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Introduction

The problem of the regression function estimation is often sought out by
practitioners to solve their problems. Both parametric and nonparametric
technics have been developed on the basis of a set of observations. In all
these research works, the authors focus on two essential points.

e The nature of the data set.

e The link between a first variable of interest and a covariate X.

These variables can take different forms. It can be unidimensional or mul-
tidimensional if it contains an exact number of information. We can also
encounter the case where the quantity of information is illimitated. In this
case we define a functional variable, we mainly talk about "Data curves".
Functional variables can be only observed on a finite grid of discretization
points, the estimation can then be viewed as a multidimensional problem.
This technic fails because of the great number of discretization points which
leads to the well-known problem of curse of dimensionality, linked to the
sparseness of the data. This motivates the extension of the finite dimensional
statistical technics to the infinite dimensional data setting. The nonparamet-
ric methods are then reasonable ways to deal with this type of data sets.
There is nowadays a large number of fields where functional data are col-
lected such as environmetrics, medicine, finance and pattern recognition. A
classical statistical problem is that of regression which consists to study the

relationship between two observed variables with the aim to predict the value



of the response variable when a new value of the explanatory one is observed.
Note that the modelization of functional variable is becoming more and more
popular since the publication of the monograph of Ramsay and Silverman
(1997) on functional data analysis. However, the first results concerning
the nonparametric models were obtained by Ferraty and Vieu (2000) who
established the almost complete pointwise consistency of kernel regression es-
timators when the observations are independent and identically distributed
(i.i.d.). These results have been extended in Ferraty et al. (2002) by treating
the time series prediction. Dabo and Rhomari (2003) stated the convergence
in L” norm of the kernel estimator of this model and Delsol (2007) states
the asymptotic expression for the IL” errors. The reader can found in Ferraty
and Vieu (2006) more discussions on nonparametric methods for functional
data. The asymptotic results including the mean squared convergence, with
rates, as well as the asymptotic normality of kernel estimators of regression
function have been obtained by Ferraty et al. (2007); many other recent
related references about the nonparametric functional data analysis include
Amiri et al. (2014), Ezzahrioui and Ould-Said (2008) , Rachdi and Vieu
(2007) and so on.

Meanwhile, the nonparametric k-Nearest-Neighbours (kNN) estimator for
functional data has also been investigated. For example, Burba et al. (2009)
established the pointwise consistency for independent data and Kudraszow
and Vieu (2013) gave the rate of the almost complete uniform convergence
of the regression KNN estimator.

In the most of the aforementioned works the authors used the kernel method,
whereas it is known, in the finite dimensional data case, that the latter pro-
duces high bias compared to the local linear method. We can found in Chu
and Marron (1991), Fan (1992) and Fan and Gijbels (1996) an interesting
comparison between both methods. Since the open question (cf. Ferraty and

Vieu (2006)) "How can the local polynomial ideas be adapted to infinite-



dimensional settings?", the local linear smoothing in the functional data
setting has been considered by many authors in several versions.

The first one was considered by Baillo and Grane (2009) who studied the
consistency in mean square of the constructed local linear estimator when
the covariates are of Hilbertian nature (see also the paper by El Methni
and Rachdi (2011)). Another version of a functional local linear regression
estimator was given by Barrientos et al. (2010) in the case where the explana-
tory variable is valued in a functional semi metric space. Then, Berlinet et al.
(2011) stated the asymptotic mean square error of a functional local linear es-
timator of the regression operator which is constructed by inverting the local
covariance operator of the functional explanatory variable. The mean-square
convergences of the locally modelled regression estimation for conditional
density function and conditional cumulative distribution function have also
been established in Rachdi et al. (2014) and Demongeot et al. (2014),
respectively for independent functional data. Zhiyong and Zhengyan (2016)
established the mean-square convergence as well as the asymptotic normality
for the regression function, they also adapt the empirical likelihood method
to construct the pointwise confidence intervals for the regression function
and derived the Wilk’s phenomenon for the empirical likelihood inference.
Attaoui et al. (2017) considered the problem of the local linear estimation
of the regression operator when the regressor is functional, they constructed
an estimator by the kNN method and established its almost complete con-
sistency with rate.

Notice that Barrientos et al. (2010) obtained a rate of the pointwise almost-
complete convergence for the local linear estimator of the regression function.
But, as pointed out in Ferraty et al. (2010) "the uniform consistency results
are indispensable tools for the study of more sophisticated models in which
multi-stage procedures are involved". Under uniform convergence, one can

make prediction even if the data are not well observed. We also can solve



some problems such as data-driven bandwidth choice (see Benhenni et al.
(2007)), or bootstrapping (see Ferraty et al. (2008)). Uniform convergence
of other local linear nonparametric estimators has been investigated in some
papers as Demongeot et al. (2010) and Demongeot et al. (2011) for the con-
ditional density and Messaci et al. (2015) for the conditional quantile. As
for us, one of our principal aims is to establish the uniform almost complete
convergence of the local linear estimator of a generalized regression function
which generalizes the regression estimator studied in Barrientos et al. (2010)
and to focus on a robust tool of prediction (a conditional quantile estimator).
First, the researchers considered a functional explanatory variable and a real
response variable (see the references previously cited). Then, the case when
the response variable is also functional is treated , see for example Ferraty
et al. (2011), (2012a). Moreover, Demongeot et al. (2017) generalized
the results established by Baillo and Grane (2009), considering both the
response and the explanatory variables of functional kind. In this direction,
they stated the rate of uniform almost-complete convergence of the local lin-
ear estimator of the regression operator.

However, in practice, observed data can exhibit a dependence form. A large
studied example is the case of the a-mixing dependence. We cite Laksaci
et al. (2011) and Attaoui et al. (2014) for papers dealing with such func-
tional dependent data. In the last works, the pointwise almost complete
convergence has been studied, while Laib and Louani (2010), and Ling et al.
(2015) obtained the asymptotic properties of the nonparametric kernel esti-
mator for functional stationary ergodic data, Benhenni et al. (2008) for the
long memory dependent case. In 2005, Masry (2005) investigated the asymp-
totic normality of the nonparametric kernel estimator for a-mixing functional
data. Demongeot et al. (2013) established the pointwise almost-complete
consistency of a fast functional local linear estimator of the conditional den-

sity when the explanatory variable is functional and the observations are



dependent and Ferraty et al. (2012b) treated the case when the response
variable is also functional for the S-mixing observations.

The uniform almost sure convergence has been proved in Ferraty and Vieu
(2004) for kernel estimators in the situation of dependent functional data
for a-mixing functional data. It is known that the local linear method can
improve the quality of the estimation. But, despite the importance of the
uniform convergence, we are not aware of results dedicated to this topic, for
local linear estimates, in the setting of dependent functional data. In this
thesis, we address this problem. More precisely, we establish both pointwise
and uniform almost complete convergence of the local linear estimator of the

generalized regression function based on dependent functional data.

Organization of the thesis

This thesis is organized as follows.

Chapter 1 : It consists to study a local modelling approach when one re-
gresses a scalar response on an explanatory functional variable via a
regression estimator proposed in Barrientos et al. (2010). The point-
wise almost complete convergence of this estimator is given in Section

1.1.

Chapter 2 : Our principal aim, in this part, is to establish the uniform al-
most complete convergence of the local linear estimator of a generalized
regression function which generalizes the regression estimator studied
in (Barrientos et al., 2010) and to focus on a robust tool of prediction (a
conditional quantile estimator). More precisely, Section 2.1 is devoted
to introduce the generalized regression function estimator and to state
its pointwise convergence. Section 2.2 contains the principal result of

this section which consists to establish the rate of the uniform almost



convergence of the last estimator. Then, we focus on the particular
case of the conditional distribution function estimation from which we
deduce a rate of the uniform consistency of a conditional quantile esti-
mator. In Section 2.3 using a real data set, the prediction obtained from

this last estimator is compared to those of two other known estimators.

Chapter 3 : In this chapter, we establish the almost complete convergence
of a local linear nonparametric estimator of the conditional distribution
function of a scalar response variable given a random variable taking
values in a semi metric space (the functional variable) when the col-
lected observations are a-mixing (see Sections 3.1 and 3.2 ). Then,
we derive the consistency of a conditional median estimator which is
a prediction tool. Finally, in Section 3.3 a real data study shows that
our estimator performs well with respect to other known conditional

median estimators.

Chapter 4 : We establish, in this chapter, the pointwise and the uniform al-
most complete convergence (see Sections 4.1 and 4.2) of the local linear
estimator of the generalized regression function presented in Chapter 2,
except that the data are here assumed to be a-mixing. This dependence
complicates considerably the theoretical study. A comparison between
kernel and local linear estimators, based on functional dependent data,

is conducted from two real datasets in Section 4.3.

Chapter 5 : For the sake of easy references, we briefly recall, in this annex,

some basic definitions and probabilistic tools needed in this thesis .



Chapter 1
Local linear estimation

A very widely studied problem in statistics is the link between two variables,
the main goal of which is to predict one of the variables (the response variable)
given a new value of the other (the explanatory variable). One way to deal
with this problem is by means of the regression method which is based on
the conditional expectation.
Since the pioneer works in Ferraty and Vieu (2006), various studies dealt with
the nonparametric functional estimation. This research field is motivated by
the fact that several data collected in practice, are given in the form of curves
and that the progress of the digital computing tools allows the treatment of
such observations.
Here, we focuse on the nonparametric estimation of the regression operator
defined by

Y=m(X)+e,

where the explanatory variable X is valued in some infinite-dimensional space
F,Y is a scalar response, ¢ is a random noise independent from X.

To do that, one way consists in using a functional kernel estimator (see Fer-
raty and Vieu (2000) and Ferraty and Vieu (2006), for a deep study), which

is an extension to this functional framework of the Nadaraya-Watson ker-



nel estimator, based on n pairs (X4, Y);—1 _, identically and independently
distributed as (X,Y’). The functional kernel estimator is defined as follows
N YK (hY6(x, X
m()(ili') _ 21711 (_1 5| ( )l)7 (11>
> iy K(h7Ho(z, Xi)])

where K is a standard univariate kernel function, J(.,.) locates one element

of F with respect to another one, and the bandwidth A := h,, is a sequence
of strictly positive real numbers which plays a smoothing parameter role.
This kernel estimator mg(x) can be seen as the solution of the minimization

problem

n

min(WSE,(a)) with WSE,(a) = Z(Y; —a)’K(h™6(Xi, z)|),

a€R -
i=1

since it is easy to check that the derivative of W SE, vanishes at a = mg(z).
Actually, the kernel estimator given by (1.1) is locally approximating m by
a constant (a zero-degree polynomial). So, to increase the effictive of the
functional nonparametric regression estimator, we use a local approximation
which is more accurate than a constant one. In particular, we consider a poly-
nomial of degree one, which is called "local linear estimator" and has been
extended to the functional framework (see Barrientos et al. (2010), Baillo
and Grane (2009) for example).

Here we are interested in estimating the regression function in a nonpara-
metric fashion. Barrientos et al. (2010), proposed an estimator 7, as the

solution for a of the following minimization problem

min (WSE.(a,b)) with WSE.(a,b) = Z Y; —a—bB(X;, ) K(h7Y6(X;, z)]),

(a,b)ER? -
i=1

where ((.,.) is a known operator from F x F into R such that, Vax €

F,B(z,x) = 0. So, we can write
m = €, (CLWCs) ' CWY, (1.2)
where

10



1 1
B(X1,x) ... B(X,, )

)

Y:

?

1
W = diag (K(h™Y6(X1,2)|), ..., K(h76(X,, z)])) and e; = (1,0) € R?.

By a simple calculus, one’s can derive the following explicit estimator

S W)Y, (2 -o)
ZZ]‘:1 Wij(x) 0 7

where
Wij(z) = B(Xi, x) (B(Xi, 2) — B(X;, x)) K(h™H(X;, )[) K (h™H( X5, 2)]).

Notice that for [ € {0,1}, we have

Y Wy@)Y] =) {[8(Xi2) = B(X;, 0)] [B(Xs, 2)Y] = B(X, 2)Y]]

ij=1 i<j

K(hHo(X, 2) ) K (h™16(X;, @)},

so, if the denominator of the estimator m(z) is zero, it is the same for its
numerator. Moreover, under appropriate assumptions to be assumed later
we get EWia(z) > 0 (see (1.8) in section 1.2).

This approach assumes that a + b3(.,x) is a good approximation of m(.)
around z. As f(x,z) = 0, a will be a suitable estimate for m(x). Notice that
the expression of m allows fast computational issue and that the choices of

[ and d will be crucial.

1.1 Asymptotic properties

Barrientos et al. (2010) have studied the almost complete convergence of the
locally modelled estimator of the regression operator m(z) = E(Y|X = x),

with x being a fixed element of a semimetric space (F, d) where d = |§(z, y)|.

11



First of all, for any positive real h, let B(z,h) := {y € F/, |6(z,y)| < h} be a
closed ball in F of center = and radius h , @,(h,h') := P(h < |0(z, X)| < )
and @, (h) := @,(0, h).

The pointwise almost complete convergence of the local linear estimator m of

the regression function m will be established under the following assumptions.
(H1) for any h > 0 ; @,(h) > 0.
(H2c) me{f: F—=R, lim f(2')=f(z)}.
|6(z,z")|—0

(H27) m e {f: F =R V2 € F;|f(x)— f(2)| < C|d(z,2")|°} where b and C

are fixed in RT.

(H3) The function §(.,.) is such that: 30 < M; < My, Va2’ € F,

M3z, 2')] < |B(z, )] < Mal6(w, ')
(H4) The kernel K is a positive and differentiable function on its support
[0, 1].

(H5) The bandwidth h satisfies:

lim h=0 and lim ( dlsnn ):0.

n—o0 n—oo

(H6) There exist an integer ng, such that:

I d

h /B AP ) =0 ( /B N :c)dPX(u)> |

where dPx is the distribution of X.

12



(H8) Vm > 2,0, : x —— E(Y™/X) is a continuous operator on F.

Hypotheses (H2)-(H5) and (H8) are standard in the nonparametric functional
regression setting and extend what is usually assumed in the classical p-
dimensional nonparametric literature (see Ferraty and Vieu (2006) for a large
discussion). The kind of kernels in (H4) contains the standard kernels used
in the literature (uniform, triangle, quadratic,...). Hypothesis (H6) precises
the behaviour of the bandwidth A in relation with the small ball probabilities
and the kernel function K. The key new hypothesis is (H7) about the local
behaviour of the operator § which models the local shape of the regression.
For instance, in the special case where g = §, this assumption means that
the local expectation of 8 is small enough with respect to its moment of
second order. If, in addition, the real rodom variable (r.r.v.) B(X,z) admits
a differentiable density (around 0) with respect to the Lebesgue measure then
(H7) is satisfied (see Appendix 1 for more details). Let’s state two important
theorems that consolidate the pointwise almost-complete convergence (a.co.)

and its rate.

Theorem 1.1. (Barrientos et al. (2010))
Under assumptions (H1), (H2¢); (H3)-(HS), we have

M(x) = m(z) = 04.c0.(1). (1.3)

Theorem 1.2. (Barrientos et al. (2010))
Under assumptions (H1), (H21); (H3)-(H8), we have

. Inn
m(x) —m(z) = O(h®) + O4.co (ﬂ / o, () > . (1.4)

Barrientos et al. (2010) have introduced the following decomposition on

which the proofs of the above theorems are based.
For all x € F,

Ae) = m(z) = —— (r(z) = Bry(a)) — (m(x) — Br (@) — " o@) = 1)

ro(z)

13



where, for [ = 0,1

ri(z) = o= T) Eng ZWH (1.6)

Further, to complete the proof, we need to apply the two following lemmas.

Lemma 1.1. Under the assumptions (H1),(H3)-(H5),
(i) The hypothesis (H2¢) permits to write

m(z) — Eri(z) = o(1).
(i1) and the assumption (H2L) gives
m(x) — Eri(z) = O(RY).

Lemma 1.2. Under the assumptions of (H1), (H2c),(H3)-(H7), we obtain
that

(i)

Inn
— 1 = 0Oq.co. .
ro(z) O.. ( B, () )
(i) In addition, if (H8) holds, one gets

Inn
ri(z) — Eri(z) = Og.co. ( m ) )

We give the proofs of these results because we need them in the next

chapter.

1.2 Proofs

In what follows, let C' be some strictly positive generic constant and for any
reF,andforalli=1,....,n

Ki(z) = K(h™'6(X;, 2)]) and f;(z) := B(X;, ).

14



To treat the pointwise almost-complete convergence of m(x), we need the

following preliminary technical lemma.

Lemma 1.3. (see Lemma A.1 in (Barrientos et al. (2010))
Under assumptions (H1), (H3)-(H7), we obtain

i) ¥(p,1) € N* x N, E (K (@)|6i(a)[) < CH, (1),

il) F[Ki(z)B%(x)] > Ch* [@,(h)] for n sufficiently large.

Proof 1.1. i) One starts by using (H3) which implies
K (2)| 81 (2)|'h™" < CKY(2)|6(X,, 2)'h
and because the kernel K is bounded on [0,1] (see (H4)), one gets
Y@@ < O o)1 (1506, )
and thus, we have
E (K} (2)|B1(2)'h™") < OPy(h),

which s the claimed result.

ii) By using (H3), it is easy to see that
E [Ki(z)pf(z)] > CE [K1(2)6*(X1, )] .
Moreover, one can write

E (Kl(x)—(SQ(Xl’x)) = /0 1 2K (t)d PP )

3
_ /0 1 { /0 t <%(u2K(u))> du} AP/ ()

_ /01 {/01 1[u’1}(t)dp5(X,x)|/h(t)} di(uQK(u)),

U

the last equation comes from the Fubini’s theorem. In addition, it is easy to
check that

1
/ L1 (1) dPPEDR (1) = P(uh < |0(X, 2)| < h).
0

15



So,

b (10 022)

It remains to use (H6) to obtain the desired lower bound, which ends the
proof of Lemma 1.3-(ii).

_ /0 &, (uh, h)di(w((u))du.

u

Proof of lemma 1.1 We have

1

Bnlz) = E(Wha(z))

E(Wha(z)Y3)),

and Eri(z) can also be written as

1

Eri(z) = E(E(r(2)]|X3)) = W

E (Wia(2)E(Ya| X)) -

which allows us to write, under assumption (H4)
m(z) = Eri(2)] = mamgey 1B W) (m(z) —m(X)))[ < sup |m(z) —m(a')].

|E(Wiz2(z)
z'eB(x,h
We need to take into account hypothesis (H2¢) to obtain Lemma 1.1-(i).

However, if one uses (H2.) instead of (H2¢), it is clear that

sup |m(z) —m(a')| = O(R).

z'€B(z,h)

which leads us to Lemma 1.1-(ii).

Proof of lemma 1.2 ii) Remark that
ri(z) = Q) [My,1(x) Myo(x) — M1 (2)Msp(x)], (1.7)

where, for p=2,3,4,and [ =0, 1,

1 "L Ki(2)BP ()Y
My, (z) = nd, (h) Z; : )ip—Q( )
and n’h2®2(h)

n(n —1)E (Wy(x))

Q(x) =

16



So, one has
ri(z) — E(ri(z)) = Q(x){ Ma,1 (2) Myo(x) — E(Ma(z) Myo(z))
— [Mz1(z)M30(x) — E(Mz1(2)Mso(x))},

and since
Mo (x)Myg(z) — E(Man(2)Myo(x) = (Ma(x) — E(Ma1(2))(Mao(z) — E(Myp(z))
+ (M2 () — E(Ma(2)) E(Myo(z))
+ (Mapo(z) — E(Mao(2))E(Mz;1(2))
+ E(M31(2)) E(Mag(z)) — E(Ma1(x) Mao(2)),
M3 (x)Mso(z) — E(Ms(2)Mso(x) = (Msa(x) — E(Ms1(x))(Mso(z) — E(Mso(z))
+ (Mz(z) — E(M3,1(2)) E(Mso(z))
+ (Mzpo(z) — E(M30(2)) E(Ms1(2))
+ E(M3,1(2))E(Mso(z)) — E(Ms1(x) M3 o(z))

We have to show that for p € {2,3,4} and [ € {0,1}

Q(z) = 0(1),
EM,(z) = O(1),

E(Ma(2)) E(Mao(2)) — E(My, (2)Myo(z)) = O ( i ) ,

E(M;z1(z))E(Mso(z)) — E(Ms (7)) M3z o(x)) = O ( i ) ;

My (x) = EMp () = Oa.co < % ) .

e Treatment of the term Q(x)
We have

EWys(z) = E [ (2) K1 (2) Ky(2)] — E [B1(2) B2 () Ky () K ()]



together with

E[Bi(2)Ki(2)] < Ch / , Plus)iPew

and (H7) implies that

Bl ] =o [  Flpy ).

By applying Lemma 1.3-(i), with K = 11;, p = 1 and | = 2 one gets

[ Bu)apy, (ut) < CH 0.0
(z,h)
which implies that

E (@)K (2)] = o ([2:(R)])
Now, Lemma 1.3-(ii) and the last result allow to write
EWiy(z) > Ch?[D,(h)]” . (1.8)
So, for n sufficiently large
Qx) = 0(1)

e It is easy to see that under (H1)-(H4), for p € {2,3,4} and | € {0,1},

we have
EM,(x) = h* @, (h) " E[K:(2)Y{ 5] "]
= D>, (h) "' BIK, (x)m' (X1) 577,
and because m(X;) = m(x)+o(1) (under (H2¢)), one gets EM,;(z) = O(1).
e Treatment of the term E(Ms(x))E(Myo(z)) — E(Maq(x)Myo(z))

On one side, we have

E(Ms1(z))E(Mao(z)) = th Z Z E(K ) E(K;(2)Y;)

=1 j5=1

1
= WE(Kl(x)ﬁl(x))E(Kl(I)lﬁ),
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and on the other side, we get

E(Ma;(v)Myp(z)) = m ZZE(K‘(Q?) P () K;(2)Y))

which allows us to write
E(Ms1(2))E(Mao(z)) — E(Maj(x)Mao(z)) = (1 — T_U)h_z%(h)_QE[Kl(x)ﬂf(:v)]
EK(z)Y1] + O ((n®,(h))™") .

Using similar arguments as previously, it is easy to see that

E(Mz, () E(Mao(x)) — E(May(2)Mip(z)) = O ((n®a(h)) ) |

which is negligible with respect to O ( #?h) ), under (H5).

e By similar arguments, one can state

E(Ms1(2)E(Mso(x)) = B(Ms(2) My o(x)) = O ( nglbri?h) ) |

e Treatment of the term M, ;(x) — EM, ()

We have n
Vi) = BMte) = 5220 0),
where
1 2 p—2
200(a) = g VS8 @] = B[K@)8 @]} (19

In order to apply an exponential inequality, we focus on the absolute moments
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of the rr.v. Z;(x)

B{Z")(2)}™] = B 2me, (b mE|ch Ki(2) 872 ()Y (B [Ki(2) 872 () Y]]) ")
< R ()TN G BIKE () 8E P (@) ok (X)) B [Ki(2) 8 (w)m! (X:)] [,
: (1.10)

the last inequality is obtained by conditionning on X;. In addition, (H2¢)
implies that m(X;) = m(x) + o(1) whereas one gets o, (X1) = ox(x) + o(1)
as soon as (H8) is checked. This, combined with (1.10) and Lemma 1.3-(i),

allows us to write
Bz (x)}" =0 (h(p“)m[@x(h)]m > BIKE (2)B " (2)| B [Ki(2) 803 ()] \m’f)

77777

=0 ([@a(h)] ™).

Finally, it suffices to apply Proposition 5.3-(ii) with a? = [@,(h)] 'to get,
for p € {2,3,4} and [ € {0, 1}

Inn
M, (x) — EM,(z) = Og.co. < ) ) )

1.3 Appendix 1

Remark on (H6)

Let us investigate here the special case where the fuctional variable X is a

fractal process of order k (k > 0) such that

D, (te)

lim sup W —

£=0¢¢(0,1)
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where C, is a constant which does not depent on ¢ and . This implies that,

for any ¢ small enough, ®,(¢) ~ C,e*. We have

@, (uh,h) = P(uh < |§(z, X)| < h)

P(lo(z, X)| < h) = P([6(x, X)| < uh))
Dy(h) — P (uh)
(1—u") +o(1).

x

[0

(h
C,h"(1
Then, it is easy to state

/0 @, (uh, h)d%(uQK(u))du = C’xh’“/o (1— uk)%(UZK(u))du + o(R®).

Now, one considers the family of kernels indexed by o > 0 and defined by
Ko(u) = “(1 — uF)1pq(u). Tis family of kernel contain standard asym-
metric ones (triangle, quadratic). It comes with trivial calculus that

(a+1)k

k k
k+2)(a+k+2)c$h +olh"),

/0 D, (uh, h)d%L(uQK(u))du:(

which leads us to assumption (H6) as soon as h is small enough ( i.e. as soon
as n is large enough). In the same way, (H6) holds when ones considers the
uniform kenel 1 (.).

(H6) is satisfied for much wider class of functional random variable (i.e.
Hilbertian squared integrable ones) as soon as one considers stuitable semi

metric 0 (for more details, see Lemma 13.6 in Ferraty and Vieu Ferraty and
Vieu (2006), p.213).

Remark on (HT7)

In the special case where § = 0, and the rrv. Z = f(x,X) admits a
differentiable density f7 (around 0) with respect to the Lebesgue measure
and such that fz(0) # 0, which implies that

da >0 fz(2) #0; Vz € [—a, o,
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then hypothesis (H7) is satisfied. Indeed, we have, for any € F
h / B(u, 2)dPy (1) = h / B(t, )1 (o (u)d Py (u)
B(z,h) F
= h/ Z(w)1{|Z(w)‘<h}dP(w)
Q

= h/21{|z<h}dpz(2)
R

= h/z 2fz(2)dz
= [ t22) - fal-na

fz is a differentiable density around 0 such that fz(0) # 0 and by using the
Taylor-Young formula (fz(z) = fz(0) + 2f5(0) + ze(2) where e(z) — 0 as
z — 0), we get, for some o > 0 such that o > h

B(u, 2)dPy (u)| '2hf’Z( )/hzdz+h/hze(z)dz

<2h|fz |+1/ 24, (

Hlfze[o al fZ
_ 2 (f5(0) + 1)
lnfze[o,a] fZ( )

B(xz,h)

/ B2(u, x)d P (u).
B(x,h)
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Chapter 2

A class of local linear estimators

with functional data

As an alternative to the well-known Nadaraya-Watson estimator for regres-
sion function, in the framework of functional data, locally modelled regres-
sion estimators perform well (see Baillo and Grane (2009), Barrientos et al.
(2010)). In this chapter, using the last method, we investigate a nonparamet-
ric estimation of some functionals of the conditional distribution of a scalar
response variable Y given a random variable X taking values in a semi-metric
space. These functionals include the regression function, the conditional cu-
mulative distribution and some other ones.

The paper of Barrientos et al. (2010) is only concerning pointwise consistency
results and our main aim is to prove the uniform almost complete convergence

of estimators including those studied in the for-mentioned paper.
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2.1 The estimation and the pointwise almost-

complete convergence

Throughout this chapter, we consider a sample of independent pairs (X;, Y;)i—1,_
identically distributedas (X,Y’) which is a random vector valued in F x R,
where (F,d) is a semi-metric space. Our goal is to estimate the generalized

regression function, defined for all z in F, by
my(z) = E(p(Y)|X =),

where ¢ is a known real-valued borel function.

It is clear that m,, generalizes the classical regression function (set ¢(t) =t)
as well as the conditional distribution function (set for any y € R, ¢(t) =
1 (1)):

Following Barrientos et al. (2010) who proved the pointwise almost complete
convergence of the classical regression function estimator, the local linear
estimate of m,, is obtained as the solution for a of the following minimization

problem

n

min (p(Y:) —a —bB(X, JE))2 K(hd(X;,2)),

(a,b)ER? 4
(A

where ((.,.) is a known operator from F x F into R such that, Vax €
F,B(z,x) = 0, the function K is a kernel and h := h, is a sequence of
strictly positive real numbers which plays a smoothing parameter role.

This approach assumes that a + bB(.,z) is a good approximation of m/(.)
around z. As f(z,z) =0, a will be a suitable estimate for m(z).

By a simple calculus, one’s can derive the following explicit estimator

i) = iz Wol@)e (V) (9 _ 0) |
Zi,j:l Wij(z)

2.1
0 (2.1)
with the convention 0/0 := 0, where

Wij(w) = B(Xy, 2) (B(Xi, 2) — B(X;, 2)) K (h™ d(X;, 2)) K (b~ d(X;, 7).
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We investigate the asymptotic behaviour of the local linear estimator m.,(z)
for a fixed point = in F, under the assumptions (H1), (H3)-(H7) in chapter

1 and the addition followings assumptions.
(H2) my e {f: F =R, lim f(a')= f(z)}
d(z,x")—0

(H2) m, € {f : F > R,3b > 0,Ve' € F; |f(z) — f(2')] < Cod’(x,2)},

where C,, is a positive constant depending on .

(H8) Ym > 2,0y, : v — E(p(Y)™/X) is a continuous operator on F.

Remark that our hypotheses are very similar to the assumed conditions
(H2¢), (H2.) and (H8) in Section 1.1.

Let us state the pointwise almost-complete convergence (a.co.) of m(x),

along with a rate.

Theorem 2.1. Assume that assumptions (H1), (H3)-(H7) and (H8’) are
satisfied.
(i) Under the additional hypothesis (H2), we have

A~

m%(x) - mw(x) = Oq.co.(1).

(i) If in addition (H2’) is satisfied, we get

. b Inn
m@(x) - m@(‘r) = O(h ) + Oa.co. ( n@m(h) ) .

Notice that the proof of this theorem is based on a standard decomposi-

tion given for all x € F, by

ol) = me(2) = m;m (1 (@) — Bna () — (m(a) — By ()] — 2222 ;mé:;) -1

where, for all [ = 0,1

(2.2)




The study of each term of this decomposition can be carried out exactly
as done in the proof of Lemma 1.1 and Lemma 1.2 of the previous chapter
with replacing Y by ¢(Y), so for the sake of avoiding repetitions, we omit
the proof.

Now, we will focus on the uniform consistency.

2.2 The uniform almost-complete convergence

2.2.1 The estimator m,,

We will establish the uniform almost-complete convergence of m, on some
subset S of F which can be covered by a finite number of balls. This num-
ber has to be related to the radius of these balls (see hypothesis (U5)).

We suppose that zi,...,2n, (s is an rp-net for Sy where for all £ €
{1,...,N,,(SF)}, zx € Sr and (r,) is a sequence of positive real numbers.

In this study, we need the following assumptions.

(Ul) There exist a differentiable function @ and strictly positive constants
C, (1 and (5 such that

Vo € Sg,Yh > 0; 0 < C1®(h) < P, (h) < Co®(h) < 0

and

3770 > Ovvn < 7707@,(77) < Ca

where @' denotes the first derivative of @ with ¢(0) = 0.

(U2) The generalized regression function m,, satisfies:

3C > 0,3b > 0,Vx € Sy, 2’ € B(w,h), |m,(x) — my(a')| < Cd’(z,2').
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(U3) The function J(.,.) satisfies (H3) uniformly on z and the following

Lipschitz’s condition

3C > O,VLUl c S]—‘,l‘g € S.FJx € f? ’6(%,([’1) _ﬁ<x,$’2)| < Cd('rlax2)'

(U4) The kernel K fulfills (H4) and is Lipschitzian on [0, 1].

(U5) lim h =0, and for r,, = O (1“7”), the function g, satisfies for n large

enough:
(Inn)? Inn nd(h)
n®(h) < ¥ss n )= Tn
and

S exp{(1 - B)us, (ln—”)} <0,

n
n=1

for some 3 > 1.

(U6) The bandwidth h satisfies: Ing € N, 3C' > 0, such that
Vn > ng, Vo € S ;/1¢(zh h)i(ZQK(Z))>C>O
0 F @x(h) o T ’ dz

and

h /B - B(u,z)dPx(u) = o ( /B - 52(u,x)dPX(u))

uniformly on x.

(U7) 3C' > 0 such that Ym > 2 : E(Jp(Y)|"/X = 2) < dp(z) < C < o0

with d,,,(.) continuous on Sx.

Roughly speaking, these hypotheses are uniform version of the assumed con-
ditions in the pointwise case and have already been used in the literature.
We refer to Messaci et al. (2015) for conditions (U1), (U3), (U4) and (U6)
and to Ferraty et al. (2010) for assumptions (U2), (U5) and (U7).

The claimed result is as follows.
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Theorem 2.2. Under assumptions (U1)-(U7), we have

~ b Vs (thn)
xseuSI; |m<p(x) - mw(x)l = O(h’) + Oq.co. T{h)

We can readily deduce the uniform consistency of the estimator studied
in Barrientos et al. (2010) for which, to the best of our knowledge, only the
pointwise convergence is available.

This result shows that, contrary to the finite case, the rate of convergence
obtained may differ from that of the pointwise consistency, it is function of
the entropy of the subset on which the uniform convergence states.

It is easy to see that the proof of Theorem 2.2 is a direct consequence of the
decomposition (2.2) and of the following lemmas for which the proofs are

relegated to the Appendix 2.4.

Lemma 2.1. Assume that hypotheses (U1), (U2) and (U4) hold, then:
up [, (2) — B (2)] = O(RY)
rESE

Lemma 2.2. Under assumptions of Theorem 2.2, we obtain that:

sup |mq(x) — Emy(z)| = O wsf—(lnTn)
scSr 1 1 a.co. n@(h)

Lemma 2.3. If assumptions (U1),(U3)-(U6) are satisfied, we get:

s, (57)
-1 = Oa co. ——t
sup |mo(@) =11 = O, nd(h)

and

1
Z%&W>ﬁm-
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2.2.2 A conditional quantile estimator

Let F.(y) = P(Y < y|X = z) be the conditional distribution function of Y’
given X = x where y is real and x is a fixed object in F. To estimate it,
we treat this function as a particular case of m, with (1) = 1j_ () for

y € R. Thus, we estimate F*(y) by

]/7\"”( ) = ZZj:l M/iJ'(iU)l{Yjéy}
’ S W)

(2.3)

where W;(x) is defined in (2.1).
The conditional quantile of order o (v € (0,1)) is t,(z) = inf{y € R, F*(y) >

a}. So, we deduce from [* a natural conditional quantile estimator as,
fo(z) = inf{y € R, F*(y) > a}. (2.4)

Notice that t1/5(z) is the so called conditional median.
To investigate the asymptotic convergence of F *(y), we introduce the follow-

ing standard conditions.

(U2)" There exist § > 0, C' > 0 and b > 0, such that for any x € Sz, 2’ €
B(z,h) and y € [to(z) — 6,ta(z) + 6], we have

[F*(y) — F*(y)| < Cd’(z,2").

(U5)" lim h =0, and for r,, = O (1“”), the function g, satisfies for n large

n

n—oo
enough:
(Inn)? Inn n®(h)
n®(h) < Vs n )" Tn
and

Zn(§+1/2) exp{(1 — B)vs, (IHT”)} < o0,

n=1

for some > 1 and & > 0.
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The following result concerns the uniform almost complete convergence of
F(y).
Theorem 2.3. Under assumptions (Ul1), (U2)’, (U3), (U4), (U5)” and (U6),

we have

nn
wwp s FH) = F(y)] = O + Open, | 1) 22)

2ESF YE[ta(z)—b,ta(z)+0) n®(h)
To prove this theorem we make use of the decomposition given, for all x
and y, by

_1
mo(x)

F*(y)
mo(z)

Fl) = Fw) = s [ (FRw) - B ) (F70) - B )| -

where F%(y) = mzi# Wij(2)1y i<y and mgo(z) is defined in
(1.5). Now, it sufficies to apply Lemma 2.3 together with the following

lemmas.

Lemma 2.4. Assume that hypotheses (U1), (U2)” and (U4) hold, then
sup sup ‘F”(y) — Eﬁ]f,(y)‘ = O(Rh).
TESF yElta(w)—b,ta(x)+d]

Lemma 2.5. Under assumptions of Theorem 2.3, we obtain that

- . ws}_ (lnn)
Sup sup ‘FCE (y) - EFx (y)‘ = Oa.co. —
255 yelta @) —dta(@)1s] | N n®(h)

To obtain the uniform consistency of the conditional quantile estimator,

we introduce the following conditions used for example in Messaci et al.
(2015).

(U8) Ve > 0, 3¢ > 0 such that for any function g, from Sz into [t,(x) —
J,to(x) + 6] we have

sup [ta(r) = ga(z)| = € implies  sup [F*(ta(r)) — F*(ga(2))] = .

zESE zESFE
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(U9) 3j > 1, Vo € Sz, F* is j-times continuously differentiable on |t,(z) —
8, ta(x) + 0] with respect to y and satisfies F*"(t,(z)) = 0if 0 <
I < j, F*U(t,(z)) > C > 0 and F*V) is uniformly continuous on
[ta(7) — 6,t(x) + 6] where F*(®) stands for the [th-order derivative of
.

A known method can be applied to derive the following result from Theorem

2.3, see for example the proof of Corollary 3.1 in Messaci et al. (2015).

Corollary 2.1. Under the hypotheses of Theorem 2.3 and if (U8)and (U9)
are satisfied, we obtain
Vs (lnTn)

to () — to(x)] = OhY) + O, o oA )
xSEUSI;‘ (2) = ta(z)| = O(R") + Og.co. 0

2.3 A Real data application

In this section, we use a real data set to illustrate the efficacy of the studied
method through our conditional median estimator #; /2. More precisely, we
compare this last estimator to two other conditional median estimators: the
first is based on the kernel method (denoted KM) and is studied in Ferraty
and Vieu (2006) and the second is based on the local linear method (denoted
LLM) and is introduced in Messaci et al. (2015).

For this purpose, we use the spectrometric data set which can be found at
http ://lib.stat. cmu.edu/datasets/tecator. These data consist of 215 pairs
(X1,Y1)=1
finely chopped meat and Y; is the the corresponding fat content obtained by

,,,,, 215. For each i, the spectrometric curve X; is the spectra of a
an analytical chemical process. Our goal is to predict the fat content in a
piece of meat from its spectrometric curve. For this, we estimate the median
t1/2(x) of the conditional distribution by #; ().

We split these real data into a learning sample containing the first 160 units
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used to build the estimator and a test sample containing the last 55 units
used to predict the fat content and to make a comparison.

The KM (resp. the LLM) estimator is computed with the same parameters
as at subsection 12.4 in Ferraty and Vieu (2006) (resp. at section 4 in
Messaci et al. (2015)). For the computation of the estimator , 5(2), we use
the quadratic kernel K (z) = 2(1 —?)1jj(z), the bandwith h is chosen by a
2-fold cross-validation method, the semi-metric d is based on the derivative
described in Ferraty and Vieu (2006) (see routines "semimetric.deriv" in the
website http://www.lsp.ups-tlse.fr/staph/npfda) and g = d.

To illustrate the performance of our estimator, we first plot the true values
(provided in the test sample) against the predicted ones by means of the three
estimators (one in each graph). This is displayed in Figure 2.1. Secondly,
to be more precise we evaluate their empirical Mean Square Errors (MSE),
defined by

55

1 N 2
MSE:= =3 (V,-vi),
SE ==

i=1
where Yi (resp. Y;) is the true (resp. the estimated) value.

The obtained results are

MSE(tAl/z):3.22, MSE(LLM)=3.8 and MSE(KM)=4.8.

This shows that the estimator %\1 2 performs well and that the local linear
method seems to improve the quality of the prediction even for functional
data.

2.4 Appendix 2

In what follows, let C' be some strictly positive generic constant.
To treat the uniform convergence of m(z) , we need to make use of

Lemma 4.1 introduced in Messaci et al. (2015) and stated here as follows.
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Figure 2.1: From left to right: the estimator tAl/Q, the KM estimator and the

LLM estimator for the spectrometric data.

Lemma 2.6. Under assumptions (U1),(U3),(U4) and (U6), we obtain that:
i) V(p,1) € N* x N, sup,.q, E (KV(x)|8i(x)]) < Ch'®(h).
i) inf,es, F (K1(2)B%(z)) > Ch*®d(h).

Proof of Lemma 2.1 We have

v
E(Wia(x))

and E'm;(x) can also be written as

Emy(x) = E(Whs(2)¢!(Y2)),

1

Emi(z) = E (E(mi(2)| X)) = E(Wn(z)

E (Wia(z)E(p(Y2)[ X2)) -

So, we get under assumption (U4)

mg() — By ()] = e | B (Wia(@)(my(2) — mo(Xa)| < Subyreon Imo(z) — mo(a)],
We need to take into account hypothesis (U2) to obtain

sup m,(x) — Emy(z)| = O(R").

zESE

33



Proof of Lemma 2.2 We use again the follwing decomposition

mi(z) = Q(x) [52,1(1‘)54,0(95) - 53,1@)53,0@)] ) (2.6)
where, for p=2,3,4,and [ =0, 1,

1 " Ki(x fole;
3 ()8 " (x)¢'(Y3)

i) = g hy - =

and
O n2h2e%(h)
Q@”‘mn—nEumﬂ@y

By following the same steps as in the proof of lemma 1.2, and using lemma

2.6 instead of lemma 1.3, we obtain under the assumptions (U1)-(U4) and
(U6),
sup Q(x) = O(1), sup E(S,;(z)) = O(1),

zE€SFE z€SFE

uniformly on x, for p=2,3,4,1=0,1,

1
:SSI; |E(S2.1(2))E(Ss0(2)) — E(S2.1(2)Sso(x))] = O (mzﬁ(h)) ;

and

S [B(S51(2) E(Ss0(2)) = B(S31(2)Ss0(2))] = O (ncﬁl(h)) |

Inn
which is, in view of hypothesis (U5), equals to O ( d}S?f 45((/1” ) >

We need to check that for p=2,3,4and [ = 0,1,

- ¢Sr (an)
xseusg |Sp(x) = E(Spi(x))] = Oaco “nd(h)

To satisfy this aim, let us set

(x) = ar min d(x,z;),
i) 8 icio N (52} (z, ;)
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and consider the following decomposition
sup [Sp(x) — ESpi(2)] < sup [Spi(x) — Syl
zeSF zESFE

+ sup |Spl :E] )— ESp,l(xj(r)M

zE€ESE

+ sup |ES,(z) — ESpu(x)| := FP' + FP' 4+ FPL.

rESF

Let’s, now, study each term F,f’l for k=1,2,3.

Study of the terms FP' and FI''.
First, let us analyze the term F? ! Since K is supported in [0, 1] and accord-

ing to (U1), we can write for all p = 2,3,4

< — e 2@ j Sup Z )K )87 (@) (Vi) Ly (Xi) = Ki(52) 80 (2500) @' (V) 1B(a, 0y 1y (X

:EGS]: i—1

SWSUP ZK )L (Xo) [ (YO B2 () = B (@50 13w 0y ) (X2

IGS]: i=1
+ L sup Zﬁp (5@)) 1 B(e, ) (X @' (V)| | Ki(2) Loy (Xi) — Ki(wj))|
nhr=20(h) res, “— It r ’

. il D,
= k11 + Fis.

Analysis of the term FP?.
According to assumption (U3), we get

lp wh)( i) |Bi(x) — ﬁz(xj (z) )1B (Tj(x) h)(Xi)
< OrlBen N B wn (Xi) + Chlpe a5, 0m (X)

and

1B(:p,h)(Xi) ( ) 62(33] )13 (%()5h )(XZ)
< Crahlp,,mnsen(Xs) + CP* Ly e, 0w (X)-
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By grouping the cases p = 3 and p = 4, we found

1B(gc,h) (XZ> ﬁfiQ(I) - ﬁ’?72(xj(w))13($j(m)vh) (Xl)
-3 -2
< O L mnBan (X)) + CR Ly A B0 m (Xi)-

which gives the following inequality

C’rn
Flpil S SGUSP Z |S0 1B(m h)ﬂB(:B](x) h) (X )
T€SF ]
feusli Z (Y, (m,h)ﬂW(Xi)- (2.7)

Analysis of the term FF.
Using the following inequality

1B(xj(x),h)(Xi) Ki(l’)lB(x,h)(Xi> - Ki(xj(r)ﬂB(:c,h)Um(Xi)
< 1B O Blajm) (Xi) [ Ki(2) — Ki(a(2))] + Ki(z(2)1 g 0,00 B0 (X0)

and by hypotheses (U3) and (U4), we obtain

2
‘ﬂp (1’] )’13 (Zj(x),n) ’K 13(90 h)(X) - Ki(xj(z))‘
< Cn [ng@,hmB(wmh) (Xi) + Ki<xj(x))1B(xj(z),h)ﬂm(Xi>:| :

which leads to

Cr
Dl n
2 < gt 561151:;; [ (YD) 1 Ban By ) (X0)

SUP Z o' (Ya) | K (%)) 1 5m B(a,h)NB(z(z), h)<X)

:EE F =1
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This last inequality combined with (2.7) allow us to write

P < sup Z | (V) 1 Bam)n B, ) (Xi)
IES]:i 1
+ SUP E |80 i) [ B ( Lj(a )1B(m]-(x),h)ﬂB(z,h) (Xi)
SCES]:i 1
+ ) Sup Z (Vi BBy ) X )-
$ES}' i—1
Taking into account hypothesis (U4), we find
.l CT‘n
Fi7 < SUP E | (YD) 1 BanyuB,; ) (Xi)- (2.8)
n J,’ES]: i—1
- Ol (1)
T'n|® )
Zi = 2Pl b 150 X,
Rl o Laemnten (X):
The assumption (U7) implies that
Crl®
EZ7' < ——F— 2.9
| 1 | — hm@(h)m_17 ( )

Tn

ho(h)

so, by applying Proposition 5.3—(ii), with a? =

1 & r,lnn
— Z;, = FEZ Oa.co - .
n ; 1 ( nhd (D) >

Applying (2.9) again (for m = 1), one gets

pl _ rplnn
Fl _O<h)+0a.co.< nh@(h))

Combining this with assumption (U5) and the second part of the assumption
(U1), we obtain
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Inn
pl _ Vs ( n )
P Y ok (2.10)

Second, since

P < E (sup |Spi() Sp,l(ﬂﬁj(m)}) )

rESFE

we deduce that

ws (lnn)
FP' =0, .0 2r A n ) 2.11
Study of the term FZ'.
For all n > 0, we have that
(0F ( ") Vs, (22)
P EP > 1 n =P S ) — E(S )] > z
2 n@(h) jE{la-{g\%}j(S}')}‘ pl(%( )) ( pl(x]( ))‘ 1 ”@(h)
< N,(SF)  max Syusy) — E(Spala)] > my 22l
- G€{1, Ny, (S£}) LS P n®(h)

Let us set for p = 2, 3,4 that

1

Api = 7os—rs
P 29, (h)

[Ki(252) B0 (00" (Vi) — E(Ki(2()) B (2500)) ' (Y2))] -

Using the binomial Theorem, Lemma 4.8 and hypothesis (U1l), (U2) and
(UT), gives for p = 2,3, 4,

E|A, " =0 (27" (h)).

Therefore, we can apply a Bernstein- type inequality as done in the Propo-

sition 5.3—(i), to obtain

) v oo (32).

pz
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Thus, by choosing 3 such that Cn? = 3, we get

Inn
Pl | <o (2.12)

Then, hypothesis (U5) allows us to write

Vs (5)

Fp,l = Oa co
2 o nd(h)

(2.13)
Finally, the result of Lemma 2.2 follows from the relations (2.10), (2.13) and
(2.15).

Proof of lemma 2.3 The first part of the claimed results can be directly
deduced from the proof of Lemma 2.2 by taking, for all 7, p(Y;) = 1.

For the second part, It comes straightforward that

1 1 1
inf my(z) < = = Jx € Sr such that 1-my(z) > = = sup |1 —me(z)| > =
TESF 2 2 zESFE 2

1
= E P (xlergffmo x) < 5) < 00,
. Proof of Lemma 2.4 We have

1

EF(y) = EWna(z)

E [Wia(2)Liva<yy ]

and EFZ(y) can also be written as

EFy(0) = B [EEW)1X)] = g [Wiale) Bl g ).
So, we get under assumption (U4)
F”&(y)—Eﬁf@(y)‘ = mwao |EAWe(@) [Fo(y) - F2(y)]} < sup  [Fo(y) -

x'€B(x,h)
We need to take into account hypothesis (U2)’ to obtain

sup sup ‘Fx EF\JQ\CI(Q)‘ = O(hb)'
TESF yElta(z)—0,ta(z)+]
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Proof of lemma 2.5 First, we write

ma(z) = Q@) [T5, () Tio(y) — T51(y) T50(y)] (2.14)

where, for p=2,3,4,and [ =0, 1,

n

l, L K@) @),
Tp7l(y) = n@m<h) Z hp_Q b=

i=1

and Q(z) is defined in (1.7).

By following the same steps as in the proof of lemma 1.2, and using lemma
2.6 instead of lemma 1.3, we obtain under the assumptions (U1)-(U4) and
(U6),

sup Q(z) = O(1), sup sup E(T,(y) = 0(1),

xESF 2ESF y€lta(r)—d,ta(x)+d]

uniformly on x, for p=2,3,4,1=0,1,

1
s sup BT () B(TE (1)~ B (T3 (1) T (1) :0( o )
TESF y€E[ta (@)= ta(z)+F] nd(h)
and
X X X X ]'
swp s BB - ETH 0T =0 (s ),
TESF yE[ta (@) =6 ta(x)+0] nd(h)

Inn
which is, in view of hypothesis (U5)’, equals to O ( vsr () )

We need to check that for p =2,3,4 and [ = 0, 1,

s, ()
sup sup T5(y) — E(T5(y))| = Oq.co. — Nz |
xGSny[ta(x)—é,ta(x)-l—é]‘ pal9) L)l n®(h
To satisfy this aim, we can cover the compact [t,(z) — d,t.(z) + 8] by d,
open intervals centered at y; with radius I, = n=¢"%2 and d,, = CI;! as the

following

[ta<x) - (57 ta(m) + 5] = U?ll]yj - lnayj + ln[
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Set t, = minyeq1,. 4.} |y — t| and consider the following decomposition

sup sup |T;z(y) - ET;l(yH < sup sup ‘T]f,l(y) - T;jm (y)|
TESF yElta(z)—b,ta(z)+4] T€SF y€lta(w)—d,ta(z)+]
+ sup sup T () = T,1 (t,)]

TESF yE€lta(x)—0,ta (z)+4]

-+ sup sup |T;§($) (ty) - ET;l@y)’
TESF y€Elta(r)—0,ta(x)+0] ,

+ sup sup |ETZ§<I) (ty) - ET;;(1> (y)’
xGS}- ye[ta (x)_évta (I)+5] , ,

+sup sup BT (y) — BT (y)]

TESF y€lta(r)—b,ta(x)+0]

N N} N} N N
=LV + LY + LB+ LY + LY.

Let’s, now, study each term Lg’l for k € {1,...,5}.
Study of the term L.

For all € > 0 , we have

P (L’g’l > 17) = sup sup P (‘Tpxj(”) (t,) — E(szj(z) (ty)| > 6)
TESF y€lta(z)—dta(x)+4]
<d,N,,(SF)  max max P (|T,; (t,) — E(T,;" (t,)| > ¢)

]G{l,...,Nrn (S]:)} tye{tl,...,tdn}
DAL ()

=1

<d,N,,(S¥) max max }P <

je{lv"'aN’l‘n (S]:)} tye{tl""vtdn

> na@(h)) )

where

ey 1 . .
ANl = = [Ki(50) B0 () L yvieyy — BOKi(00) 87 (200 Vivieyy)]

Ysy (an )
n®(h)

for studying F?* and combined with (U5)" and d,, = né*'/2, ones has

We set ¢ =17 with n > 0. By similar arguments as those invoked

pl _ ¢5F (thn)
Ly" = Oaco nd(h)
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Study of the terms L5' and L2

First, let us analyze the term Lg’l, we have

L2 = su
9 9] sup
zE€SF y€lta(x)—bta(x)+d] n@ Zj(x) i=1

1 - Ki(xxj(x))ﬁzpiz( ](x))
(h)z

= e — Livize

<, sup
JJES]: /n/@

n p—2
1 Z Ki(xxj(z))/Bi (‘%Ij(z))
x](a:)(h) i=1 hp=2
< Iy, sup Spo(Tj))-

ze€SFE

In view of relations (2.12) and ES,o(zjw)) = O (%) and combined with
(U5)’, the fact that [, = n=¢"'/2 we can derive

pl wS]: (IHT")
L2 - Oa.co. n@(h)

Second, since

< E (sup |T 19 (y) — Tgf(’)(tyﬂ) :

r€ESE

we deduce that

Vsr (52)
L' = Opeo | | 522 . 2.15
Study of the terms L?' and L2 .
Because of the boundless of 1Z{Yi <y} the study of the term Lll”l is exactly the

same as that of Ff’l (see the proof of Lemma 2.2). So we obtain

P — 0 Vs (h;zn)
1 a.co. n@(h) 9
which entails that
Pt =0 %F—M
5 Qa.co. n@(h,)

42



Proof of corollary 2.1 Since

sup |F* (ta (@)= F* (fa(@))] = sup |F* (o ()= F*(ta(z))| < sup sup [F(y)=F* (y)],

z€Sr z€SF 2E€SF yE[ta(®)—0 t (2)+0]

then the condition (U8), together with Theorem 2.3, imply that

lim [ty (z) — to(z)] =0, a.co. (2.16)

n—o0

Now using the Taylor expansion of the function F'*, we get under hypothesis

(U9), that

F(fo(z) = Fo(ta(2) = Y —— 2 [la) - to(z)] + e

_ Fr(ta(x)) [fa(x) _ ta(a:)}j ’

J!
where #/ () lies between t, () and Z,(x).

Because of (2.16) and the uniform continuity of F*9) we get that

lim sup [F*U) (. (z)) — F*D(t,(z))| =0, a.co. (2.17)

n—00 xESF

So, there exists a positive real number 7 such that

iP ( inf F*O(¢ (2)) < 7') < 0.

0 TESF
Then
sup [fa(z) = ta(@)) < sup sup [F*(y) — F*(y)l-
r€ESF TESF y€Elta(z)—b,ta(z)+4]

It remains to apply the result of Theorem 2.3 to obtain the claimed result.
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Chapter 3

Forecasting with Functional Time

Series

A very widely studied problem in statistics is the link between two variables,
the main goal of which is to predict one of the variables (the response variable)
given a new value of the other (the explanatory variable). One way to deal
with this problem is by means of the regression method which is based on
the conditional expectation. In others, one alternative technique used is the
conditional quantile which involves the conditional distribution function.
Notice that the nonparametric estimation based on the local linear approach
for functional independant data was, for example, studied in Messaci et al.
(2015) and subsection 2.2.2 for the conditional quantile.

Moreover, observed data can exhibit a dependence form. A large studied
example in Time Series is the case of the a-mixing dependence. We cite for
example Attaoui et al. (2014) and Laksaci et al. (2011) for papers dealing
with such functional dependent data.

This chapter takes place within this field. We establish strong consistency of
a local linear nonparametric estimator of the conditional distribution function

of a scalar response variable given a random variable taking values in a semi
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metric space (the functional variable) when the collected observations are -
mixing. Then, we derive the consistency of a conditional median estimator

which is a prediction tool.

3.1 Estimation and hypotheses

Let us consider n pairs of random variables (X, Y;);=1. ., identically dis-

tributed as the pair (X,Y’) which is valued in F x R, where F is an infinite-
dimensional space equipped with a semi-metric d.

Let z, N, and y be resbectively a fixed point in F, a neighbourhood of
x and a real, we estimate the conditional cumulative distribution function
F*y)=P(Y <y| X =x) by ﬁx(y), given in (2.3). Remark that a double
kernel local linear estimator was been introduced in Messaci et al. (2015)
and studied for independent data.

As the conditional quantile of order o (a0 € (0,1)) is to(z) = inf{y €
R, F*(y) > a}, we deduce from F® a natural conditional quantile estima-
tor given by,

Tu(z) = inf{y € R, F*(y) > a}. (3.1)

Recall that t;5(x) is the so called conditional median.
To study the asymptotic behaviour of the local linear estimator F ¥ we need

the following assumptions.

(D1) There exist 6 > 0, C' > 0, b > 0 such that: V2’ € N, Vy € [to(z) —
0, ta(w) + 8], |F*(y) — F (y)] < C(d"(x,2")).

(D2) The kernel K is a positive and differentiable function on its support
[0,1] and 3 C, C” such that

0< 01[071](75) < K(t) < 0/1[071]@) < 0.
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(D3) The sequence (X;,Y;) is a stationary a-mixing sequence with coefficient
a(n), moreover (D3a) and (D3b) are satisfied, where
(D3a): 3C > 0,3a > 3,Vn € N;a(n) < Cn™?,
(D3b): 3 C,C" > 0such that: C"[@,(h)]Y ™Y < 4, (h) < C [@,(h)] 7V
with ¢, (h) := 1, (0, h) and ¥, (b, ha) = P (b1 < d(X1,2) < hs,0 < d(Xa,z) < ho).

(D4) The bandwidth h satisfies
dnpeN,Vn >n L/lw(zhh)i(zzf((z))dz>0>0
0 ) 05 1%(]1) o T ) dz

and

2 / / B(u, 2)B(t, 2)dPx, xy) (1, 1)
B(z,h) J B(xz,h)

=0 (/B(z’h) /B(m’h) BQ(U,x)ﬁz(t,x)dP(XhXQ)(u’t)) 7

where dPx, x,) is the joint distribution of (X;, X5).

(D5) lim h=0and 30 <5 < 2,3 C; > 0 such that Cyneri 7% < &, (h).

Nn—00 a+1’

Hypothese (D1) is a standard regularity condition allowing to deal with the
bias. (D2) is a technical condition. (D3a) means that (X;,Y;) is arithmeti-
cally mixing and is extensively used in the literature as in Ferraty and Vieu
(2006) and in Laksaci et al. (2011). (D4) is of the same kind as (H6)
together with (H7) in the section 1 (Appendix 3.5 is an example of this codi-
tion). The choice of bandwidth is given by (D5), in particular it implies that
Inn/n®,(h) — 0 as n — oo.

3.2 Results

Our first result concerns the asymptotic behaviour of F *(y).
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Proposition 3.1. Under assumptions (H1), (H3) and (D1)-(D5), we have

s Inn
sup Fx<y) - y) = O hb) + Oa.co. .
y€lta(x)—d.ta()+9] ‘ W) ( n®,(h)

It is easy to see that the proof of Proposition 3.1 is a direct consequence
of the standard decomposition given in (2.5) and of the following lemmas

whose proofs are relegated to the Appendix 3.4.

Lemma 3.1. Assume that hypotheses (H1), (H3), (D1)-(D4) hold, then

sup |F*(y) = BEF(y)| = O(h").
yE[ta(z)—b,ta(z)+d]

Lemma 3.2. Under assumptions of Proposition 3.1, we obtain that

yE[ta(x)—b,ta(z)+]

~ ~ B Inn
sup ’FN(y>_EFN(y)’ _OG~CO- < n@x(h) > .

Lemma 3.3. If assumptions (H1),(H3) and (D2)-(D5) are satisfied, we get

~ Inn
‘FD_l‘_Oa.co.< n@m(h) )

> ~ 1
ZP(F;% < 5) < 0.
n=1

To obtain the consistency of the conditional quantile estimator, we add

and

the following assumption.

(D6) F* is differentiable with a continuous density f* satisfying f*[t,(z)] >
0.

A known method can be applied to derive the following result from Proposi-

tion 3.1, see for example Theorem 3.1 in Laksaci et al. (2011).
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Theorem 3.1. Under the hypotheses of Proposition 3.1 and if (D6) is sat-

isfied, we obtain

n b Inn
|ta(2) = to(2)] = O(h") + Oq.co. ( . (1) ) .

3.3 Real data application

In this section, a real data set will permit us to illustrate the efficacy of our
studied estimator ;5\1 2 with respect to other conditional median estimators:
The kernel one (denoted KM) studied in Ferraty and Vieu (2006) and the
local linear estimator (denoted LLM) introduced in Messaci et al. (2015).
The KM (resp. LLM) estimator is computed with the same parameters as
at subsection 12.4 in Ferraty and Vieu (2006) (resp. at section 4 in Messaci
et al. (2015)). For the computation of the estimator ¢, /2, we use the kernel
K(z) = [3(1 —2?) +0,001] 1jo5j(z) (close to the quadratic kenel), the band-
width A is chosen by the cross-validation method and the semimetric d is
the PCA one described in Ferraty and Vieu (2006) (see routines "semimet-
ric.pca" in the website http://www.lsp.ups-tlse.fr/staph /npfda with ¢ =4 )
and (3 :=d.

Our aim is to study the US monthly electricity consumption observed during
338 months (from January 1973 up to February 2001) which can be found
at hitp://www.economagic.com. As pointed out in Ferraty and Vieu (2006),
this time series can be viewed as dependent functional data.

The consumption of a year is the explanatory variable and the consumption
of each month of the following year is the response one. We eliminate the
337 and 338 months and we retain the remaining 28 years.

Fix s € {1,2,...,12}, in order to predict the electricity consumption of the
s month of the last year (the 28"") by each cited method, we use the 27

.....
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Figure 3.1: Performance of the three methods for the Electricity data.

estimators under investigation, where X; stands for the consumption of the
whole i year and Y;® is the consumption of the s month of the (i + 1)™"
year. Then, for all s € {1,2,...,12}, we predict Y%, which is the consump-
tion of the s month of the 28 year, given Xor.

The criteria allowing us to compare between the three estimators is the em-
pirical Mean Square Error (MSE), defined by

12 2
MSE::E;(YZ-—}Q>,

where Y; (resp. Y;) is the real (resp. the forecasted) value of the i month
of the last year.

The obtained results are:

MSE(a/Q):O.00235, MSE(LLM)=0.00333 and MSE(KM)=0.00253.

Based on this data set, we see that our estimator provides an acceptable

performance.

In Figure 3.1 and for each mentioned method, the solid (resp. dotted)

lines stand for the true (resp. forecasted) values.
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3.4 Appendix 3

In what follows, let C' be some strictly positive generic constant. To treat
the almost-complete convergence of I *(y), we need the following preliminary

technical lemma.

Lemma 3.4. Under assumptions (H1), (H3), (D2), (D3b) and (D4), we
obtain

1) ¥(p.0) € N x N, B (KI(@)| B (@)]) < CN'(h).

i) V(p1,po,l1,0l2) € N* x N* x N x N,

E [KD (2) K (@) 8% ()12 ()] < OO+ [, ()],

iii) E[K(2)Ky(z)82(x)] > Ch2 [D,(h)]“™ for n sufficiently large.

Proof 3.1. i) (see Lemma 1.3-i).
ii) In view of hypotheses (H3) and (D2), we get

E (K7 (2) K32 (2)167 ()] 162 (2)])
< CRUHIE (1 (h (X1, 7)) 1o 1 (h ™ d( X, 2))]
< Chh 2 P((X,, X,) € B(z, h) x B(x, h)].

So, we derive the claimed result by using (D3b).
iii) Applying (H3), it is easy to see that

E [Ki(z)Ky(z)5i ()] > CE [Ki(z)d* (X1, 2) Ky ()] -

Combining hypothesis (D2) with Fubini’s theorem, we obtain

1 1
E [Ki(z)d*(X1,2)Ky(x)] = B* / / K () K (W) dPh-1d(x, 2y h-1d(Xo,2) (5 1)
0 0

1 1 1
d
> Ch2/ (/ / 1[2’1] (t)dp(h_ld(Xl,x),h—ld(XQ,x)<t7u)) —(22K<2))d2.
0 0o Jo dz
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Moreover, we have

1 41

/ / ]‘[Z,l] (t)dp(hfld(xl,w),hild(XQ,:D)(t7u) = P (Zh S d(Xla Jf) S ha 0 S d(XQa l') S h) - wx(Zh; h)
0o Jo

Finally (D4) permits us to end the proof.

As the dependence assumption reveals covariance terms, let us define for
p€{2,3,4} and [ € {0,1}

n n

Vaw ) =D D 1Co(CE 1), Gpa W), (3.2)

=1 j=1

where, for i € {1,...,n}

i) = W{ DB @)y, — EIK(@)8 @)1y} (33)

We now focus on these covariances terms in the following result.

Lemma 3.5. Under assumptions (H1), (H3), (D1)-(D4) we have
(S™)n1k(y) = O(n®y(h)). (3.4)

Proof 3.2. for k€ {0,2}and !l € {0,1}, we set

Sm nlk ZZ |OOU zpl ]pl( ))| - Rl,n(‘I)—i_RQ,n(x)—i_nVGT(Clm,p,l(y>)

=1 j=1
(3.5)
with
Rua(a ZICov @) Gt St = {0 1< Ji— | <)

and

RQ” Z|COU zpl zp,l(y))|; SZ:{(Zvj)mN+1S|Z_j|§n_1}7
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where the sequence (m,) will be specified below.
Since for all i in {1,...,n}, E((7,,(y)) =0, we get

R1n Z|E zpl ]pl( )”
< e SAEIK @8
S1

Under (D3) in view of hypothesis (H3), together with the application of

Lemma 1.3, we obtain

Ry, (z) < Cnm,, [(@x(h))a/afl + (@m(h))Q]
< Cnm,, (B, ().

To apply a covariance inequality for bounded mixing sequences, we must cal-

xT

culate the absolute moments of the r.r.v. (f,,(y).

q
EIC )l < b0 3 GBI @)

Jj=0

@) || B () B2 ()]

By using Lemma 1.3, we get

EIGE, (1)|" = O (mazoecq(@, () +7)
—0(@,(h)).

Now, we can use Rio inequality (see Proposition 5.4—(i)) and

S < ((a— a7

j>z+1

together with hypothesis (D3) to obtain

Ry (x Z|COU iy
<CZ (li = 4])]

C’

a—1

) Gt (®))]

—a+1
nm,

<
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Choosing m,, = (P.(h))~/*"1 | we obtain

Ryn(x) = O(n@x(h)) (3.6)

and
Ry, (z) = O(n®,(h)). (3.7)
For the variance term, Lemma 1.3 permit to write

Var(¢,,(y)) < C [@,(h) + (€.(h))?]
< O, (h).

(3.8)

We readily derive the claimed result from (3.5), (3.6), (3.7) and (3.8).

Proof of Lemma 3.1 We have

1

EF%(y) = EWna(n)

E [Wia(2)Liva<yy ]

and E}?ﬁ(y) can also be written as

1

B W@ B (e X))

EF(y) = B [B(F ()| X:)| =
So, we get under assumption (D2)

F*(y) — EFx ‘ = |EW12
z'€B(z,h)

It sufficies to take into account hypothesis (D1) to obtain the result.

Proof of Lemma 3.2 Inspired by the decomposition (1.7), we set

Fi(y) = Qo) [T5, ()T (y) — T (9)TEo(v)]

where
i 1 Ki(z)Br 2 (2)1hy .,
Tp,l(y) = n@m(h) ; hp—2 {¥. }
and n?h2®2(h)
Q(z) =

n(n — 1)EWis(z)

93

e £ {Wia(@) [F7(y) = Fe@)]}[ < sup [F(y) -

F*(y)|.



So, it suffices to show that, for p € {2,3,4} and [ € {0, 1}, we have

sup [ET;(y)] = O(1) and Q(z) = O(1),
YE[ta (z)—0,ta(x)+4]
Inn
sSup T, Yy — ET7 Yy :Oa.co. )
ye[w)—ata(x)m' pult) (0]l n®,(h)
Inn
sup Cov |15, (y), Tio(y)| | = O
ye[ta(x)_&ta(x)ml [T51(y), Tio ()] | ()
Inn
and sup Cov |T3,(y), T3, (y)| | = O .
ye[ta(z>—6,ta(m)+a]‘ 75, Tow)] | n®, (h)
e Applying Lemma 3.4 i), we readily obtain
swp |ET:(y)| = O(). (3.9)

ye[ta(x)—&ta (r)+5]

e Treatment of the term Q(z)

On the one hand, we have

W E [B1(2) Ba() K (2) Ka ()] < ChQ/ / Bu, 2)B(t, x)dPix, x,)(u, t).
B(z,h) J B(z,h)

On the other hand and in view of (H3) and (D3b), we obtain

B [B1(2)B2(2) K (2) Ka(@)] = 0 (12 @, ()] 7).

Now, Lemma 3.4-(iii) and the last result allow to write, for n sufficiently

large

O = TN @
n(n —1)EWis(z) (@, (h)]*/ "
e Treatment of the term sup, e, (2)—s10 ()46 [ 1p2(y) — ET5,(y)| , for p €
{2,3,4} and [ € {0,1}.
We have for any y € [to(z) — 0§, ta(z) + 0],

1 n
T]il (y) — ETpx’l<y) = F(h) Z CZp,l(y)J
r i=1

o4



where (f,,(y) is defined in relation (3.3).
By applying Proposition 5.5—(ii), we get for any € > 0, r > 1 and for some
0<C <0

P (ITy,(y) — ETy(y)| > ¢) < P <| Z ()] > nﬁ@x(h)> < C[Bi(x) + Ba(a)],
- (3.10)

where

—r/2 1
— M an z) =nr : "

Now, taking for n > 0

Inn

nd,(h)

e=n and 7 = (Inn)?

we obtain

(a+1)

BQ(I’) < Cnl_(a+1)/2(ln n)Qa_T [@w(h)]f(uﬂrl)/?,

and using (D5), one gets

By(z) < On~1=m(@t/2(]p p)2a— 52 (3.11)

Moreover, in view of equation (3.4) and the fact that In(z +1) = z — 22/2 +

o(x?/2) where z tends to zero, we can write
By(z) < Cn /2, (3.12)

which shows that Bj(x) is the general term of a convergent series for an
appropriate choice of 7.
Hence, by combining relations (3.10), (3.11) and (3.12), we derive

- - B Inn
T5y) = ET51 ()| = Ovcs ( A ) .
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From this last result, it is easy to obtain the uniformity on the compact
[ta(z) — 0,10 (z) + 0]. We omit the details because they are well known, we
can see for instance the second part of the proof of Lemme 2.4 in Messaci et
al. (2015).

e Finally, by following similar arguments used to prove (3.4), we obtain

1
p [Con [T T2o0)] 1= O (s )
YE[ta (x)—d,ta (@) +0] [2’1 +0 ] n®,(h)
and
1
up (oo [0, T)] | = O (s )
YElta () —8,ta(x)+9] T ov)] n®,(h)

In view of (D5), this last rate is negligible with respect to O <, /#’(‘h) )

Proof of Lemma 3.3 The first part of the claimed results can be directly

deduced from the proof of Lemma 3.2 by taking [ = 0 in all its proof and

this easily yields to the second part.

Proof of Theorem 3.1 Following the proof of Theorem 3.1 in Laksaci et

al. (2009), for any £ > 0 small enough, there exist dy in (0, ¢], such that
inf fily) > C >0,

Y€[ta(x)—d0,ta(z)+00]

so, we get for a large enough ny

Z P (|tAa(x) —to(z)| > €) < Z P ( sup |}/7\“(y) — F*(y)| > C’e) .

n>no n>no Y€E[ta(w)—do,ta (z)+d0]

The result is then an easy consequence of Proposition 3.1.

3.5 Appendix 4 : Remark on (D4)

In the following, we give an exemple of a random variable that satisfies the
condition (D4).
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Let X be a functional squared integrable random element of a separable
Hilbert space F with orthonormal basis {e;, j = 1,...,00}. Assume that
Y = (X1, ..., X*) (where k € N*) be absolutely continuous with respect to
the Lebesgues measure on R* and let be B(z,h) := {u € F/ dp(z,u) < h}
be a closed ball for x € F, where the semi-metrics d; are usually known as
projections type semi-metrics (they described in Lemma 13.6 in Ferraty and
Vieu (2006)).

We assume that the density function fi2 of (X;, X3) being continuous at

(21, x2) and such that f;o(x,z) > 0, we arrive at

U (uh,h) = P (uh < dp(X1,2) < h,0 < d(Xa,z) < h)
= P (dp(X1,7) < h,dp(Xo,2) < h) — P (dp(Xy,2) < uh, dp(Xa,2) < h).

Remark that if z = 3777, #7¢; in F then Jy = (2, ..,z%) € R*. So, On one

side, we have

Yp(h) == P (dip(X1,2) < h,dp(X2,2) < h)

/ / f12 t U dtdu
B(y,h) J B(y,h)

— [ (sl + 8y ) e
B(y,h) J B(y,h)

= / / (fr2(y,y) + b2(y, u) + 01(y, t))dtdu
B(y,h) J B(y,h)

= (fi2(y,y) + O(R / / dtdu
B(y,h) J B(y,h)
= fi z(y y)h%VQ(k) h%‘ﬂ(k) C h%

o7



where the notation V(k) is the volume of the unit ball in R¥ such that
k

V(k) = %71:(75) On the other side, we get

P (dy(Xy,2) < uh, dy(Xo, 7) < B) = / / Foalt, v)dtdu
B(y,uh) J B(y,h)
= (fi2(y,y) + O(h))/ / dtdu
B(y,uh) J B(y,h)
— fra(y, YRRV (k) + O(R)hPV3 (k) ~ CouPh?*,
which allows us to write
Yy (uh, h) ~ C,h* (1 — uF). (3.13)

Now, one considers the family of kernels indexed by o > 0 and defined by

Ko(u) = 2 (1 — u*) 191y (u). It comes with trivial calculs that

(a+1)k
(k+2)(a+k+2)

/ 1 Yo (uh, h)i(UQK(u))du = C.h?* + o(h?F),
0 du

which leads us to assumption (D4) as soon as h is small enough ( i.e. as soon
as n is large enough). In the same way, (D4) holds when ones considers the

uniform kenel 1 q(.).
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Chapter 4

Local linear estimation of a
generalized regression function

with functional dependent data

In Chapter 2, we study a generalized regression estimator in the case where
the data are independent. The present work gives an extension to the depen-
dent case (a-mixing) and this fact complicates considerably the study. The
interest comes mainly from the fact that some application fields, for func-
tional methods, need to analyze time series. These motivation is illustrated
using two real-data sets.

Let us consider n pairs of random variables (X, Y;);=1. ., identically dis-

tributed as the pair (X,Y’) which is valued in F x R, where F is an infinite-
dimensional space equipped with a semi-metric d.
We estimate the generalized regression function m,,, by the following explicit

estimator

o 2 Wi(a)e(Y)) (8 ) |

el = S e o
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where

Wij(w) = B(Xy, 2) (B(Xi, 2) — B(X;, 2)) K (h™ d(X;, 2)) K (b~ d(X;, 7).

4.1 The pointwise almost-complete convergence

Let x be a fixed point in F, We investigate the asymptotic behavior of the
local linear estimator my(x), under the assumptions (H1), (H3), (D2), (D4)

and the following addition assumptions.

(M1) There exists b > 0 such that for all zy,z0 € B(z,h), | my(z1) —
my(x2)] < Cpd’(x1,x2), where C, is a positive constant depending on

x.

(M2) The sequence (X;,Y;) is an a-mixing sequence with coefficient a(n),
moreover (M2a) and (M2b) are satisfied.

(M2a) There exist C' > 0, a > sup(3, 22*) satisfying: Vn € N;a(n) < Cn™,
where d and u are defined in (M2b) and (M4) respectively.

(M2b) There exist 0 < d < 1, C > 0, C' > 0 such that C'[@,(h)]'"" <
Ye(h) < C@a(W)'™, where th(h) = 1,(0,h) and ¢hy(hy, ha) =
P(hl S d(Xl,x) S hg,o S d(XQ,.T) S hg) .

(M3) For all m > 2,6, : x — E(|p(Y)|™/X = x) is a continuous operator at
x and 3C > 0, such that sup,; £ (|o(Y)e(Y;)|/(Xi, X)) < C < oo.

(M4) The bandwidth h satisfies lim,, ;oo h = 0 and 379 > 0, 0 < u < 1,

C1 >0, Cy > 0 such that C’lni%”") < @, (h) < Con™, with ny < ﬁ

Hypothesis (M1) is standard and has been assumed in the independent
case (see Barrientos et al. (2010)). (M2a) means that (X;,Y;) is arithmeti-

cally mixing which is a standard choice of the mixing coefficient in the time

60



series as well as in the context of functional data. Concerning (M3), similar
conditions have already been imposed in the literature to deal with the re-
gression estimation problem: see for example assumptions (6.4) and (11.10)
in Ferraty and Vieu (2006). The choice of the bandwidth is given by (M4)
which implies that n®,(h)/lnn — oo as n — oo.

Now, let us state the rate of the pointwise almost-complete convergence of

My ().

Theorem 4.1. Assume that assumptions (H1), (H3), (D2), (D4) and (M1)-
(M}) are satisfied, then

~ Inn
m@(x) - mw(‘r) = O(hb> + Oa.co. ( n@m(h) ) .

Notice that this rate of convergence is the same as that of Barrientos et
al. (2010) (independent observations) as well as that of Laksaci et al. (2011)
(dependent observations).
The proof follows directly from the standard decomposition given in (2.2),
then, we apply the following lemmas for which the proofs are relegated to
the Appendix 4.4.

Lemma 4.1. Assume that hypotheses (H1), (H3), (D2), (D4), (M1) and
(M2) hold, then
m,(z) — Emy(x) = O(RY).

Lemma 4.2. Under assumptions of Theorem 4.1, we have

Inn

ml(m) - Eml(m) = Oq.co. ( m ) .

Lemma 4.3. If assumptions (H1),(H3), (D2), (D4), (M2a), (M2b) and
(M4) are satisfied, we obtain

Inn
mo(flf) —1= Oa.co. ( n@x(h) )
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and

i:lP (mo(x) < %) < 0.

4.2 The uniform almost-complete convergence

In this section, we establish the uniform almost-complete convergence of m.,
on some subset Sz of F which can be covered by a finite number of balls.
This number has to be related to the radius of these balls.

To this goal, we suppose that x1,...,zy, (s5) is an r,-net for Sz where for
all k € {1,...,N,,(SF)}, zx € Sy and (r,) is a sequence of positive real
numbers.

In this study, we need the following assumptions.
(E1) The kernel K fulfills (D2) and is Lipschitzian on [0, 1].
(E2) The sequence (X;,Y;) satisfies (M2a) and

(E2b) There exist 0 < d < 1, C; > 0, Cy > 0 such that for all =1, x5 € S,
0< Cy[@B(h)]'" < P[(X1,X3) € B(ay,h)x € B, h)] < Cy [@(h)]' .

(E3) Ym >2,3C, > 0, E(|e(Y)|™/X) < Cy and 3 Cy > 0,
sup,.; B (|o(Yo)e(Y))]/(Xi, X)) < Co < .

(E4) The hypothesis (D4) is satisfied uniformly on = € Sx.

(E5) The bandwidth h satisfies (M4) and for r,, = O (), the function ¢,

satisfies for n large enough g, (lnT") ~ C'lnn.

Roughly speaking, most of these hypotheses are uniform version of the corre-
sponding conditions in the pointwise case. (E2) and (E5) allow to treat the
dependence terms and were inspired by imposed conditions in Laksaci et al.
(2011) and Attaoui et al. (2014). (E1) is a technical assumption. The last
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condition on entropy in (E5) is satisfied in some common cases (see example
4 on page 338 in Ferraty et al. (2010)) and leads to find again the same rate
as in the pointwise case but uniformly on z.

Our result is as follows.

Theorem 4.2. Under assumptions (U1)-(U3), (E1)-(E5) we have

. b Inn
s [ (1) = m (1) = O1) + O ( T ) .

Notice that this rate of convergence is the same as that of Ferraty et al.
(2010) (independent observations) under our hypothesis (E5).
It is easy to see that the proof of Theorem 4.2 is a direct consequence of the
decomposition (1.5) and of the following lemmas for which the proofs are

postponed to the Appendix 4.4.

Lemma 4.4. Assume that hypotheses (U1)-(U3), (E1), (E2) and (E4) hold,
then
sup |my(z) — Emy(z)| = O(R").

zESE

Lemma 4.5. Under assumptions of Theorem 4.2, we obtain that

Inn
- F = Oa co. V2 RN .
sup Imafe) = Ema(@)} = On < () )

Lemma 4.6. If assumptions (U1),(U3), (E1), (M2a), (E2b), (E4) and (E5)

are satisfied, we get

Inn
-1 :Oaco.
Sup mo(@) =1} = O. ( n@(h))

and

1
ZP (;e%ffmo #) < 5) <o
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4.3 Real data application

In this section, we use two real data sets (the electricity consumption data
given in Section 3.3 and El Nino data) to illustrate the efficacy of the lo-
cal linear estimator (LLR) corresponding to the studied estimator m,, for
©(t) = t. More precisely, we compare it to the conditional expectation kernel
estimator (KR) studied in Ferraty and Vieu (2006).

The (KR) estimator is computed with the same parameters as at subsection
12.4 in Ferraty and Vieu (2006). For the computation of the (LLR) estima-
tor, we use the quadratic kernel K (z) = 3(1—x%)1g,5j(z), the bandwidth h is
chosen by the cross-validation method and the semimetric d is the PCA one
described in Ferraty and Vieu (2006) (see routines "semimetric.pca" in the
website http: //www.lsp.ups-tlse.fr/staph /npfda with ¢ = 5 for the electricity

consumption data and g = 2 for El Nino time series) and (3 := d.

LLR KR
o & o o °
o /r \C: o ,O\ |
— [s] rf O“ — ooy O“ i
8 fo = Fy P v
o N fo \‘O o n C:’f \? r‘l [s]
w0 N [a] ! ::) 0 B ; [
o | S , La=] (O\ 4 k =2
< o;fo : kK Q loso g
I, N - 8. o
E c; 8 E [s] \or
< T T T T T T = T T T T T T
2 4 6 8 10 12 2 4 6 8 10 12
28th year 28th year

Figure 4.1: Performance of the two methods for the Electricity data.
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The study of El Nino time series is the same as the lectricity consumption
data but here we study the monthly Sea surface Temperature from June, 1950
up to May, 2004 (available online at http://www.cpc.ncep.noaa.gov/data/indices/)).
Our aim is to predict the Sea surface Temperature of each month of the 54"

year given the 53" one.

LLR KR

26
|
®
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26
|
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o
-

24
| |
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"
24
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e,
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& s 040 8o 04
i o :
1™ o0 ANe
O\ /’Jof O\\ /;Of
8 T 8.0 8 | g a8
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2 4 6 § 10 12 2 4 6 § 10 12
S54th year 54th year

Figure 4.2: Performance of the two methods for El Nino data.

In Figures 4.1 and 4.2, the solid lines (resp. the dotted ones) correspond
to the true observations (resp. the forecasted ones obtained by the men-
tioned method). In order to get a more precise comparison between the two

estimators, we evaluate their empirical Mean Square Errors (MSE), with

12

1 N2
MSE.:EZOQ—Y;) ,

i=1

where Y; (resp. }//\;) is the real (resp. the estimated) value of the " month

of the last year.
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We find

e For the Electricity data

MSE(LLR)=0.0016 and MSE(KR)=0.0024.

e For El Nino time series

MSE(LLR)=0.2558 and MSE(KR)=0.3500.

In conclusion, as for independent data, the local linear method seems to
improve the quality of prediction compared to the kernel one. The (LLR)
estimator which have been introduced and studied, for independent data, in

Barrientos et al. (2010) also gives good results for dependent observations.

4.4 Appendix 5

In what follows, let C' be some strictly positive generic constant.
1. To treat the pointwise almost-complete convergence of m,(z) , we

need the following preliminary technical lemma.

Lemma 4.7. Under assumptions (H1), (H3), (D2), (M2b) and (D), we
obtain

1) ¥(p.0) € N x N, B (KI(@)| B (@)]) < CN'(h)

i) V(p1,po,l1,1l2) € N* x N* x N x N,

B [0 () K (@)% ()18 ()] < OO (@, ()],

iii) B K (2)Ky(x)52(x)] > Ch2 [, (R)]" for n sufficiently large.

The proof of this Lemma works as that of Lemma 3.4.
As the dependence assumption reveals covariances terms, let us define for

k€ {0,2} and [ € {0,1}

n n

S2u(@) =" [Cov (A (@), AV ()], (4.1)

i=1 j=1
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where, for i € {1,...,n}
A (@) = K@) () — K@@ ()} (42)
We now focus on these covariances terms in the following result.

Lemma 4.8. Under assumptions (H1), (H3), (D2), (D4), (M1)-(M3) we
have
Sis(@) = O(n®y(h)). (4.3)

Proof 4.1. for k € {0,2}and | € {0,1}, we set

ZZMJOU APV (), AP (@) = T (@) Jo (@) +nV ar (A (2))

i=1 j=1
(4.4)
with
Tia(@) = Y |Cov(A (@), AP (@)l S = {(0,4) : 1 < |i = j| < ma}.
S1
and
o Zwov ) AP @)l Sz = {0 4) i ma + 1< fi—jl <n— 13,
where the sequence (m,) will be specified below.
Since for alli in {1,...,n}, E(A kl)( )) =0, we get
Tin(e Z\E AP (@) A ()]
< 5 Z{E K;(2)8; () E(le' (V)¢ (Y)1(Xi, X;)]

+|E] i(x)ﬂf(fﬂ) (' (V)X E[K;(2) 5} () E(#' (V)| X1}
Under (M3) and because E[p(Y)|X] = my(X) = my(z) + o(1) in view of
hypothesis (M1), together with the application of Lemma 4.7, we obtain
Jl,n(x) < Cnm,, [(éx(h))l-i_d + (éw(h))g}
< Cnmy, (D4(h)) .
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To apply a covariance inequality for unbounded mixing sequences, we must

calculate the absolute moments of the r.r.v. A; kl)( ).

q
BN (@)|7 < B € BIK] () B ()" (V)| E K (2) 85 ()¢ (V) |7~

J=0

< ™Y CiBIE] (2)57 (2) E(|p(Y) || X[ B (Ki(2) BF (2) B (o' (V)| X0)))*

§=0
the last inequality is obtained by conditionning on X;. In addition,(M3) im-
plies that E(|o(Y))|X) = §;(X) = 6;(z) + o(1) and using Lemma 4.7, we
get
BN @)]" = O (mazoejq (@2 () 77)
=0 (24(h)).

Now, we can use Rio inequality (see Proposition 5.5-(ii)) together with hy-
pothesis (M2a) to obtain

Jon( Z|C’ov kl) ,jk’”(x))l
() 2/q . yq1-2
gC[E\Al’ (a;)ﬂ > la(li = 4])]
Sa
e Ji = g1
Sa

2, fa(lfg)

< C@,(h)]a n*mp
Choosing m, = (®,(h))~¢ , we obtain

Jin(7) = O(n@y(h)) (4.5)

and

(¢=2)(ad—1)

Jonl@) < C (n@u(h)) [0 (@a(h) "7

u(g—2)(ad—1)

< C(ndy(h))n'~" @ |
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the last result coming from the condition (M4). Now, in view of (M2a) we

(g=2)(ad—1)

can choose q such that u > 1. So, we obtain

Jon() = O(n, (1)) (4.6)
For the variance term, Lemma 4.7 and hypothesis (M3) permit to write
Var(A™ () < C [92(h) + (@a(h))’]
< CP,(h).
We readily derive the claimed result from (4.4), (4.5), (4.6) and (4.7).

(4.7)

Proof of Lemma 4.1 The bias terms is not affected by the dependence
condition. So, the proof works exactly as that of Lemma 1.1 with replacing
Y by ¢(Y). Remark that EW; o(z) > 0 under the assumed hypotheses (see
relation (4.8)).

Proof of Lemma 4.2 Inspired by the decomposition given in 2.14, we set
mi(z) = Q) [S2,1(x)Ss0(x) — S3.1(x)Ss50(2)]

where, for p € {2,3,4} and [ € {0, 1},

_ 1 N~ EKi@B (@) (1)

-~ nd,(h) - hp—2

1=

n2h?®2 (h)

Spi(x) and Q(x) = -

So, we need to show taking into account the dependence assumption of the

observations, if necessary, that for p € {2,3,4} and [ € {0, 1}
ES, (x) = O(1),
Q(z) = O(1),

Spi(x) — ESpi(2) = Ogeco. ( n;i?h) ) )

CO’U [32’1("1/‘)7 5470(5(7)] = O

CO’U [33’1(1‘)7 5370(13)] = O

Y
=3
3
N~
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e [t is easy to see that under (H1), (H3), (D2) and (M1), for p € {2,3,4}
and [ € {0,1} ,we have

ES, () =0(1) .

e Treatment of the term Q(z)

We have

EWns(z) = E [Bi(2) K1 (2) Ky(2)] — B [B1(2) Ba () K1 () Ko ()]
together with
W2 E [By()Ba(2) Ky (2) Ky (2)] < th/ h)/ ) Blu,z)B(t, x)dPx, x5 (U, t)

and (D4) implies that

B [ a) o) s () Ka(o)] = o [ R L e ).
(z,h) (z,h)
By applying (H3) and (M2b), we get
/ / B2(u, 2)B(t, ) dPx, x5 (u, t) < Ch* [ @, (b)),
z,h) z,h
which implies that
E [B1(2) Bo(@) K (2) Kz ()] = 0 (12 [@a (W] ) .
Now, Lemma 4.7-(iii) and the last result allow to write
EWys(z) > Ch?[@,(h)]' (4.8)

So, for n sufficiently large

n*h?@;(h) [2.(h)]°
n(n — 1) EWis(2) = C[st(h)]ud <

e Treatment of the term S,;(z) — ES,;(z) We have

Q) =

Spi(x) — ESy(x Zr@”
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T0(e) = AP 20(0) = o {Ki)8 2 @) () — B (K32 (0) e (0]}
(4.9)

with Agk’l)(:c) is defined in (4.2).

Note that, because E(ng’l)(x)) =0, BT (2)]7 = O(@,(h)) for ¢ > 2 and

using Tchebychev’s inequality, we can apply Proposition 5.5-(i), to get for

any ¢ > 2, >0, r > 1 and for some 0 < C' < o0

P (|Spi(x) — E[Spu(2)]| > €) = <|Zr<p” )| > ned, <h>)

< C[Ai(x) 4+ Az(x)],

(4.10)

where

—r/2
82712(95 (h))2 r (a+1)q/(q+a)
A =|l1+—7 A =nr! .
o (+ EE) i 1) = (g )

Now, taking for n > 0

Inn

TN g, (n)

and r = (Inn)?

we obtain

1 (atDq 94 Blatl) (a+1)q

Ay(z) < Cn 2G@ra) (Inn)” " 26@ta) (P, (h)) 2@t

Next, using (HS8), it exists some real number v > 0 such that
Ay(z) = O(n~177). (4.11)

Moreover, in view of equation (4.3) and the fact that In(z +1) = z — 22/2 +

o(x?/2) where z tends to zero, we can write
Ay(z) < Cn T2, (4.12)
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which shows that Aj(x) is the general term of a convergent series for an
appropriate choice of 7.
Hence, by combining relations (4.10), (4.11) and (4.12), we derive

Sp,l(‘r) - ESp,l(x) - Oa.co. (‘ / %?h) ) .

e Finally, by following similar arguments used to prove (4.3), we obtain

Cov[Sy(), Sao(w)] = O (n.@i(h) >

and

Cov[Ss1(x), Sso(x)] = O (n@i(h) > '

In view of (M4), this last rate is negligible with respect to O ( % )

The proof is then completed.
Proof of Lemma 4.3 The first part of the claimed results can be directly
deduced from the proof of Lemma 4.2 by taking for all i, ¢(Y;) = 1.

We can deduce that mg(x) converges almost completely to 1 and this involves

that
= 1
ZP (mo(x) < 5) < 0.
n=1

2. To treat the uniform convergence of m.,(x), we need the following pre-
liminary technical lemma. This is the uniform version of Lemma 4.7 and its

proof works in the same manner.

Lemma 4.9. Under assumptions (Ul), (U3), (E1), (E2b) and (E4), we
obtain

i) V(p,1) € N* x N, sup,eq, E (K{(2)|Bi(2)|) < Ch'®(h).

i) Y(p1,po,l1,1l2) € N* x N* x N x N,

Sup,es, B (KT (2) K22 (2)] 8% ()| (2)]) < OO ((h)] .

iii) Jng € N,Vn > ng, infyes, E[K1(z)Ky(2)52(z)] > Ch? [@(h)]".
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Proof of Lemma 4.4 We have

1

Emy(x) = —EW12(:C)

E [Wis(z)¢' (Ya)]

and Em;(z) can also be written as

1

Emy(z) = E[E(mi(z)|Xz)] = EWyy(z)

E [Wig(z) E(p(Y2)| X2)] -

So, we get under assumption (E1)

() = Bma(o)| = gt B (Wiale) o) = moC| < sup () = mofa)|

We need to take into account hypothesis (U2) to obtain

sup |my(z) — Emy(x)] = O(R®).

zeSFE

Proof of Lemma 4.5 Following the same steps as in the proof of Lemma 4.2,
but using Lemma 4.9 instead of Lemma 4.7, we obtain under assumptions
(U1), (U3) and (E1)-(E5), for p € {2,3,4} and [ € {0,1}

sup Q(x) = O(1), sup ES,;(z)=0(1) (4.13)

TESFE xeSFE

and

sup Cov [Saa (), Suo(x)] = O ( ! ) . sup Cov [Ssa(2), Sao(2)] = O ( ! ) |

zeSF n@(h) zESFE n@(h)
(4.14)
It remains to show that, for p € {2,3,4} and [ € {0, 1},
up [Syu(@) — ESya(x)] = Ouen [ 1] 22050 (4.15)
z€SFE n (h)

To this aim, let us set

(x) = ar min d(x,z;),
j(x) S (z, ;)
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and consider the following decomposition

sup [Sp(x) — ESyu(x)] < sup [Spu(x) — Spi(wjm)]

z€SF zE€ESFE
+ sup |Sp1(Tj) — ESpi())
zE€ESE
+ susp |ESp,l(:cj(m)) — ESp’l(a:)‘ = Flp’l + sz’l + F:f’l.
TESF

Let us now study each term F]f’l for k € {1,2,3}.
Study of the term F?*
For all € > 0, we have that
P@ml >:P V_ES. (x,
2 > € je{l,,ﬁlj\%ﬂ}:(sf)} |Spa(x;) Spa(w;| > €

< N, (SF) max P (|Spi(xj) — ESy (x| > ¢€)

FE{L s Nry (SF)}

where I'!(z) is defined in (4.9). By applying Proposition 5.5-(i) in Ferraty
and Vieu (2006) and since E|F§k’l)(:p)|q = O(®,(h)) for ¢ > 2 , we have for
any ¢ > 2, >0, r > 1 and for some 0 < C' < o0

P (FQPJ > €> < CO(A + Ay),

where
—r/2
52n2d52(h) r (a+1)q/(g+a)
A =N, (S 14+ —7——= , Ay =N, (S -1
1 'n( .7:)< + TSil,p 2 'n( ]:)TL’I" (En@(h))

and S2, = sup,cq, S, ,(z) = O(nd(h)) in view of relation (4.3) together
with hypothesis (U1).
Choosing for n > 0

Inn 1 2
D i (o (20))’
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we obtain

where v,/ > 0.

Hence, we get for n large enough

where £ > 0.

Study of the terms F”' and F!'

First, let us analyse the term F¥ . Since K is supported in [0, 1] and according
to (U1), we have the relation (2.8) which give by

Cr n
val < n ! }/Z 1 . . XZ '
L= nho(h) ISSSE; | (Y LB myuB(, o) m (Xi)
- Crn| ! (Y3)]
T f
h JTES]: J

In the same manner as for proving (4.3), we have under hypotheses (U1),

(E2b), (E3) and (E5)
51= 3" 1Con(Zi 2,)| = Ona(h).

. .. 1 .
It remains to use similar arguments as to treat F3” to obtain

p,l 1/}5}' (lnTn)
F1 - Oa.co. n@(h)

Second, since

Fgf)’l <K (sup ‘Sp,l(x) - Sp,l(xj(x))o )

z€SFE
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we deduce that
v, (22)
Fp,l -0 F\ n
3 nd(h

Applying (4.13), (4.14) and (4.15) together with the last condition of hy-
pothesis (E5), the result of Lemma 4.5 is immediately obtained.
Proof of Lemma 4.6 The first part of the claimed results can be directly
deduced from the proof of Lemma 4.5 by taking for all 4, p(Y;) = 1 and this

yields easily to the second part.
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Chapter 5
Annex : Some probabilistic tools

In this Annex, we briefly present some probabilistic tools we need in this

thesis.

The almost Complete Convergence

The concept of the almost complete convergence was introduced by Hsu and
Robbins (1947), this convergence is in some sense easier to state than the
almost sure one. Moreover, this mode of convergence implies other stan-
dard modes of convergence, such that the almost sure convergence and the

convergence in probability.

Definition 5.1. Let (Z,)nen+ be a sequence of real random variables (r.r.v.).
We say that (Z,)nen= converges almost completely to some r.r.v. Z, and we

note Z, =% 7 if and only if

Ve >0, Y P(|Z,—Z|>¢) < .

n=1

Moreover, let (up)nen+ be a sequence of positive real numbers going to zero;

we say that the rate of the almost complete convergence of (Zy)nen+ to Z is

7



of order (u,) and we note Z, — Z = Og.co.(uy), if and only if

Jeg > 0, ZP(|Zn — Z| > gouy) < 00.
n=1
In the following proposition, we recall some results extensively used in
this thesis. For more details, the reader can see Bosq and Lecoutre (1987)

and Ferraty and Vieu (2006).

Proposition 5.1. Let I, and [, be two deterministic real numbers and let

(un)nen+ be a sequence of real numbers going to zero.

i). If limy 0o Xy = Uy, a.co. and lim,_+ oY, =1, a.co., we have
a) limyioo(Xn +Y,) =1, + 1, a.co.,
b) limy—i00( Xy X Yy) =1, X 1, a.co.,

c) limnﬁﬂo% = i a.co. as long l, # 0.

iit). If X, — ly = Ogeo.(Uy,) and Y, — Iy = Og.c0.(Uy,), we have
a) (Xn+Yy) — (lo +1y) = Oueco(Uy),
b) (X, xY,) =1y X1y = Oqco.(Up),
&) s = & = Open(Un) as long L, # 0.

The strong mixing

The field of mixing conditions is of great interest in statistics. This comes
mainly from the fact that it opens the door for application involving time
series. Notice that, there are many ways of modelling the dependence of a
sequence of random variables in the case of mixing. But, In this section we
focus on the a-mixing (or strong mixing) notion, which is one of the most

general among the different mixing structures introduced in the literature
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(see for instance Roussas and loannides (1987) or Chapter 1 in Yoshihara
(1994) for definitions of various other mixing structures and links between
them). For the strong mixing in the functional context, we refer to Ferraty
and Vieu (2006), especially sections 10.3 and 10.4.

All that can be done here is to give a narrow snapshot of part of the strong
mixing in the functional context which applied in the theoretical advances in
Chapters 3 and 4.

To start with, some notations are introduced. Let (Z,),ez be a sequence
of random variables on the probability space (£2,.A, P), which takes values
in the measurable space (2, .A"). Denote Uj’?, —00 < j < k < 400, the
o-algebra, which is generated by the random variables {Z;, ..., Z; }.
Definition 5.2. The strong mizing coefficient of a sequence (Z)nez of ran-
dom variables is defined as

a(n) = sup |P(AN B) — P(A)P(B)|.

{kez,Aec* ,Beot 5}

The sequence (Z,)nez is called a-mizing (or strong mizing), if
a(n) — 0 as n — oo.
Depending on the rate of convergence of «(n) one considers two cases.
e arithmetic (or algebraic) a-mixing.
e geometric a-mixing..

Definition 5.3. The sequence (Zy)nez s said to be arithmetically c-mizing

with rate a > 0 if
a(n) < Cn™@.
It is called geometrically a-mizing if
3C e Ry, 3t €]0,1], a(n) < Ct™.

79



To study the nonparametric kernel functional statistical methods (see our

chapters 3 and 4), we need the following proposition

Proposition 5.2. Assume that Q' is a semi-metric space with semi-metric
d, and that A is the o-algebra spanned by the open balls for this semi-metric.
Let x be a fized element of Q. Then we have

i) (Zy)ner s a-mizing then (d(Zy, x))nez is a-mizing.

i) In addition, if the coefficients of (Z,)nez are geometric (resp. arithmetic)
then those of (d(Z,, x))nez are also geometric (resp. arithmetic with the same

order).

Exponential Inequalities

The literature contains various versions of exponential inequalities. These
inequalities differ according to the various hypotheses checked by the ran-
dom variables.

This section instructs the exponential inequality taking into account two sit-
uations: the case of independent observations (Bernstein’s inequality) and
the case of dependent observations (Rio’s inequality or the Fuk-Nagaev in-
equality), for more detail see Ferraty and Vieu (2006). It is the main tool
for proving our asymptotic results that are examined in chapters 1, 2, 3 and
4.

Independent case

In all this subsection, let (Z,,)ncz be a sequence of centered random variables.

Proposition 5.3. (See Corollary A.8 in Ferraty and Vieu (2006))
i). if Vm > 2, 3C,, > 0; E|Z"| < Crpa®™ Y, we have Ve > 0

“ 62n

=1
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ii). Assume that the variables depend on n (that is, assume that Z; = Z; .
ifYm > 2, 3C,, > 0; E|Z"| < Coa™ " and if u, = n~'a2logn verifies

lim w, =0, we have
n—oo

LS 2= Ou (V).
i=1

Mixing case

There is a wide literature concerning covariance inequalities for mixing vari-
ables. For this, we us first start with some covariance inequality.

Let (T},)nez be a stationary sequence of real random variables

Proposition 5.4. (See Proposition A.10 in Ferraty and Vieuw (2006)) As-
sume that (T),)nez s a-mizing. Let us, for some k € Z, consider a real
variable T (resp. T') which is o* -measurable (resp. o, -measurable).

i). If T and 7" are bounded, then
3C,0 < C < 400, Cov(T,7') < Ca(n).

ii). If, for some positive numbers p, q and r such that p~* +q ' +r71 =1,
we have E(T)P < oo and E(7')? < oo, then

3C,0 < C' < +00, Cov(r,7') < C(E(T)))YP(E(T))Y(a(n))V".

Secondly, we present two Rio’s exponential inequalities for partial sums
of a sequence (Z,)nez of stationary and centered arithmetically mixing real
random variables. Assume that (Z,),en+ are identically distributed and are

arithmetically a-mixing with rate @ > 1 and let us introduce the notation

S = 2lim1 X leov(Zs, Z5)

Proposition 5.5. (See Proposition A.11 in Ferraty and Vieu (2006))
i). If 3p > 2 and M > 0 such that Vt > M; P(|Z;| > t) < t7P, then we have
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for any r > 1, € >0 and for some C' < 400

- 2\ /2 p (a+D)p/(a+p)
P(|ZZZ«|>€>§C{(1+@) +<E) .
=1 n

ii). If AM < oo such that |Z,| < M, then we have for any r > 1, ¢ > 0 and
for some C' < 400

n €2 —r/2 A (a+1)

Kolmogorov’s entropy

For the uniform consistency, where the main tool is to cover a subset Sz with

a finite number of balls,one introduces a topological concept defined asfollows

Definition 5.4. Let S be a subset of a semi-metric space F, and let € > 0
be given. A finite set of points xy,To,...,xN in F is called an e-net for S
if S C U,Icvzl B(xy,e). The quantity vs(e) = In(N.(S)), where N.(S) is the
minimal number of open balls in F of radius € which is necessary to cover

S, is called Kolmogorov’s e-entropy of the set S.

It is known that the entropy of a set measures its complexity. We refer
to Kolmogorov and Tikhomirov (1959) and Ferraty et al. (2010) for more

details and examples on this topic.
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Perspectives

To conclude this thesis we raise some perspectives that may be the object of
future works.

e Establish the quadratic mean convergence and the asymptotic normality
of the generalized regression estimator with the local linear method, for a-
mixing observations.

e Show the almost complete convergence results (pointwise and uniform)
similar to those of Chapter 2 when both the response variable and the ex-
planatory one are functional.

e Study the almost complete convergence (pointwise and uniform) similar to
those of chapter 4 in the doubly functional case when the sample considered
is a strong mixing sequence.

e Spatial modelization : Local linear estimation of the generalized regression

for functional data.
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Abstract

In this thesis, we consider the problem of the nonparametric estimation of
the generalized regression function when the response variable is real and
the regressor is valued in a functional space (space of infinite dimension), by
using the local linear method. These study includes, among others, those of
the regression function and the conditional cumulative distribution function.
Firstly, we consider a sequence of independent and identically distributed ob-
servations and we generalize the work of Barrientos et al. (2010). Indeed, we
are concerned with a class of estimators, including their estimator, for which
both the pointwise and the uniform almost-complete convergence, with rates,
are established, while only the pointwise one is proved in the fore-mentioned
paper. Then, a real data set study illustrates the performance of our method-
ology with respect to other known estimators.

Secondly, we suppose that the observations are strongly mixing (o mixing)
and we establish the pointwise and the uniform almost complete convergence,
with rates, for the previously introduced estimators. These results can be
used to solve the prediction problem for functional time series. This is illus-
trated through two real datasets wich, in addition, permit us to compare the

local linear method, adopted in this thesis, with respect to the kernel one.

Keywords: Functional data; Nonparametric estimation; Generalized regres-
sion function; Local linear method; Uniform almost complete convergence;

Rate of convergence; Entropy; o mixing.



Résumé

La problématique abordée dans cette thése est I’estimation non paramétrique

de la fonction de régression généralisée d’une variable réponse réelle condi-
tionnée par une variable explicative fonctionnelle (& valeurs dans un espace
de dimension infinie), par utilisation de la méthode locale linéaire. Cette
étude inclut, entre autres, celles des fonctions de régression et de répartition
conditionnelle.

Dans un premier temps, nous considérons une suite d’observations indépen-
dantes et identiquement distribuées et nous généralisons 1’étude proposée par
Barrientos et al. (2010). En effet, nous étudions une classe d’estimateurs, in-
cluant le leur, pour lesquels nous établissons la convergence uniforme presque
compléte, avec taux, alors que seule la convergence ponctuelle est établie dans
le travail cité. Ensuite, une étude sur des données réelles illustre la perfor-
mance de notre méthodologie par rapport a d’autres estimateurs connus.
Puis, dans un second temps, nous traitons le cas ou les observations sont
fortement mélangeantes et nous étudions aussi bien la convergence presque
compléte ponctuelle qu’uniforme, avec taux, des estimateurs précédemment
introduits. Ces résultats peuvent étre utilisés pour le probléme de la prévi-
sion de séries chronologiques. Fait que nous illustrons sur deux exemples de
données réelles qui ont aussi permis de comparer la méthode locale linéaire,

adoptée dans cette thése, a celle plus ancienne du noyau.

Mots-clés: Données fonctionnelles ; Estimation non paramétrique ; Fonc-
tion de régression généralisée ; Méthode locale linéaire ; Convergence presque

compéte uniforme, Taux de convergence ; Entropie ; o mélange.
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