2

∫

γ1

hαηαdγ.

Next, we write the two-dimensional boundary value problem as an equivalent boundary
value problem (P̄ (ω))anisdyn . Using Green’s formulas and equating to zero all the factors of
ηα, η3, and ∂νη3 in their respective domains of integration, we obtain
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Theorem 3.5 Assume that the boundary γ is sufficiently smooth. Then any smooth

solution ζ = (ζi) of the variational problem (P (ω))anisdyn is also a solution of the following

two-dimensional displacement problem:

(P̄ (ω))anisdyn





Find ((ζα), ζ3) ∈ (H1(ω))2 ×H2(ω) ∀t ∈ [0, T ], such that,

2ρ∂
2ζ3
∂t2
− ∂αβmanis

αβ − N̄anis
αβ ∂αβ (ζ3 + θ) = p3 in ω × ]0, T [ ,

∂βN̄
anis
αβ = 0 in ω × ]0, T [ ,

ζ3 = ∂νζ3 = 0 on γ1× ]0, T [ ,

N̄anis
αβ νβ = 2hα on γ1 × ]0, T [ ,

manis
αβ νανβ = 0 on γ2 × ]0, T [ ,

∂αm
anis
αβ νβ + ∂τ

(
manis
αβ νατβ

)
= 0 on γ2 × ]0, T [ ,

N̄anis
αβ νβ = 0 on γ2 × ]0, T [ ,

ζ(., 0) = ϕ and ∂ζ
∂t

(., 0) = ψ in ω.

Proof.

Applying the Green formulas, we obtain

−
∫

ω

manis
αβ ∂αβη3dω =

∫

γ

{(
∂αm

anis
αβ

)
νβ + ∂τ

(
manis
αβ νατβ

)}
η3dγ

−
∫

γ

manis
αβ νανβ∂νη3dγ −

∫

ω

(
∂αβm

anis
αβ

)
η3dω,

∫

ω

N̄anis
αβ ∂α (ζ3 + θ) ∂βη3dω = −

∫

ω

{
∂β
(
N̄anis
αβ ∂α (ζ3 + θ)

)}
η3dω

+

∫

γ

(
N̄anis
αβ ∂α (ζ3 + θ)

)
νβη3dγ,

∫

ω

N̄anis
αβ ∂βηαdω = −

∫

ω

(
∂βN̄

anis
αβ

)
ηαdω +

∫

γ

N̄anis
αβ νβηαdγ.

Then ∫

ω

[
2ρ
∂2ζ3

∂t2
− ∂αβmanis

αβ − ∂β
(
N̄anis
αβ ∂α (ζ3 + θ)

)
− p3

]
η3dω −

∫

ω

(
∂βN̄

anis
αβ

)
ηαdω +

∫

γ

(
N̄anis
αβ νβ − 2h̃α

)
ηαdγ −

∫

γ2

manis
αβ νανβ∂νη3dγ +

∫

γ2

{[
∂αm

anis
αβ + N̄anis

αβ ∂α (ζ3 + θ)
]
νβ + ∂τ

(
manis
αβ νατβ

)}
η3dγ = 0,
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for all η = (ηα, η3) ∈ V (ω), with the functions h̃α : γ × [0, T ]→ R defined by

h̃α = hα on γ1 × [0, T ] and h̃α = 0 on γ2 × [0, T ].

These equations imply that all the factors of ηα, η3, and ∂νη3 vanish in their respective
domains of integration. Then we get

2ρ
∂2ζ3

∂t2
− ∂αβmanis

αβ − ∂β
(
N̄anis
αβ ∂α (ζ3 + θ)

)
= p3 in ω × ]0, T [ ,

and

∂βN̄
anis
αβ = 0 in ω × ]0, T [ ,

so that

∂β
(
N̄anis
αβ ∂α (ζ3 + θ)

)
= N̄anis

αβ ∂αβ (ζ3 + θ) in ω × ]0, T [ ,

consequently

2ρ
∂2ζ3

∂t2
− ∂αβmanis

αβ − N̄anis
αβ ∂αβ (ζ3 + θ) = p3 in ω × ]0, T [ .

For boundary conditions, we get

N̄anis
αβ νβ − 2h̃α = 0 on γ × ]0, T [ ,

thus

N̄anis
αβ νβ = 2hα on γ1 × ]0, T [ ,

and

N̄anis
αβ νβ = 0 on γ2 × ]0, T [ .

We also get

manis
αβ νανβ = 0 on γ2 × ]0, T [ ,

and
[
∂αm

anis
αβ + N̄anis

αβ ∂α (ζ3 + θ)
]
νβ + ∂τ

(
manis
αβ νατβ

)
= 0 on γ2 × ]0, T [ ,

since N̄anis
αβ νβ = 0 on γ2 × ]0, T [, we conclude that

∂αm
anis
αβ νβ + ∂τ

(
manis
αβ νατβ

)
= 0 on γ2 × ]0, T [ .
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3.3 Dynamical equations of generalized nonhomogeneous

anisotropic Marguerre-von Kármán shallow shells

We now rewrite the two-dimensional boundary value problem (P̄ (ω))anisdyn in the form of
dynamical equations of generalized nonhomogeneous anisotropic Marguerre-von Kármán
shallow shell as follows:

Note that

N̄anis
αβ (ζ) = N1

αβ(ζ̄) +N2,θ
αβ (ζ3), (3.20)

manis
αβ (ζ) = m1

αβ(ζ̄) +m2,θ
αβ(ζ3), (3.21)

where
N1
αβ(ζ̄) = C0

αβγδeγδ(ζ̄), (3.22)

N2,θ
αβ (ζ3) = C0

αβγδĒ
θ
γδ(ζ3) + C1

αβγδΥγδ(ζ3), (3.23)

m1
αβ(ζ̄) = C1

αβγδeγδ(ζ̄), (3.24)

m2,θ
αβ(ζ3) = C1

αβγδĒ
θ
γδ(ζ3) + C2

αβγδΥγδ(ζ3), (3.25)

such that
ζ̄ = (ζ1, ζ2), eγδ(ζ̄) = 1

2
(∂γζδ + ∂δζγ), Ēθ

γδ(ζ3) = 1
2
(∂γθ∂δζ3 + ∂δθ∂γζ3 + ∂γζ3∂δζ3).

We assume that C0
αβγδ, C1

αβγδ and C2
αβγδ are smooth enough functions.

Theorem 3.6 Assume that the set ω is simply-connected and that its boundary γ is

sufficiently smooth. Let ζ = (ζi) be a solution of (P̄ (ω))anisdyn with the regularity

ζα ∈ H3(ω), ζ3 ∈ H4(ω) ∀t ∈ [0, T ].

Then

a) The functions h̃α : γ × [0, T ]→ R defined by

h̃α = hα on γ1 × [0, T ] and h̃α = 0 on γ2 × [0, T ],

are in the space H
3
2 (γ) and satisfy the compatibility conditions
∫

γ

h̃1dγ =

∫

γ

h̃2dγ =

∫

γ

(x1h̃2 − x2h̃1)dγ = 0.
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b) Furthermore, there exists a function Φ ∈ H4(ω), uniquely defined by the relations

Φ(0) = ∂1Φ(0) = ∂2Φ(0) = 0, such that

N̄anis
11 = 2∂22Φ, N̄anis

12 = N̄anis
21 = −2∂12Φ, N̄anis

22 = 2∂11Φ.

c) Finally, the pair (ζ3,Φ) ∈ H4(ω)×H4(ω) ∀t ∈ [0, T ], satisfies the following problem

(P )anisdyn





2ρ∂
2ζ3
∂t2
− ∂αβManis

αβ (ζ3,Φ) = 2 [Φ, ζ3 + θ] + p3 in ω × ]0, T [ ,

∆2Φ = 1
2
L(ζ3,Φ) in ω × ]0, T [ ,

ζ3 = ∂νζ3 = 0 on γ1× ]0, T [ ,

Manis
αβ (ζ3,Φ)νανβ = 0 on γ2× ]0, T [ ,

∂αM
anis
αβ (ζ3,Φ)νβ + ∂τ

(
Manis

αβ (ζ3,Φ)νατβ
)

= 0 on γ2 × ]0, T [ ,

Φ = Φ0 and ∂νΦ = Φ1 on γ × ]0, T [ ,

ζ3 (., 0) = ϕ3 and ∂ζ3
∂t

(., 0) = ψ3 in ω,

where





Φ0(y) = −y1

∫
γ(y)

h̃2dγ + y2

∫
γ(y)

h̃1dγ +
∫
γ(y)

(x1h̃2 − x2h̃1)dγ,

Φ1(y) = −ν1

∫
γ(y)

h̃2dγ + ν2

∫
γ(y)

h̃1dγ, y = (y1, y2) ∈ γ,

[Φ, ζ] = ∂11Φ∂22ζ + ∂22Φ∂11ζ − 2∂12Φ∂12ζ,

Manis
αβ (ζ3,Φ) = F θαβ(ζ3,Φ) +m2,θ

αβ(ζ3),

L(ζ3,Φ) = ∆
[
C0
ααγδC

1,−1
σςγδF θσς(ζ3,Φ) +N2,θ

αα (ζ3)
]
,

F θαβ(ζ3,Φ) = C1
αβγδ[C

0,−1
11γδ (2∂22Φ−N2,θ

11 (ζ3)) + C0,−1
22γδ (2∂11Φ−N2,θ

22 (ζ3))+

2C0,−1
12γδ (−2∂12Φ−N2,θ

12 (ζ3))],

such that C0,−1
αβγδ and C

1,−1
αβγδ are the inverse of C0

αβγδ and C1
αβγδ, respectively.

Proof.

The proof is divided into three steps.

a) The smoothness of functions C0
αβγδ, C1

αβγδ and the regularity of functions ζi imply that
N̄anis
αβ ∈ H2(ω) and h̃α ∈ H

3
2 (γ).
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The functions h̃α satisfy the compatibility conditions, to see this, we observe that, if
we choose η = (a1− bx2, a2− bx1, 0) for any constants a1, a2 and b in the variational
problem (P (ω))anisdyn , we obtain

aα

∫

γ

h̃αdγ + b

∫

γ

(x1h̃2 − x2h̃1)dγ = 0. (3.26)

b) Since the set ω is simply-connected and by using the generalized Poincaré theorem
(see [Sch66, Theorem VI, p.59]), the equation ∂βN̄

anis
αβ = 0 in ω imply that there

exist distributions ψα ∈ D′(ω), unique up to the addition of constants, such that
N̄anis

1α = 2∂2ψα, N̄
anis
2α = −2∂1ψα.

Since the equation N̄anis
12 = N̄anis

21 implies that ∂αψα = 0. Another application of
the same result shows that there exist a distribution Φ ∈ D′(ω), unique up to the
addition of polynomials of degree ≤ 1, such that ψ1 = ∂2Φ, ψ2 = −∂1Φ, so that

N̄anis
11 = 2∂22Φ, N̄anis

12 = N̄anis
21 = −2∂12Φ, N̄anis

22 = 2∂11Φ in ω. (3.27)

The regularities of N̄anis
αβ ∈ H2(ω) imply that Φ ∈ H4(ω). Then Φ is uniquely

defined if we impose that Φ(0) = ∂1Φ(0) = ∂2Φ(0) = 0.

c) (i) From N̄anis
αβ νβ = 2h̃α on γ, we obtain

h̃1 =
1

2
N̄anis

1β νβ

=
1

2

(
ν1N̄

anis
11 + ν2N̄

anis
12

)

= ν1∂22Φ− ν2∂21Φ

= ∂τ (∂2Φ) ,

h̃2 =
1

2
N̄anis

2β νβ

=
1

2

(
ν1N̄

anis
21 + ν2N̄

anis
22

)

= −ν1∂12Φ + ν2∂11Φ

= −∂τ (∂1Φ) ,

thus
∂1Φ (y) = −

∫

γ(y)

h̃2dγ et ∂2Φ (y) =

∫

γ(y)

h̃1dγ, (3.28)
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for all y ∈ γ,

then

∂νΦ (y) = ν1 (y) ∂1Φ (y) + ν2 (y) ∂2Φ (y)

= −ν1 (y)

∫

γ(y)

h̃2dγ + ν2 (y)

∫

γ(y)

h̃1dγ.

(3.29)

So that
∂νΦ(y) = Φ1 on γ,

and

∂τΦ (y) = τ1 (y) ∂1Φ (y) + τ2 (y) ∂2Φ (y)

= −τ1 (y)

∫

γ(y)

h̃2dγ + τ2 (y)

∫

γ(y)

h̃1dγ.

(3.30)

Since
∂τΦ (y) = ∂τΦ0 and Φ (0) = ∂τΦ (0) = 0,

we conclude that
Φ (y) = Φ0 on γ.

(ii) We have

[Φ, ζ3 + θ] = ∂11Φ∂22 (ζ3 + θ) + ∂22Φ∂11 (ζ3 + θ)− 2∂12Φ∂12 (ζ3 + θ)

=
1

2

[
N̄anis

22 ∂22 (ζ3 + θ) + N̄anis
11 ∂11 (ζ3 + θ) + 2N̄anis

12 ∂12 (ζ3 + θ)
]

=
1

2
N̄anis
αβ ∂αβ (ζ3 + θ) , (3.31)

thus
N̄anis
αβ ∂αβ (ζ3 + θ) = 2 [Φ, ζ3 + θ] . (3.32)

From (3.22), we get
eγδ(ζ̄) = C0,−1

αβγδN
1
αβ(ζ̄), (3.33)
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using (3.24) and (3.27), we obtain

m1
αβ(ζ̄) = C1

αβγδC
0,−1
σςγδN

1
σς(ζ̄)

= C1
αβγδC

0,−1
σςγδ(N̄

anis
σς (ζ)−N2,θ

σς (ζ3))

= C1
αβγδ[C

0,−1
11γδ (2∂22Φ−N2,θ

11 (ζ3))

+ C0,−1
22γδ (2∂11Φ−N2,θ

22 (ζ3))

+ 2C0,−1
12γδ (−2∂12Φ−N2,θ

12 (ζ3))]

= F θαβ(ζ3,Φ), (3.34)

which yields

manis
αβ (ζ) = F θαβ(ζ3,Φ) +m2,θ

αβ(ζ3)

= Manis
αβ (ζ3,Φ). (3.35)

Then, we deduce

2ρ
∂2ζ3

∂t2
− ∂αβManis

αβ (ζ3,Φ) = 2 [Φ, ζ3 + θ] + p3 in ω × ]0, T [ . (3.36)

(iii) Notice that

∆2Φ = ∆ (∆Φ)

= ∆ (∂ααΦ)

=
1

2
∆N̄anis

αα

=
1

2
∆[N1

αα(ζ̄) +N2,θ
αα (ζ3)].

We have
N1
αα = C0

ααγδeγδ(ζ̄), (3.37)

taking into account (3.24) and (3.34), we deduce that

eγδ(ζ̄) = C1,−1
αβγδF

θ
αβ(ζ3,Φ), (3.38)

thus
N1
αα = C0

ααγδC
1,−1
σςγδF

θ
σς(ζ3,Φ). (3.39)

So that

∆2Φ =
1

2
∆[C0

ααγδC
1,−1
σςγδF

θ
σς(ζ3,Φ) +N2,θ

αα (ζ3)]

=
1

2
L(ζ3,Φ). (3.40)
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3.4 Conclusion

An application of the technics from formal asymptotic analysis to the three-dimensional
nonlinear system of elastodynamics corresponding to a shallow shell, with a specific class
of boundary conditions of generalized Marguerre-von Kármán type, with nonhomogeneous
anisotropic material, shows that the leading term of the expansion is characterized by a
two-dimensional dynamical boundary value problem called the dynamical equations of
generalized nonhomogeneous anisotropic Marguerre-von Kármán shallow shells, which
depends on the Airy function Φ and the vertical component ζ3 of the displacement field
of the middle surface of the shallow shell.
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Part II

Problems with unilateral contact

72



Chapter 4

Asymptotic modeling of a Signorini
problem of generalized Marguerre-von
Kármán shallow shell

In the paper [CB08], Chacha and Bensayah have studied the asymptotic modeling of uni-
lateral contact problem with Coulomb frictional between an elastic nonlinear von Kármán
plate and a rigid obstacle. In this Chapter, we extend this study to the case of a shallow
shell under generalized Marguerre-von Kármán conditions. This work was published in
[BCG13].
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4.1 Setting of the problem

We suppose that Ω̂ε is occupied by a nonlinear, elastic, homogeneous, isotropic body.
In its natural configuration: a shallow shell of thickness 2ε whose Lamé’s constants are
denoted λ > 0, µ > 0 and assumed to be independent of ε. The shallow shell is supposed to
be subjected to applied body forces of density f̂ ε ∈ (L2(Ω̂ε))3, its lower face Γ̂ε− = Θε(Γε−)

subjected to a surface forces of density ĝε ∈ (L2(Γ̂ε−))3 such that f̂ εα = ĝεα = 0 and to
applied surface forces of von Kármán’s type ĥεα ∈ L2(γ̂ε1) only on a portion Θε(γ1× [−ε, ε])
of its lateral face, the remaining portion Θε(γ2× [−ε, ε]) being free. We suppose also that
this shell is in unilateral contact with Coulomb friction (Λ its coefficient) at the upper
face Γ̂ε+ = Θε(Γε+) against a rigid foundation, where d̂ε(≥ 0) is the gap function defined
on Γ̂ε+ which describes the distance between the upper face and the foundation measured
in the normal direction. We supposed, also that the system is in static case.

The problem consists of finding the displacement ûε and the force Ĝε which satisfy
the problem:

(C.P̂ ε)isosta,c





−∂̂εj (σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i ) = f̂ εi in Ω̂ε,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε]) ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on γ2 × [−ε, ε] ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on Γε−,

ûεN ≤ d̂ε, Ĝε
N ≤ 0, Ĝε

N(ûεN − d̂ε) = 0 on Γ̂ε+,

|Ĝε
T | < Λ|Ĝε

N | ⇒ ûεT = 0 on Γ̂ε+,

|Ĝε
T | = Λ|Ĝε

N | ⇒ ∃δ > 0, ûεT = −δĜε
T on Γ̂ε+,

where





Ĝε
i = (σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i )n̂

ε
j ,

Ĝε
N = Ĝε

i n̂
ε
i , Ĝ

ε
T = Ĝε − Ĝε

N n̂
ε,

σ̂εij = λÊε
pp (ûε) δij + 2µÊε

ij (ûε) ,

Êε
ij (ûε) =

1

2
(∂̂εi û

ε
j + ∂̂εj û

ε
i + ∂̂εi û

ε
k∂̂

ε
j û

ε
k).

Multiplying the system of equilibrium equations in (C.P̂ ε)isosta,c by functions v̂εi and in-
tegrating over the set Ω̂ε, after that using the Green formula and the boundary conditions
we obtain the following variational formulation of the problem (C.P̂ ε)isosta,c:
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(V.P̂ ε)isosta,c





Find (ûε, Ĝε) ∈ K(Ω̂ε)× (L2(Γ̂ε+))3 such that,

Âε(ûε, v̂ε) = L̂ε(v̂ε) +
∫
γ̂1

(
∫ ε
−ε(v̂

ε
α ◦Θε)dxε3)ĥεαdγ̂ + 〈Ĝε

i , v̂
ε
i 〉 ∀ v̂ε ∈ V(Ω̂ε),

〈Ĝε
N , v̂

ε
N − ûεN〉 ≥ 0 , ∀v̂ε ∈ K(Ω̂ε),

〈Ĝε
T , v̂

ε
T − ûεT 〉+ 〈Λ|Ĝε

N |, |v̂εT | − |ûεT |〉 ≥ 0, ∀ v̂ε ∈ V(Ω̂ε),

where 



Âε(ûε, v̂ε) =
∫

Ω̂ε
(σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i )∂̂

ε
j v̂

ε
i dx̂

ε,

L̂ε(v̂ε) =
∫

Ω̂ε
f̂ εi v̂

ε
i dx̂

ε +
∫

Γ̂ε−
ĝεi v̂

ε
i dΓ̂ε,

〈Ĝε
i , φ̂

ε
i 〉 =

∫
Γ̂ε+
Ĝε
i φ̂

ε
idΓ̂ε.

In order to transform the problem (V.P̂ ε)isosta,c into problem posed over the cylindrical
domain Ωε, we use the one to one mapping (Θε)−1 and the relations (2.3) obtained from
this transformation.

Then by a simple computation, we obtain

Proposition 4.1 Suppose that ε is small enough. Then the variational problem (V.P̂ ε)isosta,c

is equivalent to the following variational problem :

(P ε)isosta,c





Find (uε,Gε) ∈ K(Ωε)× (L2(Γε+))3, such that,

Aε(uε,vε) = Lε(vε) +
∫
γ1
hεα{
∫ ε
−ε v

ε
αdx

ε
3}dγ + 〈Gε

i , v
ε
i 〉 , ∀vε ∈ V(Ωε),

〈Gε
N , v

ε
N − uεN〉 ≥ 0 , ∀vε ∈ K(Ωε),

〈Gε
T ,v

ε
T − uεT 〉+ 〈Λ |Gε

N | , |vεT | − |uεT |〉 ≥ 0, ∀vε ∈ V(Ωε),

where




Aε(uε,vε) =
∫

Ωε
σεijb

ε
kj∂

ε
kv

ε
i δ
εdxε +

∫
Ωε
σεijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε,

Lε(vε) =
∫

Ωε
f ε3v

ε
3δ
εdxε +

∫
Γε−
gε3v

ε
3δ
εβεdΓε, 〈Gε

i , v
ε
i 〉 =

∫
Γε+
Gε
iv
ε
i δ
εβεdΓε,

uεi = ûεi ◦Θε, σεij = σ̂εij ◦Θε, Gε
i = Ĝε

i ◦Θε, nεi = n̂εi ◦Θε, f εi = f̂ εi ◦Θε , gεi = ĝεi ◦Θε,

hεα = ĥεα ◦Θε, dε = d̂ε ◦Θε.

4.2 Asymptotic study

4.2.1 The scaled problem

Let Ω = ω×] − 1,+1[,Γ± = ω × {±1},Γ0 = γ × [−1,+1] and x = (xi) ∈ Ω̄ denote a
generic point in the set Ω̄.
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We now transform the domain Ωε having the thickness 2ε into fixed domain Ω independent
of ε via the simple mapping: πε : Ω→ Ωε where xα = xεα, x

ε
3 = εx3 hence:

πε(Ω) = Ωε, πε(Γ±) = Γε±, π
ε(Γ0) = Γε0, ∂

ε
α = ∂α, ∂

ε
3 =

1

ε
∂3

We introduce the scaled displacement u(ε), test function v(ε) and stress tensor σ(ε)

for all xε = πε(x) as follows:
{
uεα(xε) = ε2uα (ε) (x), uε3(xε) = εu3 (ε) (x), vεα(xε) = ε2vα (ε) (x), vε3(xε) = εv3 (ε) (x)
σεαβ(xε) = ε2σαβ (ε) (x), σεα3(xε) = ε3σα3 (ε) (x), σε33(xε) = ε4σ33 (ε) (x)

Noting that the unit normal n̂ε on Γ̂ε+ reads n̂ε = (−∂ε1θε+O(ε3),−∂ε2θε+O(ε3), 1+O(ε2)).
If we pose Gi = σijn

θ
j such that nθ = (−∂1θ,−∂2θ, 1) then a simple computation gives:

Gε
α = ε3Gα +O(ε5),

Gε
3 = ε4G3 + ε4σijn

θ
j∂

θ
i u3 +O(ε6),

then

vεT = (ε2(v1 − v3n
θ
1) +O(ε4), ε2(v2 − v3n

θ
2) +O(ε4), O(ε3)),

vεN = εvN(ε), vN(ε) = v3n
θ
3 +O(ε2),

and

Gε
T = (ε3G1 +O(ε5), ε3G2 +O(ε5), ε4(G3 −Gin

θ
i ) +O(ε6)).

We also introduce the scalings: f ε3 = ε3f3, g
ε
3 = ε4g3, h

ε
α = ε2hα and dε = εd(ε) where f3,

g3 and hα supposed independent of ε.
By using the assumptions and notations above we obtain the result:

Proposition 4.2 For ε small enough the scaled solution of the problem (P ε)isosta,c solves

the following problem:

(P (ε))isosta,c





Find (u(ε),G(ε)) ∈ K(ε)(Ω)× (L2(Γ+))3 such that,

Aθ(u(ε),v) = L(v) + 2
∫
γ1
hαvαdx3dγ + 〈Gi(ε), vi〉+

∫
Γ+
σij(ε)n

θ
j∂

θ
i u3(ε)v3dΓ

+ε2r1,∀v ∈ V(Ω),
〈
Gi(ε)n

θ
i + σij(ε)n

θ
j∂

θ
i u3(ε), v3 − u3(ε)

〉
+ ε2r2 ≥ 0 , ∀v ∈ K(ε)(Ω),

〈
Gα(ε), (vα − uα(ε))− (v3 − u3(ε))nθα

〉
+ εr3 ≥ 0, ∀v ∈ V(Ω),
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where 



Aθ(u(ε),v) =
∫

Ω
σij (ε) γθij(v)dx+

∫
Ω
σij (ε) ∂θi u3 (ε) ∂θj v3dx,

L(v) =
∫

Ω
f3v3dx+

∫
Γ−
g3v3dΓ,

〈Gi(ε), vi〉 =
∫

Γ+
Gi(ε)vidΓ,

∂θαv = ∂αv − ∂αθ∂3v, ∂
θ
3v = ∂3v, γ

θ
ij(v) = 1

2

(
∂θi vj + ∂θj vi

)
,

ri are bounded functions.

Proof. First, we infer from assumption θε(x1, x2) = εθ(x1, x2) for all (x1, x2) ∈ ω̄ with
θ ∈ C3(ω̄) that, for ε0 > 0 small enough,
bεαβ(xε) = δαβ + ε2rαβ(ε;x1, x2), bεα3(xε) = ε(∂αθ + ε2rα3(ε;x1, x2)), bε3β(xε) = −ε(∂βθ +

ε2r3β(ε;x1, x2)), bε33(xε) = 1 + ε2r33(ε;x1, x2), δε(xε) = 1 + ε2rδ(ε;x1, x2), for all xε ∈ Ω̄ε,
and βε(xε) = 1 + ε2rβ(ε;x1, x2), for all xε ∈ Γε+ ∪ Γε+, where the real-valued functions rij,
rδ, rβ are bounded. (For details, see [CP86, Theorem 3.1]).

Next, we insert the above equalities with the change of variables, we obtain,

∫

Ωε
σεijb

ε
kj∂

ε
kv

ε
i δ
εdxε = ε5

∫

Ω

σij(ε)γ
θ
ij(v)dx+ ε7ρ1(ε;σ(ε),v),

∫

Ωε
σεijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε = ε5

∫

Ω

σij(ε)∂
θ
i u3(ε)∂θj v3dx+ ε7ρ2(ε;σ(ε),u(ε),v),

∫

Ωε
f εi v

ε
i δ
εdxε +

∫

Γε−

gεi v
ε
i δ
εβεdΓε = ε5(

∫

Ω

fividx+

∫

Γ−

gividΓ) + ε7ρ3(ε; v),

〈Gε
i , v

ε
i 〉 = ε5 〈Gi(ε), vi〉+ ε7ρ4(ε; G(ε),u(ε),v),

where there exists a constant c1 such that, for all u(ε) ∈ K(ε)(Ω), v ∈ V(Ω), σ(ε) ∈ Σ(Ω)

and G(ε) ∈ (L2(Γ+))3,

sup
0≤ε≤ε0

|ρ1 (ε;σ(ε),v) | ≤ c1|σ(ε)|0,Ω|v|1,Ω,

sup
0≤ε≤ε0

|ρ2 (ε;σ(ε),u(ε),v) | ≤ c1|σ(ε)|0,Ω|u(ε)|1,4,Ω|v|1,4,Ω,

sup
0≤ε≤ε0

|ρ3 (ε; v) | ≤ c1‖v‖1,Ω,

sup
0≤ε≤ε0

|ρ4(ε; G(ε),u(ε),v)| ≤ c1(‖G(ε)‖− 1
2
,Γ+

+ ‖G(ε)‖− 1
2
,Γ+
‖u(ε)‖ 1

2
,Γ+

)‖v‖ 1
2
,Γ+
.
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Diving by ε5 and combining the above estimates, we get

sup
0≤ε≤ε0

|r1| ≤ c1 ((1 + |σ(ε)|0,Ω + |σ(ε)|0,Ω|u(ε)|1,4,Ω)‖v‖1,4,Ω

+ (‖G(ε)‖− 1
2
,Γ+

+ ‖G(ε)‖− 1
2
,Γ+
‖u(ε)‖ 1

2
,Γ+

)‖v‖ 1
2
,Γ+

)
.

For finding what the unilateral contact conditions become, we use the relations

〈Gε
N , v

ε
N − uεN〉 = ε5

〈
Gα(ε)nθα +G3(ε), v3 − u3(ε)

〉
+ ε7r2,

〈Gε
T ,v

ε
T − uεT 〉+ 〈Λ |Gε

N | , |vεT | − |uεT |〉 = ε5
〈
Gα(ε), (vα − uα(ε))− (v3 − u3(ε))nθα

〉
+ ε6r3,

where there exists two constants c2 and c3 such that for all u(ε) ∈ K(ε)(Ω), v ∈ K(ε)(Ω)

and G(ε) ∈ (L2(Γ+))3,

sup
0≤ε≤ε0

|r2| ≤ c2(‖G(ε)‖− 1
2
,Γ+

+ ‖G(ε)‖− 1
2
,Γ+
‖u(ε)‖ 1

2
,Γ+

)(‖u(ε)‖ 1
2
,Γ+

+ ‖v‖ 1
2
,Γ+

),

and for all u(ε) ∈ K(ε)(Ω), v ∈ V(Ω) and G(ε) ∈ (L2(Γ+))3,

sup
0≤ε≤ε0

|r3| ≤ c3(‖G(ε)‖− 1
2
,Γ+

+ ‖G(ε)‖− 1
2
,Γ+
‖u(ε)‖ 1

2
,Γ+

)(‖u(ε)‖ 1
2
,Γ+

+ ‖v‖ 1
2
,Γ+

).

4.2.2 The two-dimensional problem

We assume that the scaled displacement-stress (u(ε), σ(ε)) admit a formal asymptotic
expansion of the form:

(u(ε), σ(ε)) = (u0, σ0) + ε(u1, σ1) + ε2(u2, σ2) + ... (4.1)

then
Gi(ε) = G0

i + εG1
i + ε2G2

i + ..., with Gk
i = σkijn

θ
j .

Substituting expansion (4.1) into the scaled variational problem (P (ε))isosta,c, we obtain:

Proposition 4.3 Assume that ∂3u
0
3 ∈ C0

(
Ω̄
)
then the leading term (u0, σ0) of the ex-

pansion (4.1) is a solution of the problem:

(PKL)isosta,c





Find (u0, σ0, G0
3) ∈ (VKL (Ω) ∩K (Ω))× Σ(Ω)× L2(Γ+) such that :

∫
Ω
σ0
αβ∂βvαdx+

∫
Ω
σ0
αβ∂α(u0

3 + θ)∂βv3dx = L (v) + 〈G0
3, v3〉+ 2

∫
γ1
hαvαdγ,

∀v ∈ VKL (Ω) ,

〈G0
3, v3 − u0

3〉 ≥ 0,∀v ∈ K (Ω) ,
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where 



σ0
αβ = 2λµ

λ+2µ
Ē0
σσ(u0)δαβ + 2µĒ0

αβ(u0),

Ē0
αβ(u0) = 1

2

(
∂αu

0
β + ∂βu

0
α + ∂αu

0
3∂βu

0
3 + ∂αθ∂βu

0
3 + ∂βθ∂αu

0
3

)
,

G0
3 = −σ0

31∂1θ − σ0
32∂2θ + σ0

33.

Proof. We introduce the formal series expansions of the scaled displacement and the
scaled stresses into the variational problem (P (ε))isosta,c and cancel the successive powers of
ε, until we can fully identify the leading term.

We deduce from the following Proposition that the leading term (u0, σ0) is character-
ized by an unilateral contact problem without friction.

Proposition 4.4 If u0 is a solution of the problem (PKL)isosta,c such that u0
α = ζα−x3∂αζ3

and u0
3 = ζ3, (ζα), ζ3 sufficiently regular. Then (ζα), ζ3 verify the two-dimensional

problem:

(P̄ (ω))isosta,c





Find (ζα) ∈ (H1 (ω))2, ζ3 ∈ H2 (ω) , ζ3 ≤ d,G0
3 ∈ L2 (ω) such that

−∂αβmαβ − N̄αβ∂αβ(ζ3 + θ) = h0
3 +G0

3 in ω

∂βN̄αβ = 0 in ω,

ζ3 = ∂νζ3 = 0 on γ1,

N̄αβνβ = 2hα on γ1

∂αmαβνβ + ∂τ (mαβνατβ) = 0 on γ2,

mαβνανβ = 0 on γ2,

N̄αβνβ = 0 on γ2

G0
3(d− ζ3) = 0 in ω,G0

3 ≤ 0 in ω

where 



mαβ = −1
3
{ 4λµ
λ+2µ

∆ζ3δαβ + 4µ∂αβζ3},

N̄αβ = 2λ?Ē0
γγ(ζ)δαβ + 4µĒ0

αβ(ζ), λ? = 2λµ
λ+2µ

,

Ē0
αβ (ζ) = 1

2
(∂αζβ + ∂βζα + ∂αθ∂βζ3 + ∂βθ∂αζ3 + ∂αζ3∂βζ3) ,

h0
i =

∫ 1

−1
fidx3 + g−i , g

−
i = gi(x1, x2,−1).

Proof. The proof will be divided into 3 steps.
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Step 1. First, we show that (PKL)isosta,c is in a sense a two-dimensional problem, posed over
the middle surface ω̄ of the shell.

−
∫

ω

mαβ∂αβη3dω +

∫

ω

N̄αβ∂α(ζ3 + θ)∂βη3dω +

∫

ω

N̄αβ∂βηαdω =

∫

ω

(h0
3 +G0

3)η3dω

+ 2

∫

γ1

hαηαdγ, ∀η ∈ V(ω).

It is known that v = (vi) ∈ VKL(Ω) if and only if there exists η = (ηi) ∈ V(ω)

such that vα = ηα − x3∂αη3 and v3 = η3 (see [Cia97, Théorème 1.4-4]). The same
proof works for Gratie [Gra02, Theorem 3]. In (PKL)isosta,c, we take test-functions
v = (−x3∂1η3,−x3∂2η3, η3), with η3 ∈ H2(ω) and η3 = ∂νη3 = 0 on γ1. Next, we
take v = (η1, η2, 0), with ηα ∈ H1(ω). The first choice yields

∫

Ω

−x3σ
0
αβ∂αβη3dx+

∫

Ω

σ0
αβ∂α(ζ3 + θ)∂βη3dx =

∫

Ω

f3η3dx+

∫

Γ−

g3η3dΓ +
〈
G0

3, η3

〉
.

The second choice yields
∫

Ω

σ0
αβ∂βηαdx = 2

∫

γ1

hαηαdγ.

Using Fubini’s formula to the above integrals, we get
∫

Ω

−x3σ
0
αβ∂αβη3dx = −

∫

ω

mαβ∂αβη3dω,

∫

Ω

σ0
αβ∂α(ζ3 + θ)∂βη3dx =

∫

ω

N̄αβ∂α(ζ3 + θ)∂βη3dω,

∫

Ω

f3η3dx+

∫

Γ−

g3η3dΓ+
〈
G0

3, η3

〉
=

∫

ω

{
∫ 1

−1

f3dx3+g3(x1, x2,−1)+G0
3(x1, x2,+1)}η3dω,

∫

Ω

σ0
αβ∂βηαdx = 2

∫

γ1

hαηαdγ,

where
G0

3(.,+1) = −σ0
31(.,+1)∂1θ − σ0

32(.,+1)∂2θ + σ0
33(.,+1).

Step 2. Applying Green formulas, we obtain
∫

ω

[
−∂αβmαβ − ∂β

(
N̄αβ∂α (ζ3 + θ)

)
− (h0

3 +G0
3)
]
η3dω−

∫

ω

(
∂βN̄αβ

)
ηαdω +

∫

γ

(
N̄αβνβ − 2h̃α

)
ηαdγ −

∫

γ2

mαβνανβ∂νη3dγ+

80



∫

γ2

{[
∂αmαβ + N̄αβ∂α (ζ3 + θ)

]
νβ + ∂τ (mαβνατβ)

}
η3dγ = 0,

for all η = (ηα, η3) ∈ V(ω), and the functions h̃α : γ → R defined by :

h̃α = hα on γ1 and h̃α = 0 on γ2.

So that, all the factors of ηα, η3, and ∂νη3 in the above integrals vanish in their
respective domains of integration. (For more details we refer the reader to [Gra02,
Theorem 5])

Step 3. It remains to prove the unilateral contact conditions, in this conditions of (PKL)isosta,c,
we try the test-functions v = d, and then to try v = 2ζ3 − d, with ζ3 ∈ H2(ω), we
obtain

G0
3(d− ζ3) = 0 in ω.

Taking into account

〈
G0

3, η3 − d
〉
≥ 0, for all η ∈ K (Ω) ,

we obtain
G0

3 ≤ 0 in ω.

4.2.3 Computation of σ0i3 in case γ1 = γ

In the sequel, we compute the components σ0
i3. In order to realize this, we suppose that

γ1 = γ which the case of Marguerre-von Kármán conditions.

Computation of σ0
α3

In the identification processus of factors of powers εk, k = 0, 1, 2, 3, ..., we obtain at the
order ε0, the equation

∫

Ω

σ0
ijγ

θ
ij (v) dx+

∫

Ω

σ0
ij∂

θ
i u

0
3∂

θ
j v3dx =

∫

Ω

f3v3dx+

∫

Γ−

g3v3dΓ

+

∫

Γ+

G0
3v3dΓ + 2

∫

γ

hα

{∫ 1

−1

vαdx3

}
dγ. (4.2)
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The terms of left-hand side of the equation verify
∫

Ω

σ0
αβγ

θ
αβ (v) dx =

1

2

∫

Ω

σ0
αβ(∂αvβ + ∂βvα − ∂αθ∂3vβ − ∂βθ∂3vα)dx,

∫

Ω

σ0
α3γ

θ
α3 (v) dx =

1

2

∫

Ω

σ0
α3(∂αv3 + ∂3vα − ∂αθ∂3v3)dx,

∫

Ω

σ0
33γ

θ
33 (v) dx =

∫

Ω

σ0
33∂3v3dx,

∫

Ω

σ0
αβ∂

θ
αu

0
3∂

θ
βv3dx =

∫

Ω

σ0
αβ(∂αu

0
3 − ∂αθ∂3u

0
3)(∂βv3 − ∂βθ∂3v3)dx,

∫

Ω

σ0
α3∂

θ
αu

0
3∂

θ
3v3dx =

∫

Ω

σ0
α3(∂αu

0
3 − ∂αθ∂3u

0
3)∂3v3dx,

∫

Ω

σ0
3α∂

θ
3u

0
3∂

θ
αv3dx =

∫

Ω

σ0
3α∂3u

0
3(∂αv3 − ∂αθ∂3v3)dx,

∫

Ω

σ0
33∂

θ
3u

0
3∂

θ
3v3dx =

∫

Ω

σ0
3α∂3u

0
3∂3v3dx.

The equation (4.2) with v3 = 0 yields
∫

Ω

σ0
αβ∂αvβ +

∫

Ω

σ0
α3∂3vα −

∫

Ω

σ0
αβ∂βθ∂3vα = 2

∫

γ

hα

{∫ 1

−1

vαdx3

}
dγ, (4.3)

for all vα ∈ H1(Ω) independent of x3 on Γ0.
On other hand

∫

γ

hα

{∫ 1

−1

vαdx3

}
dγ =

1

2

∫

Ω

N̄αβ∂βvαdx, for all vα independent of x3 on Γ0,

then (4.3) is formally equivalent to the following boundary value problem




∂3σ
0
α3 = ∂3σ

0
αβ∂βθ − ∂βσ0

αβ in Ω,
σ0
α3 = σ0

αβ(.,+1)∂βθ on Γ+,
σ0
α3 = σ0

αβ(.,−1)∂βθ on Γ−.
(4.4)

Noting that σ0
αβ = 1

2
N̄αβ + 3

2
x3mαβ and from the Proposition 4.4 that ∂βN̄αβ = 0 which

makes the compatibility condition
∫ +1

−1
∂βσ

0
αβdx3 = 0 satisfied. Then, the explicit expres-

sions of σ0
α3 are given by

σ0
α3 =

3

4
(1− x2

3)∂βmαβ + σ0
αβ∂βθ.
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Computation of σ0
33

We take vα = 0 in the equation (4.2). As ∂3u
0
3 = 0, we get

∫

Ω

σ0
α3(∂αv3 − ∂αθ∂3v3)dx+

∫

Ω

σ0
33∂3v3dx+

∫

Ω

σ0
αβ∂αu

0
3(∂βv3 − ∂βθ∂3v3)dx

+

∫

Ω

σ0
α3∂αu

0
3∂3v3dx =

∫

Ω

f3v3dx+

∫

Γ−

g3v3dΓ +

∫

Γ+

G0
3v3dΓ,

thus, we see that it is formally equivalent to the following boundary condition problem



−∂3σ

0
33 = −∂3σ

0
α3∂αθ + ∂ασ

0
α3 + ∂β(σ0

αβ∂αζ3)− ∂3σ
0
αβ∂αζ3∂βθ + ∂3σ

0
α3∂αζ3 + f3 in Ω,

σ0
33 = G0

3 + σ0
αβ(.,+1)∂αθ∂βθ on Γ+,

σ0
33 = −g−3 + σ0

αβ(.,−1)∂αθ∂βθ on Γ−.
(4.5)

Such that G0
3 verifies with ζ3 on Γ+ the condition

G0
3(d− ζ3) = 0, G0

3 ≤ 0.

Taking in account that
∫ x3

−1

∂3σ
0
α3∂αζ3dx3 =

3

4
(1− x2

3)∂βmαβ∂αζ3 +
3

2
x3mαβ∂βθ∂αζ3 +

3

2
mαβ∂βθ∂αζ3,

∫ x3

−1

∂3σ
0
α3∂αθdx3 =

3

4
(1− x2

3)∂βmαβ∂αθ +
3

2
x3mαβ∂βθ∂αθ +

3

2
mαβ∂βθ∂αθ,

∫ x3

−1

∂3σ
0
αβ∂αζ3∂βθdx3 =

3

2
x3mαβ∂αζ3∂βθ +

3

2
mαβ∂αζ3∂βθ,

∫ x3

−1

∂3σ
0
α3dx3 =

1

4
(3x3 − x3

3)∂αβmαβ +
1

2
x3N̄αβ∂αβθ +

3

4
x2

3∂αmαβ∂βθ

+
3

4
x2

3mαβ∂αβθ +
1

2
∂αβmαβ −

3

4
∂αmαβ∂βθ −

3

4
mαβ∂αβθ

+
1

2
N̄αβ∂αβθ,

∫ x3

−1

∂β(σ0
αβ∂αζ3)dx3 =

1

2
x3N̄αβ∂αβζ3 +

3

4
x2

3∂βmαβ∂αζ3 +
3

4
x2

3mαβ∂αβζ3

+
1

2
N̄αβ∂αβζ3 −

3

4
∂βmαβ∂αζ3 −

3

4
mαβ∂αβζ3.

Then

σ0
33 = −1

4
x3(1− x2

3)∂αβmαβ +
3

4
(1− x2

3)mαβ∂αβ(ζ3 + θ) +
3

4
(1− x2

3)∂βmαβ∂αθ

+
1

2
(1 + x3)

∫ 1

−1

f3dy3 −
∫ x3

−1

f3dy3 +
1

2
(1 + x3)G0

3 −
1

2
(1− x3)g−3 + σ0

α3∂αθ.

83



4.3 Generalized Marguerre-von Kármán equations with

Signorini conditions

We can rewrite the two-dimensional boundary value problem (P̄ (ω))isosta,c as generalized
Marguerre-von Kármán equations with Signorini conditions which depends on the Airy
function Φ, the vertical component ζ3 of the displacement field of the middle surface of
the shallow shell and G0

3 as follows:

Proposition 4.5 Assume that the set ω is simply-connected and that its boundary γ is

smooth enough, and let ζ = (ζi) be a solution (P̄ (ω))isosta,c with the regularity ζα ∈ H3(ω),

ζ3 ∈ H4(ω). Then

a) The functions h̃α are in the space H
3
2 (γ) and satisfy the compatibility conditions :

∫

γ

h̃1dγ =

∫

γ

h̃2dγ =

∫

γ

(x1h̃2 − x2h̃1)dγ = 0.

b) Furthermore, there exists a function Φ ∈ H4(ω), uniquely defined by the relations

Φ(0) = ∂1Φ(0) = ∂2Φ(0) = 0, such that

N̄11 = 2∂22Φ, N̄12 = N̄
21=−2∂12Φ, N̄22=2∂11Φ.

c) Finally, the triple (ζ3,Φ, G
0
3) ∈ H4(ω)×H4(ω)×L2(ω), satisfies the following prob-

lem

(P )isosta,c





k∆2ζ3 = 2 [Φ, ζ3 + θ] + h0
3 +G0

3 in ω,

∆2Φ = −µ(3λ+2µ)
2(λ+µ)

[ζ3, ζ3 + 2θ] in ω,

ζ3 = ∂νζ3 = 0 on γ1,

mαβνανβ = 0 on γ2,

∂αmαβνβ + ∂τ (mαβνατβ) = 0 on γ2,

Φ = Φ0 and ∂νΦ = Φ1 on γ,

G0
3(d− ζ3) = 0 in ω,G0

3 ≤ 0 in ω,
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where 



k = 8
3
µ λ+µ
λ+2µ

, G0
3 = −σ0

31∂1θ − σ0
32∂2θ + σ0

33,

Φ0(y) = −y1

∫
γ(y)

h̃2dγ + y2

∫
γ(y)

h̃1dγ +
∫
γ(y)

(x1h̃2 − x2h̃1)dγ,

Φ1(y) = −ν1

∫
γ(y)

h̃2dγ + ν2

∫
γ(y)

h̃1dγ, y = (y1, y2) ∈ γ,

[Φ, ζ] = ∂11Φ∂22ζ + ∂22Φ∂11ζ − 2∂12Φ∂12ζ.

Proof. The proof is divided into three steps.

Step 1. From the regularity of functions ζi imply that N̄αβ ∈ H2(ω) and N̄αβνβ = 2h̃α on γ.
Hence the functions h̃α belong to the space ∈ H 3

2 (γ) and satisfy the compatibility
conditions (see [CG01, Theorem 4]).

Step 2. Since the set ω is simply-connected and by using the generalized Poincaré theorem
(see [Sch66, Theorem VI, p.59], [CG01, Theorem 7]), the equation ∂βN̄αβ = 0 in
ω imply that there exist distributions ψα ∈ D′(ω), unique up to the addition of
constants, such that N̄1α = 2∂2ψα, N̄2α = −2∂1ψα.

Since the equation N̄12 = N̄21 implies that ∂αψα = 0. Another application of the
same result shows that there exist a distribution Φ ∈ D′(ω), unique up to the
addition of polynomials of degree ≤ 1, such that ψ1 = ∂2Φ, ψ2 = −∂1Φ, so that
N̄11 = 2∂22Φ, N̄12 = N̄21 = −2∂12Φ, N̄22 = 2∂11Φ in ω.

Step 3. Since N̄αβ∂αβ(ζ3 + θ) = 2[Φ, ζ3 + θ], we have

−∂αβmαβ = k∆2ζ3 = 2 [Φ, ζ3 + θ] + h0
3 +G0

3 in ω.

Since ∆2Φ = 1
2
∆N̄αα and ∂αβN̄αβ = 0, so that

∆2Φ = −µ (3λ+ 2µ)

2 (λ+ µ)
[ζ3, ζ3 + 2θ] in ω.

4.4 Conclusion

The result obtained in this Chapter is similar to that of [Pau02] and [CB08] that the
leading term u0 of the asymptotic expansion of displacements field is characterized by two-
dimensional problem without friction. Thus if we consider the work of Léger and Miara
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[LM08] but with Coulomb friction, we affirm that we obtain the same result formally.
At the end, we deduce that the displacement u0 is characterized by a two-dimensional
problem without friction. Then, our three-dimensional Signorini problem with Coulomb
friction offers toward a two-dimensional problem without friction. The loss of frictional
densities in (PKL)isosta,c and (P̄ (ω))isosta,c is due to the fact that the friction force behaves
as O(ε3) whereas the pressure force behaves as O(ε4) therefore, at least formally, via the
Coulomb law |Ĝε

T | ≤ Λ|Ĝε
N |, when ε tends towards 0 the friction force must be canceled.

The question which stands here is how to involve the friction force in the lower dimensional
problem and, in the absence of convergence and the existence of asymptotic expansion,
is it possible to obtain an algorithm which allows us to compute the higher terms in the
asymptotic expansion?
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Chapter 5

Dynamical contact equations of
generalized Marguerre-von Kármán
shallow shells

In this Chapter, we extend formally the study of the fourth Chapter to the dynamical
case. More precisely, we considered a three-dimensional dynamical model for a Signorini
problem with Coulomb friction of nonlinearly elastic shallow shell with a specific class of
boundary conditions of generalized Marguerre-von Kármán type, made of homogeneous
isotropic material. To this end, we have justified the dynamical contact equations of
generalized Marguerre-von Kármán shallow shells. Then, we establish the existence of
solutions to these equations, using penalization method.
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5.1 Asymptotic analysis of elastodynamic Signorini prob-

lem with Coulomb friction of generalized Marguerre-

von Kármán shallow shell

5.1.1 Setting of the problem

Consider a nonlinearly elastodynamic shallow shell occupying in its reference configuration
the set ¯̂

Ωε, with thickness 2ε, its constituting material is a Saint Venant-Kirchhoff material
with Lamé constants λε > 0 and µε > 0.

The shell is subjected to vertical body forces of density (f̂ εi ) = (0, 0, f̂ ε3 ) in its interior
Ω̂ε, its lower face Γ̂ε− subjected to a surface forces of density (ĝεi ) = (0, 0, ĝε3). We suppose
also that this shell is in unilateral contact with Coulomb friction at the upper face Γ̂ε+ and
Λ its frictional coefficient, such that d̂ε is the gap function which describes the distance
between the upper face and the rigid foundation measured in the normal direction. We
suppose that d̂ε ∈ L∞(Γ̂ε+), d̂ε ≥ 0 and independent of time t. On the portion Θε(γ1 ×
[−ε, ε]) of its lateral face, the shell is subjected to horizontal forces of von Kármán type
(ĥε1, ĥ

ε
2, 0), the remaining portion Θε(γ2 × [−ε, ε]) being free.

The unknowns displacement field ûε = (ûεi )(x̂
ε, t), stress field σ̂ε = (σ̂εij)(x̂

ε, t) and
the contact force Ĝε satisfies the following three-dimensional boundary value problem in
Cartesian coordinates:

(C.P̂ ε)isodyn,c





ρ̂ε
∂2ûεi
∂t2
− ∂̂εj (σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i ) = f̂ εi in Ω̂ε × ]0,+∞[ ,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε])× ]0,+∞[ ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1 × ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on (γ2 × [−ε, ε])× ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on Γε− × ]0,+∞[ ,

ûεN ≤ d̂ε, Ĝε
N ≤ 0, Ĝε

N(ûεN − d̂ε) = 0 on Γ̂ε+ × ]0,+∞[ ,

|Ĝε
T | < Λ|Ĝε

N | ⇒
∂ûεT
∂t

= 0 on Γ̂ε+ × ]0,+∞[ ,

|Ĝε
T | = Λ|Ĝε

N | ⇒ ∃δ > 0,
∂ûεT
∂t

= −δĜε
T on Γ̂ε+ × ]0,+∞[ ,

ûε (x̂ε, 0) = p̂ε, ∂û
ε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε,
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where 



σ̂εij = λεÊε
pp (ûε) δij + 2µεÊε

ij (ûε) ,

Êε
ij (ûε) =

1

2
(∂̂εi û

ε
j + ∂̂εj û

ε
i + ∂̂εi û

ε
k∂̂

ε
j û

ε
k),

ûεN = ûεn̂ε, ûεT = ûε − ûεN n̂ε,
∂ûεN
∂t

= ∂ûε

∂t
n̂ε,

∂ûεT
∂t

= ∂ûε

∂t
− ∂ûεN

∂t
n̂ε,

Ĝε
N = Ĝεn̂ε, Ĝε

T = Ĝε − Ĝε
N n̂ε,

p̂ε, q̂ε : the given initial data,
ρ̂ε : the mass density.

(5.1)

We recall that W
3
4
,4(∂Ω̂ε; .) denotes the space formed by the traces on ∂Ω̂ε of the

functions in the space W 1,4(Ω̂ε; .) and W− 3
4
, 4
3 (∂Ω̂ε; .) is the topological dual space of

W
3
4
,4

0 (∂Ω̂ε; .), for more details, we refer to Adams [Ada75].
We define

V̄(Ω̂ε) =
{

v̂ε|Γ̂ε+
; v̂ε ∈ V(Ω̂ε)

}
⊂ W

3
4
,4(Γ̂ε+;R3),

V̄N(Ω̂ε) =
{
v̂εN |Γ̂ε+

; v̂ε ∈ V(Ω̂ε)
}
,

V̄T (Ω̂ε) =
{

v̂εT |Γ̂ε+
; v̂ε ∈ V(Ω̂ε)

}
,

V̄(Ω̂ε) =
{

∂v̂ε

∂t |Γ̂ε+
; v̂ε ∈ V(Ω̂ε)

}
⊂ W

3
4
,4(Γ̂ε+;R3),

V̄N(Ω̂ε) =
{

∂v̂εN
∂t |Γ̂ε+

; v̂ε ∈ V(Ω̂ε)
}
,

V̄T (Ω̂ε) =
{

∂v̂εT
∂t |Γ̂ε+

; v̂ε ∈ V(Ω̂ε)
}
.

We suppose that Γ̂ε+ smooth enough, such that

V̄N(Ω̂ε) ⊂ W
3
4
,4(Γ̂ε+;R), (5.2)

V̄T (Ω̂ε) ⊂ W
3
4
,4(Γ̂ε+;R3), (5.3)

V̄N(Ω̂ε) ⊂ W
3
4
,4(Γ̂ε+;R), (5.4)

V̄T (Ω̂ε) ⊂ W
3
4
,4(Γ̂ε+;R3), (5.5)

V̄ ′N(Ω̂ε) ⊂ W− 3
4
, 4
3 (Γ̂ε+;R), (5.6)

V̄ ′T (Ω̂ε) ⊂ W− 3
4
, 4
3 (Γ̂ε+;R3), (5.7)

V̄′N(Ω̂ε) ⊂ W− 3
4
, 4
3 (Γ̂ε+;R), (5.8)

V̄′T (Ω̂ε) ⊂ W− 3
4
, 4
3 (Γ̂ε+;R3), (5.9)

where V̄ ′N(Ω̂ε), V̄ ′T (Ω̂ε), V̄′N(Ω̂ε) and V̄′T (Ω̂ε) are the topological dual spaces of V̄N(Ω̂ε),
V̄T (Ω̂ε), V̄N(Ω̂ε) and V̄T (Ω̂ε) respectively.

89



For simplicity, we note thatW
3
4
,4(.;R) = W

3
4
,4(.),W

3
4
,4(.;R3) = W

3
4
,4(.),W− 3

4
, 4
3 (.;R) =

W− 3
4
, 4
3 (.) and W− 3

4
, 4
3 (.;R3) = W− 3

4
, 4
3 (.)

First, we rewrite the above boundary value problem (C.P̂ ε)isodyn,c in the weak form, by
using Green’s formula, we show that any smooth solution of the boundary value problem
also satisfies the following variational problem:

(V.P̂ ε)isodyn,c





Find (ûε, σ̂ε, Ĝε
N , Ĝ

ε
T ) ∈ K(Ω̂ε)× Σ(Ω̂ε)×W− 3

4
, 4
3 (Γ̂ε+)×W− 3

4
, 4
3 (Γ̂ε+)

∀t ≥ 0, such that,
D̂ε,t (ûε, v̂ε) + B̂ε,θ (σ (ε) , v̂ε) + 2Ĉε,θ (σ (ε) , ûε, v̂ε) = F̂ ε (v̂ε)

+〈Ĝε
N , v̂

ε
N〉+ 〈Ĝε

T , v̂
ε
T 〉, ∀v̂ε ∈ V(Ω̂ε),∀t > 0,

〈Ĝε
N , v̂

ε
N − ûεN〉 ≥ 0 , ∀v̂ε ∈ K(Ω̂ε),∀t > 0,

〈Ĝε
T , v̂

ε
T −

∂ûεT
∂t
〉+ 〈Λ

∣∣∣Ĝε
N

∣∣∣ , |v̂εT | −
∣∣∣∂û

ε
T

∂t

∣∣∣〉 ≥ 0, ∀ v̂ε ∈ V(Ω̂ε),∀t > 0,

ûε (x̂ε, 0) = p̂ε, ∂û
ε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε,

where




D̂ε,t (ûε, v̂ε) = d2

dt2

{
ρ̂ε
∫

Ω̂ε
ûεi v̂

ε
i dx̂

ε
}
,

B̂ε,θ (σ (ε) , v̂ε) =
∫

Ω̂ε
σ̂εij γ̂

ε
ij(v̂

ε)dx̂ε,

Ĉε,θ (σ (ε) , ûε, v̂ε) = 1
2

∫
Ω̂ε
σ̂εij ∂̂

ε
j û

ε
l ∂̂

ε
j v̂

ε
l dx̂

ε,

F̂ ε (v̂ε) =
∫

Ω̂ε
f̂ ε3 v̂

ε
3dx̂

ε +
∫

Γ̂ε−
ĝε3v̂

ε
3dΓ̂ε +

∫
γ̂ε1
{
∫ ε
−ε (v̂εα ◦Θε) dxε3}ĥεαdγ̂ε.

〈., .〉 is the duality pairing between W− 3
4
, 4
3 (Γ̂ε+) and W

3
4
,4(Γ̂ε+) such that

〈Ĝε, v̂ε〉 = 〈Ĝε
N , v̂

ε
N〉+ 〈Ĝε

T , v̂
ε
T 〉

= D̂ε,t (ûε,P1v̂
ε) + B̂ε,θ (σ (ε) ,P1v̂

ε) + 2Ĉε,θ (σ (ε) , ûε,P1v̂
ε)

− F̂ ε (P1v̂
ε) , (5.10)

for all v̂ε ∈W
3
4
,4

0 (Γ̂ε+),
where P1v̂

ε ∈ V(Ω̂ε) is any extension of v̂ε such that P1v̂
ε = 0 on ∂Ω̂ε\Γ̂ε+, and W

3
4
,4

0 (Γ̂ε+)

is the subspace of traces of functions from W1,4(Ω̂ε) vanishing on ∂Ω̂ε\Γ̂ε+.
We note that

〈Ĝε
N , v̂

ε
N〉 = 〈Ĝε, n̂εv̂εN〉

〈Ĝε
T , v̂

ε
T 〉 = 〈Ĝε, v̂ε − n̂εv̂εN〉.

In order to transform the problem (V.P̂ ε)isodyn,c into problem posed over the cylindrical
domain Ωε, we use the one to one mapping (Θε)−1 and the relations (2.3).
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Let there be a given C1-diffeomorphism Θε that satisfies the orientation-preserving
condition. Then the variational problem (V.P̂ ε)isodyn,c is equivalent to the following varia-
tional problem:

(P ε)isodyn,c





Find (uε, σε, Gε
N ,G

ε
T ) ∈ K(Ωε)× Σ(Ωε)×W− 3

4
, 4
3 (Γε+)×W− 3

4
, 4
3 (Γε+)

∀t ≥ 0, such that,
Dε,t (uε,vε) +Bε,θ (σ (ε) ,vε) + 2Cε,θ (σ (ε) ,uε,vε) = F ε (vε)
+〈Gε

N , v
ε
N〉+ 〈Gε

T ,v
ε
T 〉,∀vε ∈ V(Ωε),∀t > 0,

〈Gε
N , v

ε
N − uεN〉 ≥ 0 , ∀vε ∈ K(Ωε), ∀t > 0,

〈Gε
T ,v

ε
T −

∂uεT
∂t
〉+ 〈Λ |Gε

N | , |vεT | −
∣∣∣∂u

ε
T

∂t

∣∣∣〉 ≥ 0, ∀vε ∈ V(Ωε),∀t > 0,

uε(xε, 0) = pε, ∂u
ε

∂t
(xε, 0) = qε in Ωε,

where 



Dε,t (uε,vε) = d2

dt2

{
ρε
∫

Ωε
uεiv

ε
i δ
εdxε

}
,

Bε,θ (σ (ε) ,vε) = +
∫

Ωε
σεijb

ε
kj∂

ε
kv

ε
i δ
εdxε,

Cε,θ (σ (ε) ,uε,vε) = 1
2

∫
Ωε
σεijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε,

F ε (vε) =
∫

Ωε
f ε3v

ε
3δ
εdxε +

∫
Γε−
gε3v

ε
3δ
εβεdΓε

+
∫
γ1
hεα{
∫ ε
−ε v

ε
αdx

ε
3}dγ,

such that





uεi = ûεi ◦Θε, vεi = v̂εi ◦Θε, σεij = σ̂εij ◦Θε, τ εij = τ̂ εij ◦Θε,

f ε3 = f̂ ε3 ◦Θε, gε3 = ĝε3 ◦Θε, hεα = ĥεα ◦Θε,
pεi = p̂εi ◦Θε, qεi = q̂εi ◦Θε,

dε = d̂ε ◦Θε.

〈., .〉 is the duality pairing between W− 3
4
, 4
3 (Γε+) and W

3
4
,4(Γε+) such that

〈Gε,vε〉 = 〈Gε
N , v

ε
N〉+ 〈Gε

T , v̂
ε
T 〉

= Dε,t (uε,P2v
ε) +Bε,θ (σ (ε) ,P2v

ε) + 2Cε,θ (σ (ε) ,uε,P2v
ε)

− F ε (P2v
ε) , (5.11)

for all vε ∈W
3
4
,4

0 (Γε+),
where P2v

ε ∈ V(Ωε) is any extension of vε such that P2v
ε = 0 on ∂Ωε\Γε+, and vε ∈

W
3
4
,4

0 (Γε+) is the subspace of traces of functions from vε ∈W1,4(Ωε) vanishing on ∂Ωε\Γε+.
We define

〈Gε
N , v

ε
N〉 = 〈Gε,nεvεN〉

〈Gε
T ,v

ε
T 〉 = 〈Gε,vε − nεvεN〉,

such that vεN = v̂εN ◦Θε, vεT = v̂εT ◦Θε and nε = n̂ε ◦Θε.
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5.1.2 Asymptotic analysis

The scaled three-dimensional problem

We use the same arguments as in Chapter 2 to transform (P ε)isodyn,c into a problem posed
over an open set independent of ε.

First, to the functions uε, vε ∈ V(Ωε), σε ∈ Σ(Ωε), Gε
N ∈ W− 3

4
, 4
3 (Γε+) and Gε

T ∈
W− 3

4
, 4
3 (Γε+), we associate the scaled functions u(ε), v ∈ V(Ω), σ(ε) ∈ Σ(Ω), GN(ε) ∈

W− 3
4
, 4
3 (Γ+) and GT (ε) = (GTi(ε)) ∈W− 3

4
, 4
3 (Γ+) defined by





uεα(xε, t) = ε2uα(ε)(x, t), uε3(xε, t) = εu3(ε)(x, t),
vεα(xε) = ε2vα(x), vε3(xε) = εv3(x),
σεαβ(xε, t) = ε2σαβ(ε)(x, t), σεα3(xε, t) = ε3σα3(ε)(x, t),
σε33(xε, t) = ε4σ33(ε)(x, t),
〈Gε

Tα
, vTα〉 = ε3〈GTα(ε), vTα〉, 〈Gε

T3
, vT3〉 = ε4〈GT3(ε), vT3〉,

〈Gε
N , vN〉 = ε4〈GN(ε), vN〉,

(5.12)

for all xε = πεx ∈ Ω̄ε.
Next, we make the following assumptions: there exists constant λ > 0, µ > 0, ρ > 0

and for some T > 0, the functions f3 ∈ L2(0, T ;L2(Ω)), g3 ∈ L2(0, T ;L2(Γ−)), hα ∈
L2(0, T ;L2(γ1)), θ ∈ C3(ω̄) independent of ε and p(ε) ∈ V(Ω), q(ε) ∈ L2(Ω;R3), d(ε) ∈
L∞(Γ+) such that





λε = λ, µε = µ, ρε = ε2ρ,
f ε3 (xε, t) = ε3f3(x, t) ∀xε = πεx ∈ Ωε,
gε3(xε, t) = ε4g3(x, t) ∀xε = πεx ∈ Γε−,
hεα(y1, y2, t) = ε2hα(y1, y2, t) ∀(y1, y2) ∈ γ1,
θε(x1, x2) = εθ(x1, x2) ∀(x1, x2) ∈ ω̄,
pεα(xε) = ε2pα(ε)(x) ∀xε = πεx ∈ Ωε,
pε3(xε) = εp3(ε)(x) ∀xε = πεx ∈ Ωε,
qεα(xε) = ε2qα(ε)(x) ∀xε = πεx ∈ Ωε,
qε3(xε) = εq3(ε)(x) ∀xε = πεx ∈ Ωε,
dε(xε) = εd(ε)(x) ∀xε = πεx ∈ Γε+.

(5.13)

Noting that the unit normal n̂ε on Γ̂ε+ reads n̂ε = (−∂ε1θε +O(ε3),−∂ε2θε +O(ε3), 1 +

O(ε2)). Then a simple computation gives




vεN = εvN(ε), vN(ε) = v3n
θ
3 +O(ε2),

∂uεN
∂t

= ε∂uN (ε)
∂t

, ∂uN (ε)
∂t

= ∂u3

∂t
nθ3 +O(ε2),

vεTα = ε2vTα(ε), vTα(ε) = vα − v3n
θ
α +O(ε2),

vεT3
= ε2vT3(ε), vT3(ε) = O(ε),

∂uεTα
∂t

= ε2 ∂uTα (ε)

∂t
,
∂uTα (ε)

∂t
= ∂uα

∂t
− ∂u3

∂t
nθα +O(ε2),

∂uεT3

∂t
= ε2 ∂uT3

(ε)

∂t
,
∂uT3

(ε)

∂t
= O(ε),

(5.14)
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where nθ = (−∂1θ,−∂2θ, 1).
Using the relations (3.2) and (5.14), the scalings (5.12) and the assumptions (5.13),

we obtain

Theorem 5.1 The scaled fields (u(ε), σ(ε), GN(ε),GT (ε)) satisfies the following varia-

tional problem:

(P (ε))isodyn,c





Find (u(ε), σ(ε), GN(ε),GT (ε)) ∈ K(ε)(Ω)× Σ(Ω)×W− 3
4
, 4
3 (Γ+)×

W− 3
4
, 4
3 (Γ+) ∀t ∈ [0, T ], such that,

Dt (u (ε) ,v) +Bθ (σ (ε) ,v) + 2Cθ (σ (ε) ,u (ε) ,v) = F (v) +

〈GN(ε), vN(ε)〉+ 〈GTα(ε), vTα(ε)〉+

ε2 [〈GT3(ε), vT3(ε)〉+R (ε;σ (ε) ,u (ε) ,v)] , ∀v ∈ V(Ω),∀t ∈ ]0, T [ ,

〈GN(ε), vN(ε)− uN(ε)〉 ≥ 0 , ∀v ∈ K(ε)(Ω),∀t ∈ ]0, T [ ,

〈GTα(ε), vTα(ε)− ∂uTα (ε)

∂t
〉+

ε
[
〈GT3(ε), vT3(ε)− ∂uT3

(ε)

∂t
〉 − 〈ΛGN(ε), |vT (ε)| −

∣∣∣∂uT (ε)
∂t

∣∣∣〉
]
≥ 0,

∀v ∈ V(Ω),∀t ∈ ]0, T [ ,

u (ε) (x, 0) = p (ε) , ∂u(ε)
∂t

(x, 0) = q (ε) in Ω,

where





Bθ (σ (ε) ,v) =
∫

Ω
σij (ε) γθij(v)dx,

Cθ (σ (ε) ,u (ε) ,v) = 1
2

∫
Ω
σij (ε) ∂θi u3 (ε) ∂θj v3dx,

Dt (u (ε) ,v) = d2

dt2

{
ρ
∫

Ω
u3 (ε) v3dx

}
,

F (v) =
∫

Ω
f3v3dx+

∫
Γ−
g3v3dΓ +

∫
γ1
hα{
∫ 1

−1
vαdx3}dγ,

such that γθij(v) = 1
2

(
∂θi vj + ∂θj vi

)
and the remainders R and S are bounded.

Proof.

We have∫

Ωε
σεijb

ε
kj∂

ε
kv

ε
i δ
εdxε = ε5

∫

Ω

σij (ε) γθij (v) dx+ ε7%B (ε;σ (ε) ,v) ,

∫

Ωε
σεijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε = ε5

∫

Ω

σij (ε) ∂θi u3 (ε) ∂θj v3dx

+ ε7%C (ε;σ (ε) ,u (ε) ,v) ,
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∫

Ωε
f ε3v

ε
3δ
εdxε +

∫

Γε+∪Γε−

gε3v
ε
3δ
εβεdΓε +

∫

γ1

hεα

{∫ ε

−ε
vεαdx

ε
3

}
dγ =

ε5

(∫

Ω

f3v3dx+

∫

Γ+∪Γ−

g3v3dΓ +

∫

γ1

hα

{∫ 1

−1

vαdx3

}
dγ

)
+ ε7%F (ε; v) .

d2

dt2

{
ρε
∫

Ωε
uεiv

ε
i δ
εdxε

}
= ε5 d

2

dt2

{
ρ

∫

Ω

u3 (ε) v3dx

}
+ ε7%D(ε; u(ε),v).

From the relation (5.14) and the scalings (5.12), we get

〈Gε
N , v

ε
N〉 = ε5〈GN(ε), vN(ε)〉,

〈Gε
T ,v

ε
T 〉 = ε5〈GTα(ε), vTα(ε)〉+ ε7〈GT3(ε), vT3(ε)〉.

So that the first equation in variational problem (P ε)isodyn,c may be written as

Dt (u (ε) ,v) +Bθ (σ (ε) ,v) + 2Cθ (σ (ε) ,u (ε) ,v) = F (v) +

〈GN(ε), vN(ε)〉+ 〈GTα(ε), vTα(ε)〉+ ε2 [〈GT3(ε), vT3(ε)〉+R (ε;σ (ε) ,u (ε) ,v)] ,

where

R (ε;σ (ε) ,u (ε) ,v) = %F (ε; v)− %B (ε;σ (ε) ,v)−

%C (ε;σ (ε) ,u (ε) ,v)− %D(ε; u(ε),v).

Now, note that, there exists a positive constant C such that, for all u, v ∈ V(Ω) and
σ ∈ Σ(Ω)

sup
0≤ε≤ε0

∫

Ω

|%B(ε;σ,v)|dx ≤ C|σ|0,Ω|v|1,Ω,

sup
0≤ε≤ε0

∫

Ω

|%C(ε;σ,u,v)|dx ≤ C|σ|0,Ω|u|1,4,Ω|v|1,4,Ω,

sup
0≤ε≤ε0

∫

Ω

|%F (ε; v)|dx ≤ C‖v‖1,Ω,

sup
0≤ε≤ε0

∫

Ω

|%D(ε,u,v)|dx ≤ C‖∂
2u

∂t2
‖−1, 4

3
,Ω‖v‖1,Ω.

For the unilateral contact conditions, we have

〈Gε
N , v

ε
N − uεN〉 = ε5〈GN(ε), vN(ε)− uN(ε)〉,

〈Gε
T ,v

ε
T −

∂uεT
∂t
〉+ 〈Λ|Gε

N |, |vεT | − |
∂uεT
∂t
|〉 = ε5〈GTα(ε), vTα(ε)− ∂uTα(ε)

∂t
〉

+ε6[〈GT3(ε), vT3(ε)− ∂uT3(ε)

∂t
〉 − 〈ΛGN(ε), |vT (ε)| − |∂uT (ε)

∂t
|〉],
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The limit three-dimensional problem

Assume that the scaled fields (u(ε), σ(ε), GN(ε)) admit a formal asymptotic expansion of
the form:

(u(ε), σ(ε), GN(ε)) = (u0, σ0, G0
N) + ε(u1, σ1, G1

N) + ε2(u2, σ2, G2
N) + · · · , (5.15)

with
u0 = (u0

i ) ∈ V (Ω), ∂3u
0
3 ∈ C0

(
Ω̄
)
, up = (upi ) ∈ W 1,4(Ω;R3) ∀p ≥ 1,

(σp, Gp
N) ∈ Σ(Ω)×W− 3

4
, 4
3 (Γ+) ∀p ≥ 0.

We also assume that when ε→ 0

p(ε)→ p0 in V(Ω), (5.16)

q(ε)→ q0 in L2(Ω;R3), (5.17)

d(ε)→ d in L∞(Γ+), (5.18)

εGN(ε)→ 0 in W− 3
4
, 4
3 (Γ+). (5.19)

We substitute the formal asymptotic expansion (5.15) into the variational problem
(P (ε))isodyn,c, we obtain the following limit three-dimensional problem

Theorem 5.2 The leading term (u0, σ0, G0
N) satisfies the following variational problem:

(P 0
1 )isodyn,c





Find (u0, σ0, G0
N) ∈ K(Ω)× Σ(Ω)×W− 3

4
, 4
3 (Γ+) ∀t ∈ [0, T ], such that,

∫
Ω
σ0
iα∂ivαdx−

∫
Ω
σ0
αβ∂βθ∂3vαdx =

∫
γ1
hα{
∫ 1

−1
vαdx3}dγ,

∀vα ∈ Vα(Ω),∀t ∈ ]0, T [ ,

d2

dt2

{
ρ
∫

Ω
u0

3v3dx
}

+
∫

Ω
σ0
i3∂iv3dx+

∫
Ω
σ0
ij∂iu

0
3∂jv3dx

−
∫

Ω
σ0
α3∂αθ∂3v3dx−

∫
Ω
{σ0

αj∂αθ∂3u
0
3∂jv3 + σ0

iβ∂iu
0
3∂βθ∂3v3}dx

+
∫

Ω
σ0
αβ∂αθ∂3u

0
3∂βθ∂3v3dx =

∫
Ω
f3v3dx+

∫
Γ−
g3v3dΓ + 〈G0

N , v3〉,

∀v3 ∈ V3(Ω),∀t ∈ ]0, T [ ,

〈G0
N , v3 − u0

3〉 ≥ 0 , ∀v ∈ K(Ω),∀t ∈ ]0, T [ ,

u0 (x, 0) = p0, ∂u
0

∂t
(x, 0) = q0 in Ω.
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Proof. First, in the last inequality in (P (ε))isodyn,c, we take the test function vT (ε) = 0

after that vT (ε) = 2∂uT (ε)
∂t

, we obtain

〈GTα(ε),−∂uTα(ε)

∂t
〉+ ε[〈GT3(ε),−∂uT3(ε)

∂t
〉 − 〈ΛGN(ε),−|∂uT (ε)

∂t
|〉] ≥ 0, (5.20)

〈GTα(ε),
∂uTα(ε)

∂t
〉+ ε[〈GT3(ε),

∂uT3(ε)

∂t
〉 − 〈ΛGN(ε), |∂uT (ε)

∂t
|〉] ≥ 0. (5.21)

Then, we conclude that

〈GTα(ε),
∂uTα(ε)

∂t
〉 = ε[〈ΛGN(ε), |∂uT (ε)

∂t
|〉 − 〈GT3(ε),

∂uT3(ε)

∂t
〉], (5.22)

From the (5.19) and since ∂uT3
(ε)

∂t
= O(ε), we obtain

GTα(ε) = 0 in Γ+,∀t ∈ ]0, T [ .

Next, using technics of the asymptotic analysis method, we first replace u(ε), σ(ε)

and GN(ε) by their expansions (5.15) in the forms Bθ, Cθ, Dt and F and we equate to
zero the terms which are independent of ε in (P (ε))isodyn,c. Then we show that (u0, σ0, G0

N)

satisfy (P 0
1 )isodyn,c.

Theorem 5.3 The leading term (u0, G0
N) satisfies the following variational problem:

(P 0
2 )isodyn,c





Find (u0, G0
N) ∈ KKL(Ω)×W− 3

4
, 4
3 (Γ+) ∀t ∈ [0, T ], such that,

d2

dt2

{
ρ
∫

Ω
u0

3v3dx
}

+
∫

Ω
σ0
αβ∂βvαdx+

∫
Ω
σ0
αβ∂α(u0

3 + θ)∂βv3dx =
∫

Ω
f3v3dx+

∫
Γ−
g3v3dΓ +

∫
γ1
hα{
∫ 1

−1
vαdx3}dγ + 〈G0

N , v3〉,

∀v ∈ VKL(Ω),∀t ∈ ]0, T [ ,

〈G0
N , v3 − u0

3〉 ≥ 0 , ∀v ∈ KKL(Ω),∀t ∈ ]0, T [ ,

u0 (x, 0) = p0, ∂u
0

∂t
(x, 0) = q0 in Ω,

where




σ0
αβ = 2λµ

λ+2µ
Ē0
σσ(u0)δαβ + 2µĒ0

αβ(u0),

Ē0
αβ(u0) = 1

2

(
∂αu

0
β + ∂βu

0
α + ∂αθ∂βu

0
3 + ∂βθ∂αu

0
3 + ∂αu

0
3∂βu

0
3

)
.

Proof.

The proof has been divided into two steps
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Step 1. The relation σ̂εij = λεÊε
pp (ûε) δij + 2µεÊε

ij (ûε) give

∂3u
0
3(1 +

1

2
∂3u

0
3) = 0,

and
∂αu

0
3 + ∂3u

0
α = 0 in Ω. (5.23)

So that
∂3u

0
3 = 0 or ∂3u

0
3 = −2.

Since the inclusion H3(Ω) ↪→ C1(Ω) and u0
3 = 0 on γ1 × [−1, 1], the solution ∂3u

0
3 =

−2 is eliminated. Hence we are left with

∂3u
0
3 = 0 in Ω. (5.24)

Then, we conclude

σ0
αβ =

2λµ

λ+ 2µ
Ē0
σσ(u0)δαβ + 2µĒ0

αβ(u0).

Step 2. Taking into account the equation (5.24), we next find that the second equation
in (P 0

1 )isodyn,c reduce to

d2

dt2

{
ρ

∫

Ω

u0
3v3dx

}
+

∫

Ω

σ0
α3∂αv3dx+

∫

Ω

σ0
αβ∂αu

0
3∂βv3dx =

∫

Ω

f3v3dx+

∫

Γ−

g3v3dΓ + 〈G0
N , v3〉, (5.25)

From the first equation and the relation (5.23), we conclude that
∫

Ω

σ0
α3∂αv3dx =

∫

Ω

σ0
αβ∂βθ∂αv3dx+

∫

Ω

σ0
αβ∂βvαdx−

∫

γ1

hα{
∫ 1

−1

vαdx3}dγ. (5.26)

We replace the integral
∫

Ω
σ0
α3∂αv3dx in equation (5.25) by their expression (5.26),

we find that

d2

dt2

{
ρ

∫

Ω

u0
3v3dx

}
+

∫

Ω

σ0
αβ∂βvαdx+

∫

Ω

σ0
αβ∂α(u0

3 + θ)∂βv3dx =

∫

Ω

f3v3dx+

∫

Γ−

g3v3dΓ +

∫

γ1

hα{
∫ 1

−1

vαdx3}dγ + 〈G0
N , v3〉.
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The limit two-dimensional problem

We use some technics employed by Raoult [Rao85], who assumed that the initial data
ϕ3 = p0

3 and ψ3 = q0
3 are independent of x3 and sufficiently smooth. We also assume

that the initial data p0
α = ϕα − x3∂αp

0
3 and q0

α = ψα − x3∂αq
0
3, such that ϕα and ψα are

independent of x3 and sufficiently smooth.
First, we show in the next theorem that (P 0

2 )isodyn,c is in a sense of two-dimensional
problem posed over the two-dimensional domain ω̄.

Theorem 5.4 The leading term u0 = (u0
i ) is of the form u0

α = ζα − x3∂αζ3 and u0
3 = ζ3

with ζ = (ζi) ∈ V(ω) ∀t ∈ [0, T ]. In addition, the field ζ satisfies the following limit scaled

two-dimensional problem:

(P (ω))isodyn,c





Find (ζ, fc) ∈ K(ω)×H−2(ω) ∀t ∈ [0, T ], such that,

2ρ
∫
ω
∂2ζ3
∂t2

η3dω −
∫
ω
mαβ∂αβη3dω +

∫
ω
N̄αβ∂α(ζ3 + θ)∂βη3dω

+
∫
ω
N̄αβ∂βηαdω =

∫
ω

p3η3dω + 2
∫
γ1
hαηαdγ + 〈fc, η3〉,∀η ∈ V(ω),∀t ∈]0, T [,

〈fc, η3 − ζ3〉 ≥ 0 , ∀η ∈ K(ω),∀t ∈]0, T [,

ζ(., 0) = ϕ, ∂ζ
∂t

(., 0) = ψ in ω,

where





mαβ(∇2ζ3) = −1
3

{
4λµ
λ+2µ

∆ζ3δαβ + 4µ∂αβζ3

}
,

N̄αβ = 4λµ
λ+2µ

Ē0
σσ (ζ) δαβ + 4µĒ0

αβ (ζ) ,

Ē0
αβ (ζ) = 1

2
(∂αζβ + ∂βζα + ∂αθ∂βζ3 + ∂βθ∂αζ3 + ∂αζ3∂βζ3) ,

p3 =
∫ 1

−1
f3dx3 + g3(.,−1),

d = d(.,+1),

〈fc, η3〉 = 〈G0
N , v3〉.

Proof.

i) From v ∈ VKL(Ω), by a standard argument due to Ciarlet (see,e.g., [Cia97, Theorem
1.4-4]), we get

u0
α = ζα − x3∂αζ3 and u0

3 = ζ3 with ζ = (ζi) ∈ V(ω).
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From the definition of σ0
αβ, we conclude that

∫ 1

−1

σ0
αβdx3 = N̄αβ(ζ),

and
∫ 1

−1

x3σ
0
αβdx3 = mαβ(ζ).

ii) First we choose, in (P 0
2 )isodyn,c, v ∈ VKL(Ω) with the components

vα(x) = −x3∂αη3(x1, x2), v3(x) = η3(x1, x2),

with η3 ∈ H2(ω) and η3 = ∂νη3 = 0 on γ1.

This choice shows that (P 0
2 )isodyn,c reduce to

d2

dt2

{
ρ

∫

Ω

ζ3η3dx

}
−
∫

Ω

x3σ
0
αβ∂αβη3dx+

∫

Ω

σ0
αβ∂α(ζ0

3 + θ)∂βη3dx =

∫

Ω

f3η3dx+

∫

Γ−

g3η3dΓ + 〈fc, η3〉. (5.27)

The second choice of v ∈ VKL(Ω) is

vα(x) = ηα(x1, x2), v3(x) = 0,

with ηα ∈ H1(ω).

In this case shows that (P 0
2 )isodyn,c reduce to
∫

Ω

σ0
αβ∂βηαdx = 2

∫

γ1

hαηαdγ (5.28)

Using Fubini’s Formula:
∫

Ω
Fdx =

∫
ω

{∫ 1

−1
Fdx3

}
dω, we have

d2

dt2
{ρ
∫

Ω

ζ3η3dx} = 2ρ

∫

ω

∂2ζ3

∂t2
η3dω,

∫

Ω

−x3σ
0
αβ∂αβη3dx = −

∫

ω

mαβ∂αβη3dω,

∫

Ω

σ0
αβ∂α(ζ3 + θ)∂βη3dx =

∫

ω

N̄αβ∂α(ζ3 + θ)∂βη3dω,
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∫

Ω

f3η3dx+

∫

Γ−

g3η3dΓ =

∫

ω

{
∫ 1

−1

f3dx3 + g3(.,−1)}η3dω

=

∫

ω

p3η3dω,

∫

Ω

σ0
αβ∂βηαdx =

∫

ω

N̄αβ∂βηαdω = 2

∫

γ1

hαηαdγ.

Then

2ρ

∫

ω

∂2ζ3

∂t2
η3dω −

∫

ω

mαβ∂αβη3dω +

∫

ω

N̄αβ∂α(ζ3 + θ)∂βη3dω

+

∫

ω

N̄αβ∂βηαdω =

∫

ω

p3η3dω + 2

∫

γ1

hαηαdγ + 〈fc, η3〉.

Next, we write the two-dimensional boundary value problem as an equivalent boundary
value problem (P̄ (ω))isodyn,c. Using Green’s formulas and equating to zero all the factors of
ηα, η3, and ∂νη3 in their respective domains of integration, we obtain

Theorem 5.5 Assume that the boundary γ is sufficiently smooth. Then any smooth

solution ζ = (ζi) of the variational problem (P (ω))isodyn,c is also a solution of the following

two-dimensional problem:

(P̄ (ω))isodyn,c





Find ((ζα), ζ3, fc) ∈ (H1(ω))2 ×H2(ω)×H−2(ω) ∀t ∈ [0, T ], such that,

2ρ∂
2ζ3
∂t2
− ∂αβmαβ − N̄αβ∂αβ (ζ3 + θ) = p3 + fc in ω × ]0, T [ ,

∂βN̄αβ = 0 in ω × ]0, T [ ,

ζ3 = ∂νζ3 = 0 on γ1× ]0, T [ ,

N̄αβνβ = 2hα on γ1 × ]0, T [ ,

mαβνανβ = 0 on γ2 × ]0, T [ ,

∂αmαβνβ + ∂τ (mαβνατβ) = 0 on γ2 × ]0, T [ ,

N̄αβνβ = 0 on γ2 × ]0, T [ ,

ζ3 ≤ d, fc ≤ 0, fc(ζ3 − d) = 0 in ω × ]0, T [ ,

ζ(., 0) = ϕ, ∂ζ
∂t

(., 0) = ψ in ω.
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Proof.

Applying the Green formulas, we obtain

−
∫

ω

mαβ∂αβη3dω =

∫

γ

{(∂αmαβ) νβ + ∂τ (mαβνατβ)} η3dγ

−
∫

γ

mαβνανβ∂νη3dγ −
∫

ω

(∂αβmαβ) η3dω,

∫

ω

N̄αβ∂α (ζ3 + θ) ∂βη3dω = −
∫

ω

{
∂β
(
N̄αβ∂α (ζ3 + θ)

)}
η3dω

+

∫

γ

(
N̄αβ∂α (ζ3 + θ)

)
νβη3dγ,

∫

ω

N̄αβ∂βηαdω = −
∫

ω

(
∂βN̄αβ

)
ηαdω +

∫

γ

N̄αβνβηαdγ.

Then
∫

ω

[
2ρ
∂2ζ3

∂t2
− ∂αβmαβ − ∂β

(
N̄αβ∂α (ζ3 + θ)

)
− p3

]
η3dω − 〈fc, η3〉 −

∫

ω

(
∂βN̄αβ

)
ηαdω +

∫

γ

(
N̄αβνβ − 2h̃α

)
ηαdγ −

∫

γ2

mαβνανβ∂νη3dγ +

∫

γ2

{[
∂αmαβ + N̄αβ∂α (ζ3 + θ)

]
νβ + ∂τ (mαβνατβ)

}
η3dγ = 0,

for all η = (ηα, η3) ∈ V (ω), with the functions h̃α : γ × [0, T ]→ R defined by

h̃α = hα on γ1 × [0, T ] and h̃α = 0 on γ2 × [0, T ].

These equations imply that all the factors of ηα, η3, and ∂νη3 vanish in their respective
domains of integration. Then we get

2ρ
∂2ζ3

∂t2
− ∂αβmαβ − ∂β

(
N̄αβ∂α (ζ3 + θ)

)
= p3 + fc in ω × ]0, T [ ,

and

∂βN̄αβ = 0 in ω × ]0, T [ ,

so that

∂β
(
N̄αβ∂α (ζ3 + θ)

)
= N̄αβ∂αβ (ζ3 + θ) in ω × ]0, T [ ,
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consequently

2ρ
∂2ζ3

∂t2
− ∂αβmαβ − N̄αβ∂αβ (ζ3 + θ) = p3 + fc in ω × ]0, T [ .

For boundary conditions, we get

N̄αβνβ − 2h̃α = 0 on γ × ]0, T [ ,

thus

N̄αβνβ = 2hα on γ1 × ]0, T [ ,

and

N̄αβνβ = 0 on γ2 × ]0, T [ .

We also get

mαβνανβ = 0 on γ2 × ]0, T [ ,

and

[
∂αmαβ + N̄αβ∂α (ζ3 + θ)

]
νβ + ∂τ (mαβνατβ) = 0 on γ2 × ]0, T [ ,

since N̄αβνβ = 0 on γ2 × ]0, T [, we conclude that

∂αmαβνβ + ∂τ (mαβνατβ) = 0 on γ2 × ]0, T [ .

Finally, in the last inequality in (P (ω))isodyn,c, we take the test function η3 = d after
that η3 = 2ζ3 − d, we obtain

〈fc, d− ζ3〉 ≥ 0,

and
〈fc, ζ3 − d〉 ≥ 0.

Thus
〈fc, ζ3 − d〉 = 0.
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5.1.3 Dynamical contact equations of generalized Marguerre-von

Kármán shallow shells

We now rewrite the two-dimensional boundary value problem (P̄ (ω))isodyn,c in the form of
dynamical contact equations for a generalized Marguerre-von Kármán shallow shell as
follows:

Theorem 5.6 Assume that the set ω is simply-connected and that its boundary γ is

sufficiently smooth. Let ζ = (ζi) be a solution of (P̄ (ω))isodyn,c with the regularity

ζα ∈ H3(ω), ζ3 ∈ H3(ω) and fc ∈ H−1(ω) ∀t ∈ [0, T ].

Then

a) The functions h̃α : γ × [0, T ]→ R defined by

h̃α = hα on γ1 × [0, T ] and h̃α = 0 on γ2 × [0, T ],

are in the space H
3
2 (γ) and satisfy the compatibility conditions

∫

γ

h̃1dγ =

∫

γ

h̃2dγ =

∫

γ

(x1h̃2 − x2h̃1)dγ = 0.

b) Furthermore, there exists a function Φ ∈ H4(ω), uniquely defined by the relations

Φ(0) = ∂1Φ(0) = ∂2Φ(0) = 0, such that

N̄11 = 2∂22Φ, N̄12 = N̄21 = −2∂12Φ, N̄22 = 2∂11Φ.

c) Finally, the triple (ζ3,Φ, fc) ∈ (H3(ω)∩K)×H4(ω)×H−1(ω) ∀t ∈ [0, T ], satisfies the

following problem
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(P )isodyn,c





2ρ∂
2ζ3
∂t2
− ∂αβmαβ(∇2ζ3) = 2 [Φ, ζ3 + θ] + p3 + fc in ω × ]0, T [ ,

∆2Φ = −µ(3λ+2µ)
2(λ+µ)

[ζ3, ζ3 + 2θ] in ω × ]0, T [ ,

ζ3 = ∂νζ3 = 0 on γ1× ]0, T [ ,

mαβ(∇2ζ3)νανβ = 0 on γ2× ]0, T [ ,

∂αmαβ(∇2ζ3)νβ + ∂τ (mαβ(∇2ζ3)νατβ) = 0 on γ2 × ]0, T [ ,

Φ = Φ0, ∂νΦ = Φ1 on γ × ]0, T [ ,

ζ3 ≤ d, fc ≤ 0, fc(ζ3 − d) = 0 in ω × ]0, T [ ,

ζ3 (., 0) = ϕ3,
∂ζ3
∂t

(., 0) = ψ3 in ω,

where





−∂αβmαβ(∇2ζ3) = 8µ(λ+µ)
3(λ+2µ)

∆2ζ3,

Φ0(y) = −y1

∫
γ(y)

h̃2dγ + y2

∫
γ(y)

h̃1dγ +
∫
γ(y)

(x1h̃2 − x2h̃1)dγ,

Φ1(y) = −ν1

∫
γ(y)

h̃2dγ + ν2

∫
γ(y)

h̃1dγ, y = (y1, y2) ∈ γ,

[Φ, ζ] = ∂11Φ∂22ζ + ∂22Φ∂11ζ − 2∂12Φ∂12ζ.

Proof.

The proof is divided into three steps.

a) The regularity of functions ζi imply that N̄αβ ∈ H2(ω) and h̃α ∈ H
3
2 (γ).

The functions h̃α satisfy the compatibility conditions, to see this, we observe that, if
we choose η = (a1− bx2, a2− bx1, 0) for any constants a1, a2 and b in the variational
problem (P (ω))isodyn,c, we obtain

aα

∫

γ

h̃αdγ + b

∫

γ

(x1h̃2 − x2h̃1)dγ = 0. (5.29)

b) Since the set ω is simply-connected and by using the generalized Poincaré theorem
(see [Sch66, Theorem VI, p.59]), the equation ∂βN̄αβ = 0 in ω imply that there
exist distributions ψα ∈ D′(ω), unique up to the addition of constants, such that
N̄1α = 2∂2ψα, N̄2α = −2∂1ψα.

104



Since the equation N̄12 = N̄21 implies that ∂αψα = 0. Another application of the
same result shows that there exist a distribution Φ ∈ D′(ω), unique up to the
addition of polynomials of degree ≤ 1, such that ψ1 = ∂2Φ, ψ2 = −∂1Φ, so that
N̄11 = 2∂22Φ, N̄12 = N̄21 = −2∂12Φ, N̄22 = 2∂11Φ in ω.

The regularities of N̄αβ ∈ H2(ω) imply that Φ ∈ H4(ω). Then Φ is uniquely defined
if we impose that Φ(0) = ∂1Φ(0) = ∂2Φ(0) = 0.

c) (i) From N̄αβνβ = 2h̃α on γ, we obtain

h̃1 =
1

2
N̄1βνβ

=
1

2

(
ν1N̄11 + ν2N̄12

)

= ν1∂22Φ− ν2∂21Φ

= ∂τ (∂2Φ) ,

h̃2 =
1

2
N̄2βνβ

=
1

2

(
ν1N̄21 + ν2N̄22

)

= −ν1∂12Φ + ν2∂11Φ

= −∂τ (∂1Φ) ,

thus
∂1Φ (y) = −

∫

γ(y)

h̃2dγ et ∂2Φ (y) =

∫

γ(y)

h̃1dγ, (5.30)

for all y ∈ γ,

then

∂νΦ (y) = ν1 (y) ∂1Φ (y) + ν2 (y) ∂2Φ (y)

= −ν1 (y)

∫

γ(y)

h̃2dγ + ν2 (y)

∫

γ(y)

h̃1dγ.

(5.31)

So that
∂νΦ(y) = Φ1 on γ,
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and

∂τΦ (y) = τ1 (y) ∂1Φ (y) + τ2 (y) ∂2Φ (y)

= −τ1 (y)

∫

γ(y)

h̃2dγ + τ2 (y)

∫

γ(y)

h̃1dγ.

(5.32)

Since
∂τΦ (y) = ∂τΦ0 and Φ (0) = ∂τΦ (0) = 0,

we conclude that
Φ (y) = Φ0 on γ.

(ii) We have

[Φ, ζ3 + θ] = ∂11Φ∂22 (ζ3 + θ) + ∂22Φ∂11 (ζ3 + θ)− 2∂12Φ∂12 (ζ3 + θ)

=
1

2

[
N̄22∂22 (ζ3 + θ) + N̄11∂11 (ζ3 + θ) + 2N̄12∂12 (ζ3 + θ)

]

=
1

2
N̄αβ∂αβ (ζ3 + θ) , (5.33)

thus
N̄αβ∂αβ (ζ3 + θ) = 2 [Φ, ζ3 + θ] . (5.34)

Then, we deduce

2ρ
∂2ζ3

∂t2
− ∂αβmαβ(ζ3) = 2 [Φ, ζ3 + θ] + p3 + fc in ω × ]0, T [ .

Notice that

∆2Φ = ∆ (∆Φ)

= ∆ (∂ααΦ)

=
1

2
∆N̄αα

= −µ(3λ+ 2µ)

2(λ+ µ)
[ζ3, ζ3 + 2θ].

(5.35)
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5.2 Existence result for dynamical contact equations of

generalized Marguerre-von Kármán shallow shells

Theorem 5.7 Assume that the set ω is simply-connected and that its boundary γ is suffi-

ciently smooth. Assume that the functions h̃α ∈ L2(γ) ∀t ∈ [0, T ] satisfy the compatibility

conditions. Let χ ∈ H2(ω) be the unique solution in the sense of distributions of




∆2χ = 0 in ω,

χ = Φ0 and ∂νχ = Φ1 on γ,

Φ0 ∈ H
3
2 (γ),Φ1 ∈ H

1
2 (γ)

(5.36)

and let

E =
µ (3λ+ 2µ)

λ+ µ
, ξ =

√
Eζ3, θ̃ =

√
Eθ, f =

√
Ep3, f̃c =

√
Efc,

d̃ =
√
Ed, Φ̃ = Φ− χ. (5.37)

The triple (ζ3,Φ, fc) ∈ (H3(ω)∩K)×H4(ω)×H−1(ω) ∀t ∈ [0, T ], satisfies the dynam-

ical contact equations of generalized Marguerre-von Kármán shallow shells in the sense

of distributions, if and only if, the triple (ξ, Φ̃, f̃c) ∈ (H3(ω) ∩ K̃) × (H4(ω) ∩ H2
0 (ω)) ×

H−1(ω) ∀t ∈ [0, T ], satisfies

(P)isodyn,c





2ρ∂
2ξ
∂t2
− ∂αβmαβ(∇2ξ) = 2[Φ̃ + χ, ξ + θ̃] + f + f̃c in ω×]0, T [,

∆2Φ̃ = −1
2
[ξ, ξ + 2θ̃] in ω×]0, T [,

ξ = ∂νξ = 0 on γ1×]0, T [,

mαβ(∇2ξ)νανβ = 0 on γ2×]0, T [,

∂αmαβ(∇2ξ)νβ + ∂τ (mαβ(∇2ξ)νατβ) = 0 on γ2×]0, T [,

Φ̃ = ∂νΦ̃ = 0 on γ×]0, T [,

ξ ≤ d̃, f̃c ≤ 0, f̃c(ξ − d̃) = 0 in ω × ]0, T [ ,

ξ(., 0) = ξ0(.) and ∂ξ
∂t

(., 0) = ξ1(.) in ω.
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Proof.

By classical elliptic theory, there exists a unique function χ ∈ H2(ω) such that
∆2χ = 0 in ω, χ = Φ0 and ∂νχ = Φ1 on γ (see [Cia97, Theorem 5.6-1]).
Letting Φ̃ = Φ− χ, we clearly have

{
∆2Φ̃ = ∆2Φ in ω × ]0, T [ ,

Φ̃ = ∂νΦ̃ = 0 on γ× ]0, T [ .

Using the functions ξ, θ̃, f , f̃c, d̃ and Φ̃ defined in (5.37), we then see that the scaled
dynamical equations of generalized Marguerre-von Kármán shallow shells presented in
Theorem 5.6 is equivalent to the scaled problem (P)isodyn,c.

The asymptotic analysis carried out in the first part is purely formal. In what follows,
we establish the existence of solutions to the dynamical contact equations of generalized
Marguerre-von Kármán shallow shells. We use penalization method.

5.2.1 Penalized problem

For any ε > 0 we define the following penalized problem, using

f̃c = −ε−1[ξ − d̃]+, (5.38)

with [.]+ = max{., 0}.

(Pε)isodyn,c





2ρ∂
2ξ
∂t2
− ∂αβmαβ(∇2ξ) = 2[Φ̃ + χ, ξ + θ̃] + f − ε−1[ξ − d̃]+ in ω×]0, T [,

∆2Φ̃ = −1
2
[ξ, ξ + 2θ̃] in ω×]0, T [,

ξ = ∂νξ = 0 on γ1×]0, T [,
mαβ(∇2ξ)νανβ = 0 on γ2×]0, T [,
∂αmαβ(∇2ξ)νβ + ∂τ (mαβ(∇2ξ)νατβ) = 0 on γ2×]0, T [,

Φ̃ = ∂νΦ̃ = 0 on γ×]0, T [,

ξ(., 0) = ξ0(.) and ∂ξ
∂t

(., 0) = ξ1(.) in ω.

Theorem 5.8 Assume f ∈ L2(0, T ;L2(ω)), ξ0 ∈ V (ω) and ξ1 ∈ L2(ω). Then there exists

a solution (ξ, Φ̃) to the problem (Pε)isodyn,c, such that




ξ ∈ L∞(0, T ;V (ω)),

∂ξ
∂t
∈ L∞(0, T ;L2(ω)),

Φ̃ ∈ L∞(0, T ;H2
0 (ω)).

(5.39)
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Proof.

Denote by G2 the inverse of ∆2 with homogenous Dirichlet boundary condition in ω
(the Green operator), and write

Φ̃ = −1

2
G2

[
ξ, ξ + 2θ̃

]
in ω × ]0, T [ .

Then

2ρ
∂2ξ

∂t2
− ∂αβmαβ

(
∇2ξ

)
= 2

[
−1

2
G2

[
ξ, ξ + 2θ̃

]
+ χ, ξ + θ̃

]
+ f − ε−1[ξ − d̃]+

in ω × ]0, T [ .

From (5.39), we get
[
Φ̃ + χ, ξ + θ̃

]
∈ L∞(0, T ;L1(ω)),

and, for the first equation in (Pε)isodyn,c, we have

∂2ξ

∂t2
∈ L∞(0, T ;H−1(ω)),

so that the initial conditions make sense.
Step 1: (Faedo-Galerkin approximation)

Let wi, i ≥ 1 denote an orthonormal basis of the Hilbert space V (ω) and let Vm denote,
for each integer m ≥ 1, the subspace of V (ω) spanned by the functions wi, 1 ≤ i ≤ m.

We construct the Faedo-Galerkin approximation ξm(t) of a solution in the form

ξm(t) =
m∑

i=1

αim(t)wi.

Thus, the function ξm(t) is the solution of the approximate problem

(Pm)isodyn,c





2ρ
∫
ω
∂2ξm(t)
∂t2

wjdω −
∫
ω
∂αβmαβ (∇2ξm(t))wjdω =

2
∫
ω

[
−1

2
G2

[
ξm(t), ξm(t) + 2θ̃

]
+ χ, ξm(t) + θ̃

]
wjdω+

∫
ω
fwjdω − ε−1

∫
ω
[ξm(t)− d̃]+wjdω, 1 ≤ j ≤ m in ω × ]0, T [ ,

ξm(t) = ∂νξm(t) = 0 on γ1× ]0, T [ ,
mαβ (∇2ξm(t)) νανβ = 0 on γ2× ]0, T [ ,
∂αmαβ (∇2ξm(t)) νβ + ∂τ (mαβ (∇2ξm(t)) νατβ) = 0 on γ2× ]0, T [ ,

ξm (., 0) = ξ0m(.) and ∂ξm
∂t

(., 0) = ξ1m(.) in ω,
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and we have

ξ0m ∈ Vm and ξ0m → ξ0 in V (ω), ξ1m ∈ Vm and ξ1m → ξ1 in L2(ω).

Now, define
Φ̃m(t) = −1

2
G2

[
ξm(t), ξm(t) + 2θ̃

]
in ω × ]0, T [ , (5.40)

and note that
∆2Φ̃m(t) = −1

2

[
ξm(t), ξm(t) + 2θ̃

]
in ω × ]0, T [ , (5.41)

Φ̃m(t) ∈ H2
0 (ω), (5.42)

so that we may rewrite the first equation of (Pm)isodyn,c as

2ρ

∫

ω

∂2ξm(t)

∂t2
wjdω + a(ξm(t), wj)− 2

∫

ω

[
Φ̃m(t), ξm(t) + θ̃

]
wjdω =

2

∫

ω

[
χ, ξm(t) + θ̃

]
wjdω +

∫

ω

fwjdω − ε−1

∫

ω

[ξm(t)− d̃]+wjdω

, 1 ≤ j ≤ m in ω × ]0, T [ , (5.43)

where the form a is defined by (2.15).
Step 2: (A priori estimates)
Multiplying by dαjm(t)

dt
on both sides of (5.43) and summing on the index j, we obtain

2ρ

∫

ω

∂2ξm(t)

∂t2
∂ξm(t)

∂t
dω + a(ξm(t),

∂ξm(t)

∂t
)

−2

∫

ω

[
Φ̃m(t), ξm(t) + θ̃

] ∂ξm(t)

∂t
dω = 2

∫

ω

[
χ, ξm(t) + θ̃

] ∂ξm(t)

∂t
dω

+

∫

ω

f
∂ξm(t)

∂t
dω − ε−1

∫

ω

[ξm(t)− d̃]+
∂ξm(t)

∂t
dω in ω × ]0, T [ . (5.44)

Since we have

2ρ

∫

ω

∂2ξm(t)

∂t2
∂ξm(t)

∂t
dω = ρ

d

dt

∫

ω

|∂ξm(t)

∂t
|2dω = ρ

d

dt
||∂ξm(t)

∂t
||20,ω,

∫

ω

[ξm(t)− d̃]+
∂ξm(t)

∂t
dω =

d

2dt

∫

ω

|[ξm(t)− d̃]+|2dω

=
d

2dt
||[ξm(t)− d̃]+||20,ω,
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a(ξm(t), ξm(t)) ≥ α||ξm(t)||2V (ω),

a(ξm(t),
∂ξm(t)

∂t
) =

d

2dt
a(ξm(t), ξm(t)).

Using the same arguments as in the Section 2.2, we prove that

∫

ω

[
Φ̃m(t), ξm(t) + θ̃

] ∂ξm(t)

∂t
dω =

∫

ω

[
∂ξm(t)

∂t
, ξm(t) + θ̃

]
Φ̃m(t)dω,

which yields

−2

∫

ω

[
∂ξm(t)

∂t
, ξm(t) + θ̃

]
Φ̃m(t)dω =

d

dt
||∆Φ̃m(t)||20,ω,

and

2

∫

ω

[
χ, ξm(t) + θ̃

] ∂ξm(t)

∂t
dω = 2

∫

ω

[
∂ξm(t)

∂t
, ξm(t) + θ̃

]
χdω

= −2

∫

ω

∆2∂Φ̃m(t)

∂t
χdω

= 0.

Then (5.44) can be written as

d

dt
{ρ||∂ξm(t)

∂t
||20,ω +

1

2
a(ξm(t), ξm(t)) + ||∆Φ̃m(t)||20,ω +

ε−1

2
||[ξm(t)− d̃]+||20,ω} =

∫

ω

f
∂ξm(t)

∂t
dω,

which, by integration from 0 to t, yields
∫ t

0

d

dτ
{ρ||∂ξm(τ)

∂τ
||20,ω +

1

2
a(ξm(τ), ξm(τ)) + ||∆Φ̃m(τ)||20,ω +

ε−1

2
||[ξm(τ)− d̃]+||20,ω}dτ =

∫ t

0

{
∫

ω

f
∂ξm(τ)

∂τ
dω}dτ.

Hence, there exists constants C1 > 0 and C2 > 0 such that

ρ||∂ξm(t)

∂t
||20,ω +

α

2
||ξm(t)||2V (ω) + ||∆Φ̃m(t)||20,ω +

ε−1

2
||[ξm(t)− d̃]+||20,ω ≤

C1

∫ t

0

||f ||20,ωdτ + C2

∫ t

0

||∂ξm(τ)

∂τ
||20,ωdτ + ρ||∂ξm(0)

∂t
||20,ω +

α′

2
||ξm(0)||2V (ω) +

||∆Φ̃m(0)||20,ω +
ε−1

2
||[ξm(0)− d̃]+||20,ω,
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so that

ρ||∂ξm(t)

∂t
||20,ω +

α

2
||ξm(t)||2V (ω) + ||∆Φ̃m(t)||20,ω +

ε−1

2
||[ξm(t)− d̃]+||20,ω ≤

C1

∫ t

0

||f ||20,ωdτ + C2

∫ t

0

||∂ξm(τ)

∂τ
||20,ωdτ + ρ||ξ1m||20,ω +

α′

2
||ξ0m||2V (ω) +

||∆Φ̃m(0)||20,ω +
ε−1

2
||[ξ0m − d̃]+||20,ω,

Since

∆2Φ̃m(0) = −1

2

[
ξm(0), ξm(0) + 2θ̃

]

= −1

2

[
ξ0m, ξ0m + 2θ̃

]
,

then, there exists a constant C3 > 0 such that

||∆Φ̃m(0)||0,ω ≤ C3.

Thus, there exists a constant C4 > 0 such that

ρ||∂ξm(t)

∂t
||20,ω +

α

2
||ξm(t)||2V (ω) + ||∆Φ̃m(t)||20,ω +

ε−1

2
||[ξm(t)− d̃]+||20,ω ≤

C4 + C2

∫ t

0

||∂ξm(τ)

∂τ
||20,ωdτ, (5.45)

for all t ∈ [0, T ], which implies that tm = T .

Then, via Gronwall’s inequality, we conclude that

ξm(t) ∈ L∞(0, T ;V (ω)), (5.46)

∂ξm(t)

∂t
∈ L∞(0, T ;L2(ω)), (5.47)

Φ̃m(t) ∈ L∞(0, T ;H2
0 (ω)), (5.48)

ε−1[ξm(t)− d̃]+ ∈ L∞(0, T ;L2(ω)). (5.49)

Step 3: (Passing to the limit)
From (5.46)-(5.48), we observe that there exists ξn(t) and Φ̃n(t) such that (weak conver-
gence is denoted ⇀)

ξn(t) ⇀ ξ(t) in L∞(0, T ;V (ω)) weak∗,
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∂ξn(t)

∂t
⇀

∂ξ(t)

∂t
in L∞(0, T ;L2(ω)) weak∗,

Φ̃n(t) ⇀ Φ̃(t) in L∞(0, T ;H2
0 (ω)) weak ∗ .

According to the Rellich-Kondrachoff theorem [LM68, Chap 1, Theorem 16.1], the com-
pact imbedding of H2(ω×]0, T [) into L2(ω×]0, T [) implies that

ξn(t) → ξ(t) in L2(ω×]0, T [). (5.50)

Let φj, 1 ≤ j ≤ j0 be functions of C1([0, T ]) such that

φj(T ) = 0 and ψ =

j0∑

j=1

φj ⊗ wj. (5.51)

For m = n > j0, we obtain

2ρ

∫

ω

∂2ξn(t)

∂t2
ψ(t)dω + a(ξn(t), ψ(t))− = 2

∫

ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω

2

∫

ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω +

∫

ω

fψ(t)dω − ε−1

∫

ω

[ξm(t)− d̃]+ψ(t)dω

in ω × ]0, T [ .

Thus,

2ρ

∫ T

0

{
∫

ω

∂2ξn(t)

∂t2
ψ(t)dω}dt+

∫ T

0

a(ξn(t), ψ(t))dt

−2

∫ T

0

{
∫

ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt = 2

∫ T

0

{
∫

ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω}dt

+

∫ T

0

{
∫

ω

fψ(t)dω}dt− ε−1

∫ T

0

{
∫

ω

[ξm(t)− d̃]+ψ(t)dω}dt in ω × ]0, T [ ,

and we have
∫ T

0

{
∫

ω

∂2ξn(t)

∂t2
ψ(t)dω}dt = −

∫ T

0

{
∫

ω

∂ξn(t)

∂t

∂ψ(t)

∂t
dω}dt

+

∫

ω

∂ξn(T )

∂t
ψ(T )dω −

∫

ω

∂ξn(0)

∂t
ψ(0)dω = −

∫ T

0

{
∫

ω

∂ξn(t)

∂t

∂ψ(t)

∂t
dω}dt

−
∫

ω

ξ1nψ(0)dω.

113



Since ψ(T ) = 0, we also obtain

− 2ρ

∫ T

0

{
∫

ω

∂ξn(t)

∂t

∂ψ(t)

∂t
dω}dt+

∫ T

0

a(ξn(t), ψ(t))dt −

2

∫ T

0

{
∫

ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt =

2

∫ T

0

{
∫

ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω}dt+

∫ T

0

{
∫

ω

fψ(t)dω}dt −

ε−1

∫ T

0

{
∫

ω

[ξm(t)− d̃]+ψ(t)dω}dt+ 2ρ

∫

ω

ξ1nψ(0)dω in ω × ]0, T [ . (5.52)

From (5.42), we get
∫ T

0

{
∫

ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt =

∫ T

0

{
∫

ω

[
Φ̃n(t), ψ(t)

]
(ξn(t) + θ̃)dω}dt,

and we have

[Φ̃n(t), ψ(t)] ⇀ [Φ̃(t), ψ(t)] in L2(ω×]0, T [).

Then, because ξn(t)→ ξ(t) in L2(ω×]0, T [), we obtain
∫ T

0

{
∫

ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt →

∫ T

0

{
∫

ω

[
Φ̃(t), ψ(t)

]
(ξ(t) + θ̃)dω}dt

=

∫ T

0

{
∫

ω

[
Φ̃(t), ξ(t) + θ̃

]
ψ(t)dω}dt.

We have

[χ, ξn(t) + θ̃] ⇀ [χ, ξ(t) + θ̃] in L2(ω×]0, T [),

thus
∫ T

0

{
∫

ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω}dt →

∫ T

0

{
∫

ω

[
χ, ξ(t) + θ̃

]
ψ(t)dω}dt.

Then passing to the limit in (5.52), we obtain

− 2ρ

∫ T

0

{
∫

ω

∂ξ(t)

∂t

∂ψ(t)

∂t
dω}dt+

∫ T

0

a(ξ(t), ψ(t))dt −

2

∫ T

0

{
∫

ω

[
Φ̃(t), ξ(t) + θ̃

]
ψ(t)dω}dt =

2

∫ T

0

{
∫

ω

[
χ, ξ(t) + θ̃

]
ψ(t)dω}dt+

∫ T

0

{
∫

ω

fψ(t)dω}dt −

ε−1

∫ T

0

{
∫

ω

[ξm(t)− d̃]+ψ(t)dω + 2ρ

∫

ω

ξ1ψ(0)dω in ω × ]0, T [ , (5.53)
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for all ψ of the form (5.51).
Passing to the limit, we deduce that (5.53) holds for all

ψ(t) ∈ L2(0, T ;V (ω)) such that ∂ψ(t)
∂t
∈ L2(0, T ;L2(ω)) and ψ(T ) = 0. Using the density

of functions of the form (5.51) in the space of functions ψ(t) ∈ L2(0, T ;V (ω)) such that
∂ψ(t)
∂t
∈ L2(0, T ;L2(ω)) with ψ(T ) = 0 see [DL72, LM68].

Then (ξ, Φ̃) satisfies

2ρ
∂2ξ

∂t2
− ∂αβmαβ(∇2ξ) = 2[Φ̃ + χ, ξ + θ̃] + f − ε−1[ξ − d̃]+ in ω×]0, T [,

and

∂ξ

∂t
(0) = ξ1.

Taking into account (5.46) and (5.47), and applying [Lio69, Lemma 1.2], we deduce
that

ξn(0) ⇀ ξ(0) in L2(ω),

and we obtain

ξn(0) = ξ0n → ξ0 in V (ω),

with the consequence that

ξ(0) = ξ0.

Finally, the same arguments as in Section 2.2, show that

∆2Φ̃ = −1

2

[
ξ, ξ + 2θ̃

]
in ω × ]0, T [ ,

the proof of the existence of a solution to the penalized problem is complete.
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5.2.2 Existence of solutions to the dynamical contact equations

of generalized Marguerre-von Kármán shallow shells

Theorem 5.9 Assume f ∈ L2(0, T ;L2(ω)), ξ0 ∈ V (ω) and ξ1 ∈ L2(ω). Then there exists

a solution (ξ, Φ̃, f̃c) to the problem (P)isodyn,c, such that





ξ ∈ L∞(0, T ;V (ω)),

∂ξ
∂t
∈ L∞(0, T ;L2(ω)),

Φ̃ ∈ L∞(0, T ;H2
0 (ω)),

f̃c ∈ L∞(0, T ;H−1(ω)).

(5.54)

Proof. For ξε a solution of the penalized problem, we obtain

2ρ
∂2ξε(t)

∂t2
− ∂αβmαβ

(
∇2ξε(t)

)
− 2

[
−1

2
G2

[
ξε(t), ξε(t) + 2θ̃

]
+ χ, ξε(t) + θ̃

]
+

ε−1[ξε(t)− d̃]+ = f in ω × ]0, T [ ,

where
Φ̃ε(t) = −1

2
G2

[
ξε(t), ξε(t) + 2θ̃

]
in ω × ]0, T [ ,

Φ̃ε(t) ∈ H2
0 (ω).

Then, we get the following variational formulation
∫ T

0

{2ρ
∫

ω

∂2ξε(t)

∂t2
zdω + a(ξε(t), z) −

2

∫

ω

[
−1

2
G2

[
ξε(t), ξε(t) + 2θ̃

]
+ χ, ξε(t) + θ̃

]
zdω +

∫

ω

ε−1[ξε(t)− d̃]+zdω}dt =

∫ T

0

{
∫

ω

fzdω}dt. (5.55)

We put z = −1 with z ∈ H2
0 (ω) in (5.55) and by using [Cia97, Theorem 5.8-2 ], we have

∫ T

0

{2ρ
∫

ω

∂2ξε(t)

∂t2
zdω + a(ξε(t), z) −

2

∫

ω

[
−1

2
G2

[
ξε(t), ξε(t) + 2θ̃

]
+ χ, z

]
(ξε(t) + θ̃)dω +

∫

ω

ε−1[ξε(t)− d̃]+zdω}dt =

∫ T

0

{
∫

ω

fzdω}dt.
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Which yields

0 ≤
∫ T

0

{
∫

ω

ε−1[ξε(t)− d̃]+dω}dt

= 2ρ

∫

ω

(ξ1 −
∂ξε(T )

∂t
)dω +

∫ T

0

{
∫

ω

fdω}dt

≤ C5, (5.56)

where C5 is independent of ε.
The estimates analogous to (5.45), we have

ρ||∂ξε(t)
∂t
||20,ω +

α

2
||ξε(t)||2V (ω) + ||∆Φ̃ε(t)||20,ω +

ε−1

2
||[ξε(t)− d̃]+||20,ω ≤

C4 + C2

∫ t

0

||∂ξε(τ)

∂τ
||20,ωdτ. (5.57)

Then, we conclude that
ξε(t) ∈ L∞(0, T ;V (ω)), (5.58)

∂ξε(t)

∂t
∈ L∞(0, T ;L2(ω)), (5.59)

Φ̃ε(t) ∈ L∞(0, T ;H2
0 (ω)), (5.60)

ε−1[ξε(t)− d̃]+ ∈ L∞(0, T ;L2(ω)), (5.61)

∂2ξε(t)

∂t2
∈ L∞(0, T ;H−1(ω)), (5.62)

where the dual estimate of the acceleration term has the form

‖∂
2ξε(t)

∂t2
‖L∞(0,T ;H−1(ω)) ≤ Cε. (5.63)

From (5.58)-(5.62), we observe that there exists a sequence εn → 0, ξεn(t) and Φ̃εn(t)

such that

ξεn(t) ⇀ ξ(t) in L∞(0, T ;V (ω)) weak∗, (5.64)

∂ξεn(t)

∂t
⇀

∂ξ(t)

∂t
in L∞(0, T ;L2(ω)) weak∗, (5.65)

Φ̃εn(t) ⇀ Φ̃(t) in L∞(0, T ;H2
0 (ω)) weak∗, (5.66)

− ε−1
n [ξεn(t)− d̃]+ ⇀ f̃c in L∞(0, T ;H−1(ω)) weak∗, (5.67)
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∂2ξεn(t)

∂t2
⇀

∂2ξ(t)

∂t2
in L∞(0, T ;H−1(ω)) weak ∗ . (5.68)

According to the Rellich-Kondrachoff theorem, the compact imbedding ofH2(ω×]0, T [)

into L2(ω×]0, T [) implies that

ξεn(t) → ξ(t) in L2(ω×]0, T [). (5.69)

For ψ(t) ∈ L2(0, T ;V (ω)) such that ∂ψ(t)
∂t
∈ L2(0, T ;L2(ω)) and ψ(T ) = 0, we have

2ρ

∫

ω

∂2ξεn(t)

∂t2
ψ(t)dω + a(ξεn(t), ψ(t))− 2

∫

ω

[
Φ̃εn(t), ξεn(t) + θ̃

]
ψ(t)dω =

2

∫

ω

[
χ, ξεn(t) + θ̃

]
ψ(t)dω +

∫

ω

fψ(t)dω − ε−1

∫

ω

[ξεn(t)− d̃]+ψ(t)dω in ω × ]0, T [ .

Using the similar approach as in the penalized problem, we prove that

2ρ
∂2ξ

∂t2
− ∂αβmαβ(∇2ξ) = 2[Φ̃ + χ, ξ + θ̃] + f + f̃c in ω×]0, T [,

∆2Φ̃ = −1

2

[
ξ, ξ + 2θ̃

]
in ω × ]0, T [ ,

ξ(0) = ξ0,
∂ξ

∂t
(0) = ξ1.

From the estimate (5.56) and the convergence (5.69), we obtain ξ − d̃ ≤ 0 in ω × ]0, T [.
Then, the convergence (5.67) yields that f̃c ≤ 0 in ω × ]0, T [ in the dual sense.
From (5.61) and since [ξεn(t)− d̃]+ → 0 in L2(ω×]0, T [), we get

〈f̃c, ξ − d̃〉 → −ε−1
n 〈[ξεn(t)− d̃]+, [ξεn(t)− d̃]+〉

= 0.

5.3 Conclusion

An application of the technics from formal asymptotic analysis to the three-dimensional
dynamical model for a Signorini problem with Coulomb friction of nonlinearly elastic
shallow shell with a specific class of boundary conditions of generalized Marguerre-von
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Kármán type, made of homogeneous isotropic material, shows that the leading term
of the expansion is characterized by a two-dimensional frictionless dynamical contact
boundary value problem called the dynamical contact equations of generalized Marguerre-
von Kármán shallow shells, which depends on the Airy function Φ, the vertical component
ζ3 of the displacement field of the middle surface of the shallow shell and contact force fc.

The application of the penalization method to the dynamical contact equations of
generalized Marguerre-von Kármán shallow shells, shows that there exists a solution to
these equations.
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Chapter 6

Asymptotic analysis of elastodynamic
Signorini problem with Coulomb
friction of generalized nonhomogeneous
anisotropic Marguerre-von Kármán
shallow shell

In this Chapter, we extend formally the study of the fifth Chapter to nonhomogeneous
anisotropic material. More precisely, we considered a three-dimensional dynamical model
for a Signorini problem with Coulomb friction of nonlinearly elastic shallow shell with a
specific class of boundary conditions of generalized Marguerre-von Kármán type, made of
a general nonhomogeneous anisotropic material.
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6.1 Setting of the problem

Consider a nonlinearly elastodynamic shallow shell occupying in its reference configuration
the set ¯̂

Ωε, with thickness 2ε. We assume that the elastic material constituting the shell is
nonhomogeneous and anisotropic, and that the reference configuration is a natural state.

The shell is subjected to vertical body forces of density (f̂ εi ) = (0, 0, f̂ ε3 ) in its interior
Ω̂ε, its lower face Γ̂ε− subjected to a surface forces of density (ĝεi ) = (0, 0, ĝε3). We suppose
also that this shell is in unilateral contact with Coulomb friction at the upper face Γ̂ε+ and
Λ its frictional coefficient, such that d̂ε is the gap function which describes the distance
between the upper face and the rigid foundation measured in the normal direction. We
suppose that d̂ε ∈ L∞(Γ̂ε+), d̂ε ≥ 0 and independent of time t. On the portion Θε(γ1 ×
[−ε, ε]) of its lateral face, the shell is subjected to horizontal forces of von Kármán type
(ĥε1, ĥ

ε
2, 0), the remaining portion Θε(γ2 × [−ε, ε]) being free.

The unknowns displacement field ûε = (ûεi )(x̂
ε, t), stress field σ̂ε = (σ̂εij)(x̂

ε, t) and
the contact force Ĝε satisfies the following three-dimensional boundary value problem in
Cartesian coordinates:

(C.P̂ ε)anisdyn,c





ρ̂ε
∂2ûεi
∂t2
− ∂̂εj (σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i ) = f̂ εi in Ω̂ε × ]0,+∞[ ,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε])× ]0,+∞[ ,
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1 × ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on (γ2 × [−ε, ε])× ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on Γε− × ]0,+∞[ ,

(Aσ̂ε)ij = γ̂εij(û
ε) + 1

2
∂̂εi û

ε
l ∂̂

ε
j û

ε
l in Ω̂ε × ]0,+∞[ ,

ûεN ≤ d̂ε, Ĝε
N ≤ 0, Ĝε

N(ûεN − d̂ε) = 0 on Γ̂ε+ × ]0,+∞[ ,

|Ĝε
T | < Λ|Ĝε

N | ⇒
∂ûεT
∂t

= 0 on Γ̂ε+ × ]0,+∞[ ,

|Ĝε
T | = Λ|Ĝε

N | ⇒ ∃δ > 0,
∂ûεT
∂t

= −δĜε
T on Γ̂ε+ × ]0,+∞[ ,

ûε (x̂ε, 0) = p̂ε, ∂û
ε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε,

where 



γ̂εij(û
ε) = 1

2
(∂̂εi û

ε
j + ∂̂εj û

ε
i ),

ûεN = ûεn̂ε, ûεT = ûε − ûεN n̂ε,
∂ûεN
∂t

= ∂ûε

∂t
n̂ε,

∂ûεT
∂t

= ∂ûε

∂t
− ∂ûεN

∂t
n̂ε,

Ĝε
N = Ĝεn̂ε, Ĝε

T = Ĝε − Ĝε
N n̂ε,

p̂ε, q̂ε : the given initial data,
ρ̂ε : the mass density.

(6.1)

The mapping A is defined by

(Aσ̂ε)ij = ĉεijklσ̂
ε
kl,
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where Ĉε = (ĉεijkl) is the compliance tensor, we suppose that the associated rigidity tensor
Âε = (âεijkl) satisfy the following conditions





âεijkl(x̂
ε) ∈ L∞(Ω̂ε),

âεijkl = âεjikl = âεklij = âεklji
∃c > 0, âεijklτ̂

ε
klτ̂

ε
ij ≥ cτ̂ εij τ̂

ε
ij, τ̂

ε
ij = τ̂ εji.

We suppose that Γ̂ε+ smooth enough, such that the relations (5.2)-(5.9) are satisfied.
First, we rewrite the above boundary value problem (C.P̂ ε)anisdyn,c in the weak form, by

using Green’s formula, we show that any smooth solution of the boundary value problem
also satisfies the following variational problem:

(V.P̂ ε)anisdyn,c





Find (ûε, σ̂ε, Ĝε
N , Ĝ

ε
T ) ∈ K(Ω̂ε)× Σ(Ω̂ε)×W− 3

4
, 4
3 (Γ̂ε+)×W− 3

4
, 4
3 (Γ̂ε+)

∀t ≥ 0, such that,
D̂ε,t (ûε, v̂ε) + B̂ε,θ (σ (ε) , v̂ε) + 2Ĉε,θ (σ (ε) , ûε, v̂ε) = F̂ ε (v̂ε)

+〈Ĝε
N , v̂

ε
N〉+ 〈Ĝε

T , v̂
ε
T 〉, ∀v̂ε ∈ V(Ω̂ε),∀t > 0,∫

Ω̂ε
(Aσ̂ε)ij τ̂

ε
ijdx̂

ε −
∫

Ω̂ε
τ̂ εij γ̂

ε
ij(û

ε)dx̂ε − 1
2

∫
Ω̂ε
τ̂ εij ∂̂

ε
j û

ε
l ∂̂

ε
j û

ε
l dx̂

ε = 0,

∀τ̂ ε ∈ Σ(Ω̂ε), ∀t > 0,

〈Ĝε
N , v̂

ε
N − ûεN〉 ≥ 0 , ∀v̂ε ∈ K(Ω̂ε),∀t > 0,

〈Ĝε
T , v̂

ε
T −

∂ûεT
∂t
〉+ 〈Λ

∣∣∣Ĝε
N

∣∣∣ , |v̂εT | −
∣∣∣∂û

ε
T

∂t

∣∣∣〉 ≥ 0, ∀ v̂ε ∈ V(Ω̂ε),∀t > 0,

ûε (x̂ε, 0) = p̂ε, ∂û
ε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε,

where




D̂ε,t (ûε, v̂ε) = d2

dt2

{
ρ̂ε
∫

Ω̂ε
ûεi v̂

ε
i dx̂

ε
}
,

B̂ε,θ (σ (ε) , v̂ε) =
∫

Ω̂ε
σ̂εij γ̂

ε
ij(v̂

ε)dx̂ε,

Ĉε,θ (σ (ε) , ûε, v̂ε) = 1
2

∫
Ω̂ε
σ̂εij ∂̂

ε
j û

ε
l ∂̂

ε
j v̂

ε
l dx̂

ε,

F̂ ε (v̂ε) =
∫

Ω̂ε
f̂ ε3 v̂

ε
3dx̂

ε +
∫

Γ̂ε−
ĝε3v̂

ε
3dΓ̂ε +

∫
γ̂ε1
{
∫ ε
−ε (v̂εα ◦Θε) dxε3}ĥεαdγ̂ε.

〈., .〉 is the duality pairing between W− 3
4
, 4
3 (Γ̂ε+) and W

3
4
,4(Γ̂ε+) defined by (5.10).

In order to transform the problem (V.P̂ ε)anisdyn,c into problem posed over the cylindrical
domain Ωε, we use the one to one mapping (Θε)−1 and the relations (2.3).

Let there be a given C1-diffeomorphism Θε that satisfies the orientation-preserving
condition. Then the variational problem (V.P̂ ε)anisdyn,c is equivalent to the following varia-
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tional problem:

(P ε)anisdyn,c





Find (uε, σε, Gε
N ,G

ε
T ) ∈ K(Ωε)× Σ(Ωε)×W− 3

4
, 4
3 (Γε+)×W− 3

4
, 4
3 (Γε+)

∀t ≥ 0, such that,
Dε,t (uε,vε) +Bε,θ (σ (ε) ,vε) + 2Cε,θ (σ (ε) ,uε,vε) = F ε (vε)
+〈Gε

N , v
ε
N〉+ 〈Gε

T ,v
ε
T 〉,∀vε ∈ V(Ωε),∀t > 0,∫

Ωε
(Aσε)ijτ

ε
ijδ

εdxε −
∫

Ωε
τ εijb

ε
kj∂

ε
ku

ε
iδ
εdxε

−1
2

∫
Ωε
τ εijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mu

ε
l δ
εdxε = 0

∀τ ε ∈ Σ(Ωε),∀t > 0,
〈Gε

N , v
ε
N − uεN〉 ≥ 0 , ∀vε ∈ K(Ωε), ∀t > 0,

〈Gε
T ,v

ε
T −

∂uεT
∂t
〉+ 〈Λ |Gε

N | , |vεT | −
∣∣∣∂u

ε
T

∂t

∣∣∣〉 ≥ 0, ∀vε ∈ V(Ωε),∀t > 0,

uε(xε, 0) = pε, ∂u
ε

∂t
(xε, 0) = qε in Ωε,

where 



Dε,t (uε,vε) = d2

dt2

{
ρε
∫

Ωε
uεiv

ε
i δ
εdxε

}
,

Bε,θ (σ (ε) ,vε) = +
∫

Ωε
σεijb

ε
kj∂

ε
kv

ε
i δ
εdxε,

Cε,θ (σ (ε) ,uε,vε) = 1
2

∫
Ωε
σεijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε,

F ε (vε) =
∫

Ωε
f ε3v

ε
3δ
εdxε +

∫
Γε−
gε3v

ε
3δ
εβεdΓε

+
∫
γ1
hεα{
∫ ε
−ε v

ε
αdx

ε
3}dγ,

such that





uεi = ûεi ◦Θε, vεi = v̂εi ◦Θε, σεij = σ̂εij ◦Θε, τ εij = τ̂ εij ◦Θε,
(Aσε)ij = (Aσ̂ε)ij ◦Θε, cεijkl = ĉεijkl ◦Θε,

f ε3 = f̂ ε3 ◦Θε, gε3 = ĝε3 ◦Θε, hεα = ĥεα ◦Θε,
pεi = p̂εi ◦Θε, qεi = q̂εi ◦Θε,

dε = d̂ε ◦Θε.

〈., .〉 is the duality pairing between W− 3
4
, 4
3 (Γε+) and W

3
4
,4(Γε+) defined by (5.11).

6.2 Asymptotic analysis

6.2.1 The scaled three-dimensional problem

We use the same arguments as in Chapter 3 to transform (P ε)isodyn,c into a problem posed
over an open set independent of ε.

First, to the functions uε, vε ∈ V(Ωε), σε, τ ε ∈ Σ(Ωε), Gε
N ∈ W− 3

4
, 4
3 (Γε+) and Gε

T ∈
W− 3

4
, 4
3 (Γε+), we associate the scaled functions u(ε), v ∈ V(Ω), σ(ε), τ ∈ Σ(Ω),
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GN(ε) ∈ W− 3
4
, 4
3 (Γ+) and GT (ε) = (GTi(ε)) ∈W− 3

4
, 4
3 (Γ+) defined by





uεα(xε, t) = ε2uα(ε)(x, t), uε3(xε, t) = εu3(ε)(x, t),
vεα(xε) = ε2vα(x), vε3(xε) = εv3(x),
σεαβ(xε, t) = ε2σαβ(ε)(x, t), σεα3(xε, t) = ε3σα3(ε)(x, t),
σε33(xε, t) = ε4σ33(ε)(x, t),
τ εαβ(xε) = ε2ταβ(x), τ εα3(xε) = ε3τα3(x),
τ ε33(xε) = ε4τ33(x),
〈Gε

Tα
, vTα〉 = ε3〈GTα(ε), vTα〉, 〈Gε

T3
, vT3〉 = ε4〈GT3(ε), vT3〉,

〈Gε
N , vN〉 = ε4〈GN(ε), vN〉,

(6.2)

for all xε = πεx ∈ Ω̄ε.
Next, we make the following assumptions : there exists constant ρ > 0 and for some

T > 0, the functions f3 ∈ L2(0, T ;L2(Ω)), g3 ∈ L2(0, T ;L2(Γ−)), hα ∈ L2(0, T ;L2(γ1)),
θ ∈ C3(ω̄) independent of ε and p(ε) ∈ V(Ω), q(ε) ∈ L2(Ω;R3), cijkl(ε) ∈ L∞(Ω),
d(ε) ∈ L∞(Γ+) such that





ρε = ε2ρ,
f ε3 (xε, t) = ε3f3(x, t) ∀xε = πεx ∈ Ωε,
gε3(xε, t) = ε4g3(x, t) ∀xε = πεx ∈ Γε−,
hεα(y1, y2, t) = ε2hα(y1, y2, t) ∀(y1, y2) ∈ γ1,
θε(x1, x2) = εθ(x1, x2) ∀(x1, x2) ∈ ω̄,
pεα(xε) = ε2pα(ε)(x) ∀xε = πεx ∈ Ωε,
pε3(xε) = εp3(ε)(x) ∀xε = πεx ∈ Ωε,
qεα(xε) = ε2qα(ε)(x) ∀xε = πεx ∈ Ωε,
qε3(xε) = εq3(ε)(x) ∀xε = πεx ∈ Ωε,
cεijkl(x

ε) = cijkl(ε)(x) ∀xε = πεx ∈ Ωε,
dε(xε) = εd(ε)(x) ∀xε = πεx ∈ Γε+.

(6.3)

Using the relations (3.2) and (5.14), the scalings (6.2) and the assumptions (6.3), we
obtain

Theorem 6.1 The scaled fields (u(ε), σ(ε), GN(ε),GT (ε)) satisfies the following varia-

124



tional problem:

(P (ε))anisdyn,c





Find (u(ε), σ(ε), GN(ε),GT (ε)) ∈ K(ε)(Ω)× Σ(Ω)×W− 3
4
, 4
3 (Γ+)×

W− 3
4
, 4
3 (Γ+) ∀t ∈ [0, T ], such that,

Dt (u (ε) ,v) +Bθ (σ (ε) ,v) + 2Cθ (σ (ε) ,u (ε) ,v) = F (v) +

〈GN(ε), vN(ε)〉+ 〈GTα(ε), vTα(ε)〉+

ε2 [〈GT3(ε), vT3(ε)〉+R (ε;σ (ε) ,u (ε) ,v)] , ∀v ∈ V(Ω),∀t ∈ ]0, T [ ,

A(σ (ε) , τ)−Bθ (τ,u (ε))− Cθ (τ,u (ε) ,u (ε)) =

ε2S (ε;σ (ε) ,u (ε) , τ) ,∀τ ∈ Σ(Ω),∀t ∈ ]0, T [ ,

〈GN(ε), vN(ε)− uN(ε)〉 ≥ 0 , ∀v ∈ K(ε)(Ω),∀t ∈ ]0, T [ ,

〈GTα(ε), vTα(ε)− ∂uTα (ε)

∂t
〉+

ε
[
〈GT3(ε), vT3(ε)− ∂uT3

(ε)

∂t
〉 − 〈ΛGN(ε), |vT (ε)| −

∣∣∣∂uT (ε)
∂t

∣∣∣〉
]
≥ 0,

∀v ∈ V(Ω),∀t ∈ ]0, T [ ,

u (ε) (x, 0) = p (ε) , ∂u(ε)
∂t

(x, 0) = q (ε) in Ω,

where





A(σ (ε) , τ) =
∫

Ω
cαβγδ(ε)σγδ(ε)ταβdx,

Bθ (τ (ε) ,v) =
∫

Ω
τij (ε) γθij(v)dx,

Cθ (τ (ε) ,u (ε) ,v) = 1
2

∫
Ω
τij (ε) ∂θi u3 (ε) ∂θj v3dx,

Dt (u (ε) ,v) = d2

dt2

{
ρ
∫

Ω
u3 (ε) v3dx

}
,

F (v) =
∫

Ω
f3v3dx+

∫
Γ−
g3v3dΓ +

∫
γ1
hα{
∫ 1

−1
vαdx3}dγ,

γθij(v) = 1
2

(
∂θi vj + ∂θj vi

)
,

such that the remainders R and S are bounded.

Proof.

The same argument used in the proof of Theorem 5.1 the first equation in variational
problem (P ε)anisdyn,c may be written as

Dt (u (ε) ,v) +Bθ (σ (ε) ,v) + 2Cθ (σ (ε) ,u (ε) ,v) = F (v) +

〈GN(ε), vN(ε)〉+ 〈GTα(ε), vTα(ε)〉+ ε2 [〈GT3(ε), vT3(ε)〉+R (ε;σ (ε) ,u (ε) ,v)] ,
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where

R (ε;σ (ε) ,u (ε) ,v) = %F (ε; v)− %B (ε;σ (ε) ,v)−

%C (ε;σ (ε) ,u (ε) ,v)− %D(ε; u(ε),v).

Next, we have
∫

Ωε
(Aσε)ijτ

ε
ijδ

εdxε = ε5

∫

Ω

cαβγδ(ε)σγδ(ε)ταβdx+ ε7%A (ε;σ(ε), τ) ,

∫

Ωε
τ εijb

ε
kj∂

ε
ku

ε
iδ
εdxε = ε5

∫

Ω

τij (ε) γθij (u(ε)) dx+ ε7%B (ε; τ,u(ε)) ,

1

2

∫

Ωε
τ εijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mu

ε
l δ
εdxε =

ε5

2

∫

Ω

τij∂
θ
i u3 (ε) ∂θju3 (ε) dx

+ ε7%C (ε; τ,u (ε) ,u (ε)) .

Then the second equation in variational problem (P ε)anisdyn,c may be also written as

A(σ (ε) , τ)−Bθ (τ,u (ε))− Cθ (τ,u (ε) ,u (ε)) = ε2S (ε;σ (ε) ,u (ε) , τ) ,

where

S (ε;σ (ε) ,u (ε) , τ) = %B (ε; τ, u(ε)) + %C (ε; τ,u (ε) ,u (ε))− %A (ε;σ(ε), τ) .

Now, note that, there exists a positive constant C such that, for all u, v ∈ V(Ω) and
σ, τ ∈ Σ(Ω)

sup
0≤ε≤ε0

∫

Ω

|%A(ε;σ, τ)|dx ≤ C|σ|0,Ω|τ |0,Ω,

sup
0≤ε≤ε0

∫

Ω

|%B(ε; τ,v)|dx ≤ C|τ |0,Ω|v|1,Ω,

sup
0≤ε≤ε0

∫

Ω

|%C(ε; τ,u,v)|dx ≤ C|τ |0,Ω|u|1,4,Ω|v|1,4,Ω,

sup
0≤ε≤ε0

∫

Ω

|%F (ε; v)|dx ≤ C‖v‖1,Ω,
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sup
0≤ε≤ε0

∫

Ω

|%D(ε,u(ε),v)|dx ≤ C‖∂
2u(ε)

∂t2
‖−1, 4

3
,Ω‖v‖1,Ω.

For the unilateral contact conditions, we have

〈Gε
N , v

ε
N − uεN〉 = ε5〈GN(ε), vN(ε)− uN(ε)〉,

〈Gε
T ,v

ε
T −

∂uεT
∂t
〉+ 〈Λ|Gε

N |, |vεT | − |
∂uεT
∂t
|〉 = ε5〈GTα(ε), vTα(ε)− ∂uTα(ε)

∂t
〉

+ε6[〈GT3(ε), vT3(ε)− ∂uT3(ε)

∂t
〉 − 〈ΛGN(ε), |vT (ε)| − |∂uT (ε)

∂t
|〉],

6.2.2 The limit three-dimensional problem

Assume that the scaled fields (u(ε), σ(ε), GN(ε)) admit a formal asymptotic expansion of
the form:

(u(ε), σ(ε), GN(ε)) = (u0, σ0, G0
N) + ε(u1, σ1, G1

N) + ε2(u2, σ2, G2
N) + · · · , (6.4)

with
u0 = (u0

i ) ∈ V (Ω), ∂3u
0
3 ∈ C0

(
Ω̄
)
, up = (upi ) ∈ W 1,4(Ω;R3) ∀p ≥ 1,

(σp, Gp
N) ∈ Σ(Ω)×W− 3

4
, 4
3 (Γ+) ∀p ≥ 0,

and
cijkl(ε)(x) = c0

ijkl(x) + εc1
ijkl(x) + ε2c2

ijkl(x) + · · · , (6.5)

with
c0
ijkl(x) = cijkl(0)(x), cpijkl ∈ L∞(Ω) ∀p ≥ 0.
We also assume that when ε→ 0

p(ε)→ p0 in V(Ω), (6.6)

q(ε)→ q0 in L2(Ω;R3), (6.7)

d(ε)→ d in L∞(Γ+), (6.8)

εGN(ε)→ 0 in W− 3
4
, 4
3 (Γ+). (6.9)

We substitute the formal asymptotic expansion (6.4)-(6.5) into the variational problem
(P (ε))anisdyn,c, we obtain the following limit three-dimensional problem
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Theorem 6.2 The leading term (u0, σ0, G0
N) satisfies the following variational problem:

(P 0
1 )anisdyn,c





Find (u0, σ0, G0
N) ∈ K(Ω)× Σ(Ω)×W− 3

4
, 4
3 (Γ+) ∀t ∈ [0, T ], such that,

∫
Ω
σ0
iα∂ivαdx−

∫
Ω
σ0
αβ∂βθ∂3vαdx =

∫
γ1
hα{
∫ 1

−1
vαdx3}dγ,

∀vα ∈ Vα(Ω),∀t ∈ ]0, T [ ,

d2

dt2

{
ρ
∫

Ω
u0

3v3dx
}

+
∫

Ω
σ0
i3∂iv3dx+

∫
Ω
σ0
ij∂iu

0
3∂jv3dx

−
∫

Ω
σ0
α3∂αθ∂3v3dx−

∫
Ω
{σ0

αj∂αθ∂3u
0
3∂jv3 + σ0

iβ∂iu
0
3∂βθ∂3v3}dx

+
∫

Ω
σ0
αβ∂αθ∂3u

0
3∂βθ∂3v3dx =

∫
Ω
f3v3dx+

∫
Γ−
g3v3dΓ + 〈G0

N , v3〉,

∀v3 ∈ V3(Ω),∀t ∈ ]0, T [ ,
∫

Ω
c0
αβγδσ

0
γδταβdx−

∫
Ω
ταβγαβ(u0)dx− 1

2

∫
Ω
ταβ∂αu

0
3∂βu

0
3dx

+1
2

∫
Ω
ταβ(∂αθ∂3u

0
β + ∂βθ∂3u

0
α)dx

+1
2

∫
Ω
ταβ(∂αθ∂βu

0
3 + ∂βθ∂αu

0
3)∂3u

0
3dx

−1
2

∫
Ω
ταβ∂αθ∂βθ(∂3u

0
3)2dx = 0,

∀(ταβ) ∈ L2(Ω;S2),∀t ∈ ]0, T [ ,
∫

Ω
τα3(∂αu

0
3 + ∂3u

0
α)dx+

∫
Ω
τα3∂αu

0
3∂3u

0
3)dx

−
∫

Ω
τα3∂αθ∂3u

0
3dx−

∫
Ω
τα3∂αθ(∂3u

0
3)2dx = 0,

∀(τα3) ∈ L2(Ω;R2),∀t ∈ ]0, T [ ,
∫

Ω
τ33∂3u

0
3dx+ 1

2

∫
Ω
τ33(∂3u

0
3)2dx = 0,

∀τ33 ∈ L2(Ω), ∀t ∈ ]0, T [ ,

〈G0
N , v3 − u0

3〉 ≥ 0 , ∀v ∈ K(Ω),∀t ∈ ]0, T [ ,

u0 (x, 0) = p0, ∂u
0

∂t
(x, 0) = q0 in Ω.

Proof. First, in the last inequality in (P (ε))anisdyn,c, we take the test function vT (ε) = 0

after that vT (ε) = 2∂uT (ε)
∂t

, we obtain

〈GTα(ε),−∂uTα(ε)

∂t
〉+ ε[〈GT3(ε),−∂uT3(ε)

∂t
〉 − 〈ΛGN(ε),−|∂uT (ε)

∂t
|〉] ≥ 0, (6.10)

〈GTα(ε),
∂uTα(ε)

∂t
〉+ ε[〈GT3(ε),

∂uT3(ε)

∂t
〉 − 〈ΛGN(ε), |∂uT (ε)

∂t
|〉] ≥ 0. (6.11)

Then, we conclude that

〈GTα(ε),
∂uTα(ε)

∂t
〉 = ε[〈ΛGN(ε), |∂uT (ε)

∂t
|〉 − 〈GT3(ε),

∂uT3(ε)

∂t
〉], (6.12)
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From the (6.9) and since ∂uT3
(ε)

∂t
= O(ε), we obtain

GTα(ε) = 0 in Γ+, ∀t ∈ ]0, T [ .

Next, using technics of the asymptotic analysis method, we first replace u(ε), σ(ε),
GN(ε) and cijkl(ε)(x) by their expansions (6.4)-(6.5) in the forms A, Bθ, Cθ, Dt and F
and we equate to zero the terms which are independent of ε in (P (ε))anisdyn,c. Then we show
that (u0, σ0, G0

N) satisfy (P 0
1 )anisdyn,c.

Theorem 6.3 The leading term (u0, G0
N) satisfies the following variational problem:

(P 0
2 )anisdyn,c





Find (u0, G0
N) ∈ KKL(Ω)×W− 3

4
, 4
3 (Γ+) ∀t ∈ [0, T ], such that,

d2

dt2

{
ρ
∫

Ω
u0

3v3dx
}

+
∫

Ω
σ0
αβ∂βvαdx+

∫
Ω
σ0
αβ∂α(u0

3 + θ)∂βv3dx =
∫

Ω
f3v3dx+

∫
Γ−
g3v3dΓ +

∫
γ1
hα{
∫ 1

−1
vαdx3}dγ + 〈G0

N , v3〉,

∀v ∈ VKL(Ω),∀t ∈ ]0, T [ ,

〈G0
N , v3 − u0

3〉 ≥ 0 , ∀v ∈ KKL(Ω),∀t ∈ ]0, T [ ,

u0 (x, 0) = p0, ∂u
0

∂t
(x, 0) = q0 in Ω,

where





σ0
αβ = c0,−1

αβγδ(x)Ē0
γδ(u

0),

(c0,−1
αβγδ) is the inverse of (c0

αβγδ),

Ē0
γδ(u

0) = 1
2

(
∂γu

0
δ + ∂δu

0
γ + ∂γθ∂δu

0
3 + ∂δθ∂γu

0
3 + ∂γu

0
3∂δu

0
3

)
.

Proof.

The proof has been divided into 3 steps

Step 1. The fifth equation in (P 0
1 )anisdyn,c give

∂3u
0
3(1 +

1

2
∂3u

0
3) = 0,

so that
∂3u

0
3 = 0 or ∂3u

0
3 = −2.

Since the inclusion H3(Ω) ↪→ C1(Ω) and u0
3 = 0 on γ1 × [−1, 1], the solution ∂3u

0
3 =

−2 is eliminated. Hence we obtain

∂3u
0
3 = 0 in Ω. (6.13)
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Consequently, the fourth equation in (P 0
1 ) reduce to

∂αu
0
3 + ∂3u

0
α = 0 in Ω. (6.14)

Step 2. Taking into account the equation (6.13)-(6.14), the third equation in (P 0
1 )anisdyn,c

reduce to

c0
αβγδσ

0
γδ − γαβ(u0)− 1

2
∂αu

0
3∂βu

0
3 −

1

2
(∂αθ∂βu

0
3 + ∂βθ∂αu

0
3) = 0. (6.15)

We observe that
γαβ(u0) =

1

2

(
∂αu

0
β + ∂βu

0
α

)
.

If (c0,−1
αβγδ) is the inverse of (c0

αβγδ), we show that

σ0
αβ = c0,−1

αβγδ(x)Ē0
γδ(u

0).

Note that
c0,−1
αβγδ(x) = aαβγδ(x)− aαβi3(x)iij(x)aj3γδ(x),

where i = (iij) is the inverse of the matrix (ai3j3).

Step 3. Taking into account the equation (6.13), we next find that the second equation
in (P 0

1 )anisdyn,c reduce to

d2

dt2

{
ρ

∫

Ω

u0
3v3dx

}
+

∫

Ω

σ0
α3∂αv3dx+

∫

Ω

σ0
αβ∂αu

0
3∂βv3dx =

∫

Ω

f3v3dx+

∫

Γ−

g3v3dΓ + 〈G0
N , v3〉, (6.16)

From the first equation and the relation (6.14), we conclude that
∫

Ω

σ0
α3∂αv3dx =

∫

Ω

σ0
αβ∂βθ∂αv3dx+

∫

Ω

σ0
αβ∂βvαdx−

∫

γ1

hα{
∫ 1

−1

vαdx3}dγ. (6.17)

We replace the integral
∫

Ω
σ0
α3∂αv3dx in equation (6.16) by their expression (6.17),

we find that

d2

dt2

{
ρ

∫

Ω

u0
3v3dx

}
+

∫

Ω

σ0
αβ∂βvαdx+

∫

Ω

σ0
αβ∂α(u0

3 + θ)∂βv3dx =

∫

Ω

f3v3dx+

∫

Γ−

g3v3dΓ +

∫

γ1

hα{
∫ 1

−1

vαdx3}dγ + 〈G0
N , v3〉.
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6.2.3 The limit two-dimensional problem

We show in the next theorem that (P 0
2 )anisdyn,c is in a sense of two-dimensional problem posed

over the two-dimensional domain ω̄.

Theorem 6.4 The leading term u0 = (u0
i ) is of the form u0

α = ζα − x3∂αζ3 and u0
3 = ζ3

with ζ = (ζi) ∈ V(ω) ∀t ∈ [0, T ]. In addition, the field ζ satisfies the following limit scaled

two-dimensional problem:

(P (ω))anisdyn,c





Find (ζ, fc) ∈ K(ω)×H−2(ω) ∀t ∈ [0, T ], such that,

2ρ
∫
ω
∂2ζ3
∂t2

η3dω −
∫
ω
manis
αβ ∂αβη3dω +

∫
ω
N̄anis
αβ ∂α(ζ3 + θ)∂βη3dω

+
∫
ω
N̄anis
αβ ∂βηαdω =

∫
ω

p3η3dω + 2
∫
γ1
hαηαdγ + 〈fc, η3〉, ∀η ∈ V(ω),∀t ∈]0, T [,

〈fc, η3 − ζ3〉 ≥ 0 , ∀η ∈ K(ω),∀t ∈]0, T [,

ζ(., 0) = ϕ, ∂ζ
∂t

(., 0) = ψ in ω,

where

p3 =
∫ 1

−1
f3dx3 + g3(.,−1), d = d(.,+1), 〈fc, η3〉 = 〈G0

N , v3〉, N̄anis
αβ and manis

αβ are defined

by the relations (3.15) and (3.16).

Proof.

i) From v ∈ VKL(Ω), by a standard argument due to P.G Ciarlet (see,e.g., [Cia97, The-
orem 1.4-4]), we get

u0
α = ζα − x3∂αζ3 and u0

3 = ζ3 with ζ = (ζi) ∈ V(ω).

ii) We observe that
Ē0
γδ(u

0) = Ē0
γδ (ζ) + x3Υγδ(ζ3). (6.18)

From the definition of σ0
αβ and (6.18), we conclude that

∫ 1

−1

σ0
αβdx3 =

∫ 1

−1

c0,−1
αβγδ(x)

[
Ē0
γδ (ζ) + x3Υγδ(ζ3)

]
dx3

=

(∫ 1

−1

c0,−1
αβγδ(x)dx3

)
Ē0
γδ (ζ) +

(∫ 1

−1

x3c
0,−1
αβγδ(x)dx3

)
Υγδ(ζ3)

= C0
αβγδĒ

0
γδ(ζ) + C1

αβγδΥγδ(ζ3)

= N̄anis
αβ (ζ),
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and
∫ 1

−1

x3σ
0
αβdx3 =

∫ 1

−1

x3c
0,−1
αβγδ(x)

[
Ē0
γδ (ζ) + x3Υγδ(ζ3)

]
dx3

=

(∫ 1

−1

x3c
0,−1
αβγδ(x)dx3

)
Ē0
γδ (ζ) +

(∫ 1

−1

x2
3c

0,−1
αβγδ(x)dx3

)
Υγδ(ζ3)

= C1
αβγδĒ

0
γδ(ζ) + C2

αβγδΥγδ(ζ3)

= manis
αβ (ζ),

iii) First we choose, in (P 0
2 ), v ∈ VKL(Ω) with the components

vα(x) = −x3∂αη3(x1, x2), v3(x) = η3(x1, x2),

with η3 ∈ H2(ω) and η3 = ∂νη3 = 0 on γ1.

This choice shows that (P 0
2 ) reduce to

d2

dt2

{
ρ

∫

Ω

ζ3η3dx

}
−
∫

Ω

x3σ
0
αβ∂αβη3dx+

∫

Ω

σ0
αβ∂α(ζ0

3 + θ)∂βη3dx =

∫

Ω

f3η3dx+

∫

Γ−

g3η3dΓ + 〈fc, η3〉. (6.19)

The second choice of v ∈ VKL(Ω) is

vα(x) = ηα(x1, x2), v3(x) = 0,

with ηα ∈ H1(ω).

In this case shows that (P 0
2 )anisdyn,c reduce to
∫

Ω

σ0
αβ∂βηαdx = 2

∫

γ1

hαηαdγ (6.20)

Using Fubini’s Formula:
∫

Ω
Fdx =

∫
ω

{∫ 1

−1
Fdx3

}
dω, we have

d2

dt2
{ρ
∫

Ω

ζ3η3dx} = 2ρ

∫

ω

∂2ζ3

∂t2
η3dω,

∫

Ω

−x3σ
0
αβ∂αβη3dx = −

∫

ω

manis
αβ ∂αβη3dω,

∫

Ω

σ0
αβ∂α(ζ3 + θ)∂βη3dx =

∫

ω

N̄anis
αβ ∂α(ζ3 + θ)∂βη3dω,
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∫

Ω

f3η3dx+

∫

Γ−

g3η3dΓ =

∫

ω

{
∫ 1

−1

f3dx3 + g3(.,−1)}η3dω

=

∫

ω

p3η3dω,

∫

Ω

σ0
αβ∂βηαdx =

∫

ω

N̄anis
αβ ∂βηαdω = 2

∫

γ1

hαηαdγ.

Then

2ρ

∫

ω

∂2ζ3

∂t2
η3dω −

∫

ω

manis
αβ ∂αβη3dω +

∫

ω

N̄anis
αβ ∂α(ζ3 + θ)∂βη3dω

+

∫

ω

N̄anis
αβ ∂βηαdω =

∫

ω

p3η3dω + 2

∫

γ1

hαηαdγ + 〈fc, η3〉.

Next, we write the two-dimensional boundary value problem as an equivalent boundary
value problem (P̄ (ω))anisdyn,c.

Theorem 6.5 Assume that the boundary γ is sufficiently smooth. Then any smooth

solution ζ = (ζi) of the variational problem (P (ω))anisdyn,c is also a solution of the following

two-dimensional displacement problem:

(P̄ (ω))anisdyn,c





Find ((ζα), ζ3, fc) ∈ (H1(ω))2 ×H2(ω)×H−2(ω) ∀t ∈ [0, T ], such that,

2ρ∂
2ζ3
∂t2
− ∂αβmanis

αβ − N̄anis
αβ ∂αβ (ζ3 + θ) = p3 + fc in ω × ]0, T [ ,

∂βN̄
anis
αβ = 0 in ω × ]0, T [ ,

ζ3 = ∂νζ3 = 0 on γ1× ]0, T [ ,

N̄anis
αβ νβ = 2hα on γ1 × ]0, T [ ,

manis
αβ νανβ = 0 on γ2 × ]0, T [ ,

∂αm
anis
αβ νβ + ∂τ

(
manis
αβ νατβ

)
= 0 on γ2 × ]0, T [ ,

N̄anis
αβ νβ = 0 on γ2 × ]0, T [ ,

ζ3 ≤ d, fc ≤ 0, fc(ζ3 − d) = 0 in ω × ]0, T [ ,

ζ(., 0) = ϕ, ∂ζ
∂t

(., 0) = ψ in ω.
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Proof.

Applying the Green formulas, we obtain

−
∫

ω

manis
αβ ∂αβη3dω =

∫

γ

{(
∂αm

anis
αβ

)
νβ + ∂τ

(
manis
αβ νατβ

)}
η3dγ

−
∫

γ

manis
αβ νανβ∂νη3dγ −

∫

ω

(
∂αβm

anis
αβ

)
η3dω,

∫

ω

N̄anis
αβ ∂α (ζ3 + θ) ∂βη3dω = −

∫

ω

{
∂β
(
N̄anis
αβ ∂α (ζ3 + θ)

)}
η3dω

+

∫

γ

(
N̄anis
αβ ∂α (ζ3 + θ)

)
νβη3dγ,

∫

ω

N̄anis
αβ ∂βηαdω = −

∫

ω

(
∂βN̄

anis
αβ

)
ηαdω +

∫

γ

N̄anis
αβ νβηαdγ.

Then
∫

ω

[
2ρ
∂2ζ3

∂t2
− ∂αβmanis

αβ − ∂β
(
N̄anis
αβ ∂α (ζ3 + θ)

)
− p3

]
η3dω − 〈fc, η3〉 −

∫

ω

(
∂βN̄

anis
αβ

)
ηαdω +

∫

γ

(
N̄anis
αβ νβ − 2h̃α

)
ηαdγ −

∫

γ2

manis
αβ νανβ∂νη3dγ +

∫

γ2

{[
∂αm

anis
αβ + N̄anis

αβ ∂α (ζ3 + θ)
]
νβ + ∂τ

(
manis
αβ νατβ

)}
η3dγ = 0,

for all η = (ηα, η3) ∈ V (ω), with the functions h̃α : γ × [0, T ]→ R defined by

h̃α = hα on γ1 × [0, T ] and h̃α = 0 on γ2 × [0, T ].

These equations imply that all the factors of ηα, η3, and ∂νη3 vanish in their respective
domains of integration. Then we get

2ρ
∂2ζ3

∂t2
− ∂αβmanis

αβ − ∂β
(
N̄anis
αβ ∂α (ζ3 + θ)

)
= p3 + fc in ω × ]0, T [ ,

and

∂βN̄
anis
αβ = 0 in ω × ]0, T [ ,

so that

∂β
(
N̄anis
αβ ∂α (ζ3 + θ)

)
= N̄anis

αβ ∂αβ (ζ3 + θ) in ω × ]0, T [ ,
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consequently

2ρ
∂2ζ3

∂t2
− ∂αβmanis

αβ − N̄anis
αβ ∂αβ (ζ3 + θ) = p3 + fc in ω × ]0, T [ .

For boundary conditions, we get

N̄anis
αβ νβ − 2h̃α = 0 on γ × ]0, T [ ,

thus

N̄anis
αβ νβ = 2hα on γ1 × ]0, T [ ,

and

N̄anis
αβ νβ = 0 on γ2 × ]0, T [ .

We also get

manis
αβ νανβ = 0 on γ2 × ]0, T [ ,

and

[
∂αm

anis
αβ + N̄anis

αβ ∂α (ζ3 + θ)
]
νβ + ∂τ

(
manis
αβ νατβ

)
= 0 on γ2 × ]0, T [ ,

since N̄anis
αβ νβ = 0 on γ2 × ]0, T [, we conclude that

∂αm
anis
αβ νβ + ∂τ

(
manis
αβ νατβ

)
= 0 on γ2 × ]0, T [ .

Finally, in the last inequality in (P (ω))anisdyn,c, we take the test function η3 = d after
that η3 = 2ζ3 − d, we obtain

〈fc, d− ζ3〉 ≥ 0,

and
〈fc, ζ3 − d〉 ≥ 0.

Thus
〈fc, ζ3 − d〉 = 0.
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6.3 Dynamical contact equations of generalized non-

homogeneous anisotropic Marguerre-von Kármán

shallow shells

We now rewrite the two-dimensional boundary value problem (P̄ (ω))anisdyn,c in the form of
dynamical contact equations of generalized nonhomogeneous anisotropic Marguerre-von
Kármán shallow shell as follows:

Theorem 6.6 Assume that the set ω is simply-connected and that its boundary γ is

sufficiently smooth. Let ζ = (ζi) be a solution of (P̄ (ω))anisdyn,c with the regularity

ζα ∈ H3(ω), ζ3 ∈ H3(ω) and fc ∈ H−1(ω) ∀t ∈ [0, T ].

Then

a) The functions h̃α : γ × [0, T ]→ R defined by

h̃α = hα on γ1 × [0, T ] and h̃α = 0 on γ2 × [0, T ],

are in the space H
3
2 (γ) and satisfy the compatibility conditions

∫

γ

h̃1dγ =

∫

γ

h̃2dγ =

∫

γ

(x1h̃2 − x2h̃1)dγ = 0.

b) Furthermore, there exists a function Φ ∈ H4(ω), uniquely defined by the relations

Φ(0) = ∂1Φ(0) = ∂2Φ(0) = 0, such that

N̄anis
11 = 2∂22Φ, N̄anis

12 = N̄anis
21 = −2∂12Φ, N̄anis

22 = 2∂11Φ.

c) Finally, the triple (ζ3,Φ, fc) ∈ (H3(ω)∩K)×H4(ω)×H−1(ω) ∀t ∈ [0, T ], satisfies the

following problem
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(P )anisdyn,c





2ρ∂
2ζ3
∂t2
− ∂αβManis

αβ (ζ3,Φ) = 2 [Φ, ζ3 + θ] + p3 + fc in ω × ]0, T [ ,

∆2Φ = 1
2
L(ζ3,Φ) in ω × ]0, T [ ,

ζ3 = ∂νζ3 = 0 on γ1× ]0, T [ ,

Manis
αβ (ζ3,Φ)νανβ = 0 on γ2× ]0, T [ ,

∂αM
anis
αβ (ζ3,Φ)νβ + ∂τ

(
Manis

αβ (ζ3,Φ)νατβ
)

= 0 on γ2 × ]0, T [ ,

Φ = Φ0, ∂νΦ = Φ1 on γ × ]0, T [ ,

ζ3 ≤ d, fc ≤ 0, fc(ζ3 − d) = 0 in ω × ]0, T [ ,

ζ3 (., 0) = ϕ3,
∂ζ3
∂t

(., 0) = ψ3 in ω,

where





Φ0(y) = −y1

∫
γ(y)

h̃2dγ + y2

∫
γ(y)

h̃1dγ +
∫
γ(y)

(x1h̃2 − x2h̃1)dγ,

Φ1(y) = −ν1

∫
γ(y)

h̃2dγ + ν2

∫
γ(y)

h̃1dγ, y = (y1, y2) ∈ γ,

[Φ, ζ] = ∂11Φ∂22ζ + ∂22Φ∂11ζ − 2∂12Φ∂12ζ,

Manis
αβ (ζ3,Φ) = F θαβ(ζ3,Φ) +m2,θ

αβ(ζ3),

L(ζ3,Φ) = ∆
[
C0
ααγδC

1,−1
σςγδF θσς(ζ3,Φ) +N2,θ

αα (ζ3)
]
,

F θαβ(ζ3,Φ) = C1
αβγδ[C

0,−1
11γδ (2∂22Φ−N2,θ

11 (ζ3)) + C0,−1
22γδ (2∂11Φ−N2,θ

22 (ζ3))+

2C0,−1
12γδ (−2∂12Φ−N2,θ

12 (ζ3))],

such that m2,θ
αβ(ζ3), N2,θ

αβ (ζ3) are defined in Section 3.3 and C0,−1
αβγδ, C

1,−1
αβγδ are the inverse of

C0
αβγδ, C1

αβγδ respectively.

Proof.

The proof is similar to that of Theorem 3.6. We prove that

a) The functions h̃α ∈ H
3
2 (γ) satisfy the compatibility conditions.

b) The regularities of N̄anis
αβ ∈ H2(ω) imply that Φ ∈ H4(ω). Then Φ is uniquely defined

if we impose that Φ(0) = ∂1Φ(0) = ∂2Φ(0) = 0, such that

N̄anis
11 = 2∂22Φ, N̄anis

12 = N̄anis
21 = −2∂12Φ, N̄anis

22 = 2∂11Φ in ω.
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c) (i) From N̄anis
αβ νβ = 2h̃α on γ, we obtain

Φ = Φ0, ∂νΦ = Φ1 on γ × ]0, T [ .

(ii) We have
N̄anis
αβ ∂αβ (ζ3 + θ) = 2 [Φ, ζ3 + θ] ,

and

manis
αβ (ζ) = F θαβ(ζ3,Φ) +m2,θ

αβ(ζ3)

= Manis
αβ (ζ3,Φ).

Then, we deduce

2ρ
∂2ζ3

∂t2
− ∂αβManis

αβ (ζ3,Φ) = 2 [Φ, ζ3 + θ] + p3 + fc in ω × ]0, T [ .

(iii) Notice that

∆2Φ =
1

2
∆[C0

ααγδC
1,−1
σςγδF

θ
σς(ζ3,Φ) +N2,θ

αα (ζ3)]

=
1

2
L(ζ3,Φ). (6.21)

6.4 Conclusion

An application of the technics from formal asymptotic analysis to the three-dimensional
dynamical model for a Signorini problem with Coulomb friction of nonlinearly elastic
shallow shell with a specific class of boundary conditions of generalized Marguerre-von
Kármán type, made of a general nonhomogeneous anisotropic material, shows that the
leading term of the expansion is characterized by a two-dimensional frictionless dynamical
contact boundary value problem called the dynamical contact equations of generalized
nonhomogeneous anisotropic Marguerre-von Kármán shallow shells, which depends on
the Airy function Φ, the vertical component ζ3 of the displacement field of the middle
surface of the shallow shell and contact force fc.
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Part III

Numerical approximations
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Chapter 7

Finite element approximations of
generalized Marguerre-von Kármán
equations

This Chapter, make as apply the finite element method for approximating solutions to the
generalized Marguerre-von Kármán equations, solving these equations amounts to solving
a single discrete cubic operator equation. This work was published in [GC14].
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7.1 Generalized Marguerre-von Kármán equations

Ciarlet and Gratie [CG06b] have shown that, the generalized Marguerre-von Kármán
equations written as

(P )isosta





−∂αβmαβ(∇2ξ) = [Φ, ξ + θ̃] + f in ω,
42Φ = −[ξ, ξ + 2θ̃] in ω,
ξ = ∂νξ = 0 on γ1,
mαβ(∇2ξ)νανβ = 0 on γ2,
∂αmαβ(∇2ξ)νβ + ∂τ (mαβ(∇2ξ)νατβ) = 0 on γ2,
Φ = Φ0 and ∂νΦ = Φ1 on γ,

where




mαβ(∇2ξ) = − 1
3

{
4λµ
λ+2µ
4ξδαβ + 4µ∂αβξ

}
,

Φ0(y) = −γ1

∫
γ(y)

h̃2dγ + γ2

∫
γ(y)

h̃1dγ +
∫
γ(y)

(x1h̃2 − x2h̃1)dγ, y ∈ γ,
Φ1(y) = −ν1

∫
γ(y)

h̃2dγ + ν2

∫
γ(y)

h̃1dγ, y ∈ γ,
[Φ, ξ] = ∂11Φ∂22ξ + ∂22Φ∂11ξ − 2∂12Φ∂12ξ.

The known functions θ̃ and f are, up to constant factors, the function that defines
the middle surface of the shell and the resultant of the vertical forces acting on the
shell. The functions Φ0 and Φ1 are known functions of the appropriately “scaled” density
(hα) : γ1 → R2 of the resultant of the horizontal forces acting on the portion of the lateral
face of the shell with γ1 as its middle line and the functions h̃α ∈ L2(γ) defined by h̃α = hα

on γ1, h̃α = 0 on γ2. The constants λ and µ are the Lamé constants of the material. The
unknown ξ : ω̄ → R is, up to constant factors, the vertical component of the displacement
field of the middle surface of the shell and the unknown Φ : ω̄ → R is the Airy function.

7.2 The continuous cubic operator equation

Let us briefly recall some of the results obtained in [CG06b] concerning the properties of
the continuous cubic operator equation.

Let χ̃ ∈ H2(ω) denote the unique solution in the sense of distribution to the boundary
value problem:

∆2χ̃ = [θ̃, θ̃] in ω, (7.1)

χ̃ = Φ0 and ∂νχ̃ = Φ1 on γ. (7.2)
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Let F ∈ V (ω) denote the unique solution in the sense of distribution to the boundary
value problem:

− ∂αβmαβ

(
∇2F

)
= f in ω, (7.3)

F = ∂νF = 0 on γ1, (7.4)

mαβ

(
∇2F

)
νανβ = 0 on γ2, (7.5)

∂αmαβ

(
∇2F

)
νβ + ∂τ

(
mαβ

(
∇2F

)
νατβ

)
= 0 on γ2. (7.6)

Let the bilinear mapping:

B : H2(ω)×H2(ω)→ H2
0 (ω),

be defined as follows: for each pair (ξ, η) ∈ H2(ω)×H2(ω), the function B(ξ, η) ∈ H2
0 (ω)

is the unique solution in the sense of distribution to the boundary value problem:

∆2B(ξ, η) = [ξ, η] in ω, (7.7)

B (ξ, η) = ∂νB (ξ, η) = 0 on γ. (7.8)

Let the second bilinear mapping:

B̃ : H2(ω)×H2(ω)→ V (ω),

be defined as follows: for each pair (Φ, ξ) ∈ H2(ω)×H2(ω), the function B̃(Φ, ξ) ∈ V (ω)

is the unique solution in the sense of distribution to the boundary value problem:

− ∂αβmαβ

(
∇2B̃(Φ, ξ)

)
= [Φ, ξ] in ω, (7.9)

B̃(Φ, ξ) = ∂νB̃(Φ, ξ) = 0 on γ1, (7.10)

mαβ

(
∇2B̃(Φ, ξ)

)
νανβ = 0 on γ2, (7.11)

∂αmαβνβ + ∂τ

(
mαβ

(
∇2B̃(Φ, ξ)

)
νατβ

)
= 0 on γ2. (7.12)

First, Ciarlet and Gratie [CG06b] have shown that, the generalized Marguerre-von Kár-
mán equations are reduced to a cubic operator equation, such that a pair (ξ,Φ) ∈
V (ω) × H2(ω) satisfies the generalized Marguerre-von Kármán equations in the sense
of distributions if and only if the function ξ̃ = (θ̃+ ξ) ∈ V (ω) satisfies the cubic operator
equation:

C̃(ξ̃) + (I − L̃)ξ̃ − F̃ = 0, (7.13)
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and the Airy function Φ ∈ H2(ω) is given by

Φ = χ̃−B(ξ̃, ξ̃), (7.14)

where
F̃ = θ̃ + F.

The cubic mapping
C̃ : V (ω)→ V (ω),

is defined by
C̃(η) = B̃(B(η, η), η).

The linear mapping
L̃ : V (ω)→ V (ω),

is defined by
L̃η = B̃(χ̃, η).

Noting that, finding the solution ξ̃ of the above operator equation (7.13) is equivalent
to solving the following variational problem:

(P)isosta

{
Find ξ̃ ∈ V (ω) such that,
((C̃(ξ̃) + (I − L̃)ξ̃ − F̃ , η)) = 0 for all η ∈ V (ω),

where ((., .)) is the inner-product on V (ω) defined by

((ζ, η)) = −
∫

ω

mαβ(∇2ζ)∂αβηdω,

and let ‖.‖ denote the norm associated with the inner product ((., .)) which is equivalent
to the norm ‖.‖H2(ω) over the space V (ω).

Next, Ciarlet and Gratie [CG06b] have shown that, under the assumptions (ω is
simply-connected, the functions h̃α satisfy natural compatibility conditions, and the norms
‖hα‖L2(γ1) are small enough), the generalized Marguerre-von Kármán equations have at
least one solution (ξ,Φ) ∈ V (ω)×H2(ω) in the sense of distributions.

The cubic operator equation (7.13) generalizes an operator equation originally intro-
duced by Berger [Ber67] and Berger and Fife [BF68], then used by Naumann [Nau74] and
Ciarlet et al. [CGK07] for analyzing the von Kármán equations for a nonlinearly elastic
plate.
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7.3 The finite element method

7.3.1 The discrete cubic operator equation

Let ω be a bounded connected, open subset of R2 with a Lipschitz continuous boundary
γ, we henceforth assume that γ is a polygon, so that ω̄ can be exactly covered by a
regular family of triangulations.

Let Wh ⊂ H2(ω), Vh ⊂ V (ω), V0h ⊂ H2
0 (ω), be standard conforming finite element

spaces associated with such a family, i.e. that satisfy the minimal conditions of [[Cia78],
Theorem 6.1-7]. As usual, the parameter h denotes the greatest diameter of all the finite
elements found in a given triangulation, strong and weak convergence are noted → and
⇀ respectively. All convergences are meant to hold as h→ 0.

Let χ̃h ∈ Wh denote standard finite element approximation of χ̃ ∈ H2(ω), which
therefor satisfies

‖χ̃h − χ̃‖H2(ω) → 0. (7.15)

Let Fh ∈ Vh denote the unique solution of the variational equations

−
∫

ω

∂αβmαβ(∇2Fh)ηhdω =

∫

ω

fηhdω for all ηh ∈ Vh,

with satisfies
‖Fh − F‖H2(ω) → 0. (7.16)

Let the bilinear mapping

Bh : H2(ω)×H2(ω)→ V0h,

be defined as follows: for each pair (ξ, η) ∈ H2(ω)×H2(ω), the function Bh(ξ, η) ∈ V0h is
the unique solution of the variational equations,

∫

ω

∆Bh(ξ, η)∆ςhdω =

∫

ω

[ξ, η]ςhdω for all ςh ∈ V0h,

hence, for (ξ, η) ∈ H2(ω)×H2(ω) fixed,

‖Bh(ξ, η)−B(ξ, η)‖H2(ω) → 0. (7.17)

Finally, let the another bilinear mapping

B̃h : H2(ω)×H2(ω)→ Vh,
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be defined as follows: for each pair (Φ, ξ) ∈ H2(ω) ×H2(ω), the function B̃h(Φ, ξ) ∈ Vh
is the unique solution of the variational equations

−
∫

ω

∂αβmαβ(∇2B̃h(Φ, ξ))ηhdω =

∫

ω

[Φ, ξ]ηhdω for all ηh ∈ Vh,

hence, for (Φ, ξ) ∈ H2(ω)×H2(ω) fixed,

‖B̃h(Φ, ξ)− B̃(Φ, ξ)‖H2(ω) → 0. (7.18)

For each h > 0, the discrete problem is then defined through the following theorem:

Theorem 7.1 The discrete problem of generalized Marguerre-von kármán equations con-

sists in finding (ξ̃h,Φh) ∈ Vh ×Wh, such that ξ̃h satisfies the discrete operator equation:

C̃h(ξ̃h) + (I − L̃h)ξ̃h − F̃h = 0 in Vh, (7.19)

and Φh is given by

Φh = χ̃h −Bh(ξ̃h, ξ̃h) in Wh, (7.20)

where the discrete cubic mapping C̃h : Vh → Vh is defined by

C̃h(ηh) = B̃h(Bh(ηh, ηh), ηh),

the linear mapping L̃h : Vh → Vh is defined by

L̃hηh = B̃h(χ̃h, ηh),

and

ξ̃h = θ̃ + ξh and F̃h = θ̃ + Fh.

Proof. The discrete problem of generalized Marguerre-von kármán equations consists in
finding (ξ̃h,Φh) ∈ Vh ×Wh, such that ξ̃h satisfies the variational equation

−
∫

ω

∂αβmαβ(∇2(ξ̃h − θ̃))ηhdω =

∫

ω

([Φh, ξ̃h] + f)ηhdω for all ηh ∈ Vh, (7.21)

and Φh satisfies the variational equation
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∫

ω

∆2Φh.ϑh =

∫

ω

([θ̃, θ̃]− [ξ̃h, ξ̃h])ϑhdω for all ϑh ∈ Wh. (7.22)

By definition of the function χ̃h and the mapping Bh, (7.22) imply that

Φh = χ̃h −Bh(ξ̃h, ξ̃h) in Wh.

By definition of the function F̃h and the mapping B̃h, (7.21) imply that

ξ̃h − F̃h = B̃h(Φh, ξ̃h) in Vh. (7.23)

Eliminating Φh between these two operator equations (7.20) and (7.23), yields the single
operator equation

B̃h(Bh(ξ̃h, ξ̃h), ξ̃h) + ξ̃h − B̃h(χ̃h, ξ̃h)− F̃h = 0 in Vh.

Then, we conclude that ξ̃h ∈ Vh is found by solving the discrete operator equation:

C̃h(ξ̃h) + (I − L̃h)ξ̃h − F̃h = 0 in Vh,

Naturally, finding the solution ξ̃h of the above discrete operator equation (7.19) is
equivalent to solving the following discrete variational problem:

(Ph)isosta

{
Find ξ̃h ∈ Vh such that,
((C̃h(ξ̃h) + (I − L̃h)ξ̃h − F̃h, ηh)) = 0 for all ηh ∈ Vh.

7.3.2 Convergence

We will need the following lemma:

Lemma 7.1 The bilinear mapping Bh is sequentially compact, hence a fortiori continu-

ous, in the sense that, if

(ξh, ηh) ⇀ (ξ, η) ∈ [H2(ω)]2,

then

Bh(ξh, ηh)→ Bh(ξ, η) ∈ H2
0 (ω).
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Proof.

We define the following inner-product on H2
0 (ω)

(ζ, ς)∆ =

∫

ω

∆ζ∆ςdω,

and let ‖.‖∆ denote the norm over the space H2
0 (ω), which corresponds to the inner

product (., .)∆.
From the definition of the mapping Bh, we get

(Bh(ξ, η), ς)∆ =

∫

ω

[ξ, η]ςdω,

for all (ξ, η, ς) ∈ [H2(ω)]2 ×H2
0 (ω).

Then there exists a constant c1 such that

‖Bh(ξ, η)‖∆ ≤ c1‖ξ‖W 1,4(ω)‖η‖W 1,4(ω), (7.24)

for all (ξ, η) ∈ [H2(ω)]2.
Let (ξh, ηh) ⇀ (ξ, η) ∈ [H2(ω)]2, using the bilinearity of Bh, we have

Bh(ξh, ηh)−Bh(ξ, η) = Bh(ξh − ξ, η) +Bh(ξ, ηh − η) +Bh(ξh − ξ, ηh − η).

From (7.24), it follows that there exists a constant c2 such that

‖Bh(ξh, ηh)−Bh(ξ, η)‖∆ ≤ c2(‖ξh − ξ‖W 1,4(ω)‖η‖W 1,4(ω) + ‖ξ‖W 1,4(ω)‖ηh − η‖W 1,4(ω)

+ ‖ξh − ξ‖W 1,4(ω)‖ηh − η‖W 1,4(ω)).

The compact imbedding of H2(ω) into W 1,4(ω) implies that Bh(ξh, ηh) → Bh(ξ, η) ∈
H2

0 (ω), for more details see the proof (part (iv)) of [Cia97, Theorem 5.8-2].

Theorem 7.2 Assume that ω is simply-connected, the functions hα satisfy natural com-

patibility conditions, and their norms ‖hα‖L2(γ1) are small enough. Then

(a) there exists a constant M such that, for each h > 0, the discrete variational problem

(Ph)isosta has at least one solution ξ̃h ∈ Vh that satisfies ‖ξ̃h‖ ≤M .

(b) Let (ξ̃h)h>0 be any subsequence that weakly converges in H2(ω), let ξ ∈ V (ω) denote

its limit and let the associated subsequence (Φh)h>0 be defined by (7.20). Then ξ is

a solution of the variational problem (P)isosta, and

(ξ̃h,Φh)→ (ξ̃,Φ) in H2(ω)×H2(ω),
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where Φ is defined by (7.14).

Proof.

(a) (i) The definitions of the mapping B̃h and the function χ̃h imply that the linear
mapping L̃h is continuous, then there exists a constant c3 such that

‖L̃h‖L(V (ω)) ≤ c3

∑

α

‖hα‖L2(γ1). (7.25)

(ii) From the definitions of the mappings Bh, B̃h and C̃h, we conclude that, for any
ηh ∈ Vh

((C̃h(ηh), ηh)) = ((B̃h(Bh(ηh, ηh), ηh))

=

∫

ω

[Bh(ηh, ηh), ηh]ηhdω.

Taking into account Bh(ηh, ηh) ∈ H2
0 (ω), then applying [Cia97, Theorem 5.8-2

], we deduce that

((C̃h(ηh), ηh)) =

∫

ω

[ηh, ηh]Bh(ηh, ηh)dω

=

∫

ω

∆Bh(ηh, ηh)∆Bh(ηh, ηh)dω

= ‖∆Bh(ηh, ηh)‖2
L2(ω) ≥ 0.

So that, the discrete cubic operator C̃h satisfies

((C̃h(ηh), ηh)) ≥ 0 for all ηh ∈ Vh. (7.26)

(iii) Since the mapping Bh is sequentially compact (see Lemma 7.1), so that

if ξ̃h ∈ Wh, be such that
ξ̃h ⇀ ξ̃ in H2(ω).

Then
Bh(ξ̃h, ξ̃h)→ Bh(ξ̃, ξ̃) in H2

0 (ω).

From (7.17), it follows that

Bh(ξ̃h, ξ̃h)→ B(ξ̃, ξ̃) in H2
0 (ω). (7.27)
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(iv) Let χ̃h ∈ Wh, ξ̃h ∈ Wh, and ηh ∈ Wh be such that

χ̃h → χ̃ in H2(ω), ξ̃h ⇀ ξ̃ in H2(ω), ηh ⇀ η in H2(ω), (7.28)

then
((B̃h(χ̃h, ξ̃h), ηh))→ ((B̃(χ̃, ξ̃), η)). (7.29)

To shown this, we have

((B̃h(χ̃h, ξ̃h), ηh))− ((B̃(χ̃, ξ̃), η)) =

∫

ω

[χ̃h, ξ̃h]ηhdω −
∫

ω

[χ̃, ξ̃]ηdω

=

∫

ω

[χ̃h, ξ̃h]ηhdω +

∫

ω

[χ̃, ξ̃h]ηhdω

−
∫

ω

[χ̃, ξ̃h]ηhdω +

∫

ω

[χ̃, ξ̃h]ηdω

−
∫

ω

[χ̃, ξ̃h]ηdω −
∫

ω

[χ̃, ξ̃]ηdω

=

∫

ω

[χ̃h − χ̃, ξ̃h]ηhdω

+

∫

ω

[χ̃, ξ̃h](ηh − η)dω

+

∫

ω

[χ̃, ξ̃h − ξ̃]ηdω.

The compact imbedding of H2(ω) into C0(ω), gives
∫

ω

[χ̃h − χ̃, ξ̃h]ηhdω ≤ c4‖χ̃h − χ̃‖H2(ω)‖ξ̃h‖H2(ω)‖ηh‖H2(ω), (7.30)

and
∫

ω

[χ̃, ξ̃h](ηh − η)dω ≤ ‖[χ̃, ξ̃h]‖L1(ω)‖ηh − η‖C0(ω̄),

≤ c5‖χ̃‖H2(ω)‖ξ̃h‖H2(ω)‖ηh − η‖C0(ω̄). (7.31)

Since χ̃h → χ̃ in H2(ω) and ξ̃h ⇀ ξ̃ in H2(ω), the inequality (7.30) and (7.31)

imply that the first and second terms approach zero as h→ 0.

We have
∫

ω

[χ̃, ξ̃h − ξ̃]ηdω =

∫

ω

(η∂11χ̃∂22ξ̃h + η∂22χ̃∂11ξ̃h − 2η∂12χ̃∂12ξ̃h)dω

−
∫

ω

[χ̃, ξ̃]ηdω,

since η∂αβχ ∈ L2(ω) and ∂στξh ⇀ ∂στξ in L2(ω), imply that the third terms
approach zero as h→ 0 which implies (7.29).
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(v) By adapting a compactness method due to Lions (see [Lio69, Chap. 1, Theorem
4.3]), we show that, if the norms ‖hα‖L2(γ1) are small enough, there exists a
constant M independent of h, such that the discrete problem (Ph)isosta has at
least one solution ξ̃h that satisfies ‖ξ̃h‖ ≤M .

To see this, let whi , 1 ≤ i ≤ d(h) be a basis of Vh that is orthonormal with
respect to the inner product ((., .)).

Let 〈., .〉 and |.| denote the Euclidean inner product and Euclidean norm in
Rd(h) and let X = (Xi)

d(h)
i=1 be any vector in Rd(h).

We define the mapping ηh : Rd(h) → Vh by letting

ηh(X) =

d(h)∑

i=1

Xiw
h
i for all X ∈ Rd(h),

and we define the mapping Gh = (Gh
i ) : Rd(h) → Rd(h) by letting, for all

X ∈ Rd(h)

(Gh
i )(X) = ((C̃h(ηh(X)) + (I − L̃h)ηh(X)− F̃h, whi )) = 0,

1 ≤ i ≤ d(h).

So that, for all X ∈ Rd(h)

〈
Gh(X),X

〉
= ((C̃h(ηh(X)) + (I − L̃h)ηh(X)− F̃h, ηh(X))).

Since ‖F̃h‖ ≤ c6‖f‖L2(ω) and the properties established in (i) and (ii) imply
that

〈
Gh(X),X

〉
≥ (1− ‖L̃h‖L(V (ω)))|X|2 − ‖F̃h‖|X|

≥ (1− c3

∑

α

‖hα‖L2(γ1))|X|2 − c6‖f‖L2(ω)|X|.

We assume that the norms ‖hα‖L2(γ1) are small enough, in the sense that∑

α

‖hα‖L2(γ1) ≤ c−1
3 and let

M = c6(1− c3

∑

α

‖hα‖L2(γ1))
−1‖f‖L2(ω),

thus 〈
Gh(X),X

〉
≥ 0,
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for all X ∈ Rd(h), such that |X| = M .

Hence a simple corollary to the Brouwer fixed point theorem (see [Lio69, Chap.
1, Lemma 4.3]) applied to the continuous mapping Gh (the continuity of Gh

follows from that of the mappings C̃h and L̃h) shows that, there exists at least
one vector X ∈ Rd(h) such that

Gh(X) = 0 and ‖X‖ ≤M.

Equivalently, there thus exists at least one solution

ξ̃h =

d(h)∑

i=1

Xiw
h
i ∈ Vh,

to problem (Ph)isosta such that ‖ξ̃h‖ ≤M .

(b) (i) Since the sequence (ξ̃h)h>0 found in (a)-(v) is bounded independently of h in the
space V (ω), there exists a subsequence (ξ̃h)h>0 and ξ̃ ∈ V (ω) such that

ξ̃h ⇀ ξ̃ in H2(ω). (7.32)

Then ξ̃ is a solution of the variational problem (P)isosta. Too see this,

given any η ∈ V (ω), there exists functions ηh ∈ Vh such that

ηh → η in H2(ω),

so that, by part (a)-(v),

((C̃h(ξ̃h) + (I − L̃h)ξ̃h − F̃h, ηh)) = 0 for all ηh ∈ Vh. (7.33)

From (7.16), it follows that

((ξ̃h − F̃h, ηh))→ ((ξ̃ − F̃ , η)).

By definition of the linear mapping L̃h, we know that

((L̃hξ̃h, ηh)) = ((B̃h(χ̃h, ξh), ηh)),

by part (a)-(iv), we know that ((B̃h(χ̃h, ξh), ηh))→ ((B̃(χ̃, ξ), η)), hence

((L̃hξ̃h, ηh))→ ((L̃ξ̃, η)),
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By definition of the cubic mapping C̃h, we know that

((C̃h(ξh), ηh)) =

∫

ω

[Bh(ξh, ξh), ξh]ηhdω.

by part (a)-(iii), we know that Bh(ξ̃h, ξ̃h)→ B(ξ̃, ξ̃) in H2
0 (ω), so that

[Bh(ξh, ξh), ξh] → [B(ξ, ξ), ξ] in L1(ω), (7.34)

thus
((C̃h(ξ̃h), ηh))→ ((C̃(ξ̃), η)).

Then passing to the limit as h→ 0 in (7.33), we obtain

((C̃(ξ̃) + (I − L̃)ξ̃ − F̃ , η)) = 0 for all η ∈ V (ω).

(ii) The subsequence (ξ̃h)h>0 found in (b)-(i), satisfies strongly convergent

ξ̃h → ξ̃ in H2(ω). (7.35)

To shown this, we let ηh = ξ̃h in the variational equations of (Ph)isosta.

Then
((C̃h(ξ̃h), ξ̃h)) + ‖ξ̃h‖2 − ((B̃h(χ̃h, ξ̃h), ξ̃h))− ((F̃h, ξ̃h)) = 0.

From (7.16), it follows that

((F̃h, ξ̃h))→ ((F̃ , ξ̃)). (7.36)

by part (a)-(iv), we conclude that

((B̃h(χ̃h, ξh), ξh))→ ((B̃(χ̃, ξ), ξ)) (7.37)

By definition of the cubic mapping C̃h, we know that

((C̃h(ξh), ξh)) =

∫

ω

[Bh(ξh, ξh), ξh]ξhdω.

Using (7.34), we get
((C̃h(ξ̃h), ξh))→ ((C̃(ξ̃), ξ)). (7.38)

From (7.36)− (7.38) and since ξ̃ is a solution to the variational problem (P)isosta,
we deduce that

‖ξ̃h‖2 → ‖ξ̃‖2,

which implies (7.35).
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(iii) It remains to be shown
Φh → Φ in H2(ω). (7.39)

From (7.20), we know that

Φh = χ̃h −Bh(ξ̃h, ξ̃h).

Since χ̃h → χ̃ in H2(ω) and Bh(ξ̃h, ξ̃h)→ B(ξ̃, ξ̃), we obtain

(χ̃h −Bh(ξ̃h, ξ̃h))→ (χ̃−B(ξ̃, ξ̃)),

which implies (7.39).

7.4 Conclusion

In this Chapter, we establish the convergence of a conforming finite element approxima-
tions to the generalized Marguerre-von Kármán equations. We first reduce the discrete
problem of these equations to a single discrete cubic operator equation, whose unknown is
the approximate of vertical displacement of the shallow shell. We next solve this discrete
operator equation, by adapting a compactness method due to J.L. Lions and Brouwer’s
fixed point theorem. Then we establish the convergence of a conforming finite element
approximations to these equations. Using weak regularity on solutions, but in order to
get an error estimates it need more regularity.
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Conclusions and perspectives

The major conclusions of these studies are:
Firstly, a mathematical justification of five new two-dimensional models in nonlinear

shallow shells theory by asymptotic analysis method:

1. Dynamical equations of generalized Marguerre-von Kármán shallow shells.

2. Dynamical equations of generalized nonhomogeneous anisotropic Marguerre-von
Kármán shallow shells.

3. Generalized Marguerre-von Kármán equations with Signorini conditions.

4. Dynamical contact equations of generalized Marguerre-von Kármán shallow shells.

5. Dynamical contact equations of generalized nonhomogeneous anisotropic Marguerre-
von Kármán shallow shells.

Secondly, the existence of a solution to the two models 1 and 4.
Thirdly, the convergence of a conforming finite element approximations to the gener-

alized Marguerre-von Kármán equations.
Notice that, in the case γ = γ1, the previous models reduce to the classical Marguerre-

von Kármán shallow shell models. If the function θ ≡ 0 in ω̄, the shallow shell becomes
a plate. Then the generalized Marguerre-von Kármán shallow shell models reduce to the
generalized von Kármán plate models.

As future work, we plan to:

1. Derive an estimate for the error of the approximate solution to the generalized
Marguerre-von Kármán equations, which obtained in last Chapter and numerically
study for these equations.
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2. Study the existence of a solution to the models 2, 3 and 5.

3. Study the numerical analysis for two models 1 and 4. It is a natural complement to
our study, where we establish the existence of solutions to these models.

4. Extend these studies for shallow shell to general shell problems.
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Title: Asymptotic analysis of a Signorini problem with Coulomb

friction for shallow shells. Dynamical case

Abstract: The objective of this thesis is to study the asymptotic modeling of three-

dimensional problems of nonlinearly elastic shallow shells, in dynamical case, with and

without unilateral contact. Also, to study the numerical approximation of the generalized

Marguerre-von Kármán equations.

In the first Part, we consider a three-dimensional dynamical models for a nonlinearly

elastic shallow shells with a specific class of boundary conditions of generalized Marguerre-

von Kármán type, without unilateral contact. Using technics from asymptotic analysis,

we justify two two-dimensional models. The first model in homogeneous and isotropic

material case, called dynamical equations of generalized Marguerre-von Kármán shallow

shells. The second one in nonhomogeneous and anisotropic material case, called dynami-

cal equations of generalized nonhomogeneous anisotropic Marguerre-von Kármán shallow

shells. In addition, we establish the existence of solution to the first model.

In the second Part, we extend the two models in first part, to a Signorini contact with

Coulomb friction case. To this end, we justify the dynamical contact equations of gener-

alized Marguerre-von Kármán shallow shells. Also, we establish the existence of solution

to these equations. Next, we justify the dynamical contact equations of generalized non-

homogeneous anisotropic Marguerre-von Kármán shallow shells. In addition, we justify

the contact equations of generalized Marguerre-von Kármán shallow shells, in static case.

In the third Part, we establish the convergence of a conforming finite element approx-

imations to the generalized Marguerre-von Kármán equations.

Key words: nonlinear shallow shell theory, asymptotic analysis, dynamical problem,

Signorini problem, Coulomb friction, Marguerre-von Kármán equations.



Titre: Analyse asymptotique du problème de Signorini avec frotte-

ment de Coulomb pour les coques peu-profondes. Cas dynamique

Résumé: L’objectif de cette thèse est d’étudier la modélisation asymptotique des coques

peu-profondes non linéairement élastiques, dans le cas dynamique, avec et sans contact

unilatéral. Aussi, d’étudier l’approximation numérique des équations de Marguerre-von

Kármán généralisées.

Dans la première Partie, nous considérons des modèles tri-dimensionnels dynamiques

pour les coques peu-profondes non linéairement élastiques avec une classe spécifique de

conditions aux limites de type Marguerre-von Kármán généralisé, sans contact unilatéral.

En utilisant les techniques de l’analyse asymptotique, nous justifions deux modèles bi-

dimensionnels. Le premier modèle dans le cas d’un matériau homogène et isotrope, appelé

les équations dynamiques des coques peu-profondes de Marguerre-von Kármán général-

isées. Le second dans le cas d’un matériau non homogène et anisotrope, appelé les équa-

tions dynamiques des coques peu-profondes non homogènes anisotropes de Marguerre-von

Kármán généralisées. En plus, nous établissons l’existence de solution pour le premier

modèle.

Dans la deuxième Partie, nous étendons les deux modèles en première Partie, au cas

contact de Signorini avec frottement de Coulomb. À cette fin, nous justifions les équations

de contact dynamiques des coques peu-profondes de Marguerre-von Kármán généralisées.

Aussi, nous établissons l’existence de solution à ces équations. Ensuite, nous justifions les

équations de contact dynamiques des coques peu-profondes non homogènes anisotropes

de Marguerre-von Kármán généralisées. En plus, nous justifions les équations de contact

des coques peu-profondes de Marguerre-von Kármán généralisées, dans le cas statique.

Dans la troisième Partie, nous établissons la convergence d’une approximations par

éléments finis conforme pour les équations de Marguerre-von Kármán généralisées.

Mots clés: théorie de coque peu-profonde non linéaire, analyse asymptotique, prob-

lème dynamique, problème de Signorini, frottement de Coulomb, équations de Marguerre-

von Kármán.



 
 

كل الهي كولوم  احتكاكوريني مع يسينلمسألة  التحليل المقارب :العنوان

 حالة ديناميكية. الانحناء ةعيفض

 
خطٍح، ىٍسد ٍشوّح  اخر الاّحْاء  حؼٍفمو ضاىهٍ اىَْزجح اىَقاستح اىهذف ٍِ هزٓ الأطشوحح هى دساسح  :ملخص

فىُ ماسٍاُ  -اسح اىرقشٌة اىؼذدي ىَؼادلاخ ٍاسغاسدس مـزىل  .، ٍغ وتذوُ اذصاه ٍِ جاّة واحذدٌْاٍٍنٍحفً حاىح 

 اىَؼََح.
 

ششوط ٍغ  ىهٍامو ضؼٍفح الاّحْاء  راخ ٍشوّح ىٍسد خطٍح دٌْاٍٍنٍح ثلاثٍح الأتؼادَّارج ّؼرثش فً اىجزء الاوه،  

 ّاب، تشسَقاساىاىرحيٍو  ذقٍْاخ ذوُ اذصاه ٍِ جاّة واحذ. تاسرخذاً ت فىُ ماسٍاُ ٍؼٌَ. -ٍاسغاس  ٌح ٍِ ّىعحذ

 ذذػى اىَؼادلاخ اىذٌْاٍٍنٍح  اىَادٌح، اىخىاص جٍىحذو َرجاّسح اىحاىح اىفً . اىَْىرج الأوه َّىرجٍِ ثْائً الأتؼاد

اىخىاص  جىٍسد ٍىحذ ٍرجاّسح وىٍسد   فً حاىحاًّ . اىثحاىَؼََ فىُ ماسٍاُ -َاسغاسىىهٍامو ضؼٍفح الاّحْاء  

فىُ  -ىَاسغاس  اىخىاص جٍىحذ دوىٍس د ٍرجاّسحىٍسالاّحْاء   حضؼٍف مواهٍاىَؼادلاخ اىذٌْاٍٍنٍح ىذذػى  ،اىَادٌح

 وجىد حو ىيَْىرج الأوه. أثثرْا تالإضافح إىى رىل ،حماسٍاُ اىَؼََ

 

ىرحقٍق هزٓ  .مىىىً  احرناكىسًٌْ ٍغ ٍسٍْ ذصاهاإىى حاىح  اىَْىرجٍِ فً اىجزء الأوه، دّاٍذفً اىجزء اىثاًّ،   

أثثرْا   أٌضا .حفىُ ماسٍاُ اىَؼََ -ىَاسغاسالاّحْاء   حضؼٍفمو اىهٍ حاىذٌْاٍٍنٍ الاذصاه ٍؼادلاخ ّاتشس ،اىغاٌح

 دوىٍس حٍرجاّس دىٍسالاّحْاء   حضؼٍفمو ااىذٌْاٍٍنٍح ىهٍ الاذصاهٍؼادلاخ  تشسّا ىهزٓ اىَؼادلاخ. ثٌ وجىد حو

الاّحْاء   حضؼٍفمو اىهٍ الاذصاهتشسّا ٍؼادلاخ  تالإضافح إىى رىل. حفىُ ماسٍاُ اىَؼََ -ىَاسغاس  اىخىاص جٍىحذ

 سنىُ. ، فً حاىححفىُ ماسٍاُ اىَؼََ -ىَاسغاس

 

 ح.فىُ ماسٍاُ اىَؼََ -ٍاسغاس َؼادلاخى َرسقحاى اىَْرهٍحفً اىجزء اىثاىث، أثثرْا ذقاسب ذقشٌثٍح اىؼْاصش 

 

 ٍسأىحٍسأىح دٌْاٍٍنٍح، ـقاسب، خطً، ذحــيٍو  ٍـ ىٍسضؼٍف الاّحْاء  هٍنو ّظشٌح   :مفتاحيةالكلمات ال

 .فىُ ماسٍاُ -ٍاسغاس ٍؼادلاخ ،مىىىً  احرناك ىسًٌْ،ٍسٍْ
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