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Loy g psis 31 (gf OS5l e (flow of time) cr 3V (3835 e s t# G J ) LiSad Ul

de 3, Hbadll mhaull gt ddaalll die 3 Alcadl) mdad) (e JE5 Ledind ¢puiliad (padas
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il ST Lo gl 00O Sl g

3,ie Ciladl) Ly g ¥y Sladll o) e g5 3l AesY) aaas (8 £ 5 daie 3 Adaall)

(SYE R, o L g AT A S e N ¢ ppeli LSy
th = Nn* + N* (3.16)

lapse function = =% N ,n#n, = 1 Cusy il mhudl e (53 seall ¢ Lalll Jiay n# Lia
e t el clilaa) N Al ¢ (proper time) S el 3035 e Guly 52 Y) 1368

Nt dsb e 3, Lo ses Jumy)

th = Nnk + NH (3.17)
AUS Wiy Ul
N=—ttn, = (* 7, t)~! (3.18)

Alcadll lilaay) ay p Cusa shift vector = e u.a\..asl\ C.Lu.nﬂ ‘é.mLMS\ t\.suﬂ\ i N#
(staie e (g

xb = xt — Ni(t, x;)dt (3.19)
ol ) et (i G Adlsall Qs o 588y Ailiad 4 sl grdaas JST cais o OY) iy
:(;3()(15 bl

hij = gij + (3.20)

Al Al 8 S 3N G, 58 3+1 ADM 1.3 Jsddl
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Gl 4 yle Bayh oo Gl ) Gl il G G sl J sa al LiSay dalal) 4l 4
ds (s _mainl) JEEY) 8 xyer, Cpithaill Cpn s Ay 8 ABlaall ()5S e dlla 8 g o dlad day

AUl A3l sy Lagan
ds = guedx,dxg (3.21)
e gug 0= URse hy NI N cbuaad) paliall Ay ds (g pmaind) JEYIAUS Jglas (Y1
0
ds? = (ilosall &2 )2 — (I e 3)” (3.22)
1 (3.22) 48kl 4 (3.19) 5(3.17) oilall Gy g2y Ul
ds = hyj(dx' + N'dt)(dx/ + N/dt) — (N dt)? (3.23)

1223 (3.23) Al (3.21) Adall ey

_ (NN =N N 3.24

Buo = N; hij 29
Alag) Sy il LS

/_g = \/—detg,w = \/deeth” = N\/ﬁ (325)

asaall il puriial) AV Jlavall Y alaa 44LS
AL Aalad) Zsil) i) 2 Aaas
L=.,-gR (3.26)

<y L) Lihy; e ) e al*\éswjaﬁojséﬁ Lf.ql.»..d\ Lyl e 3 5ke R Cua
the extrinsic ) K;; > &l £lad¥l jlaiay LlainVly o685 (Lie-derivative o B3lanily

2\_)3133\ EJL.\AL) u‘)’.d\ c(curvature
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1
Kij = 5 N7 (Lehyj — Lyhi) (3.27)
(VS Al LI AN il e Y Al s e ALK V) L,
L =vhN(R® + K;;KY + K?) (3.28)

1223 (3.28) & (3.27) Larsing

L =VEN (R® + G N?(Lehyj — Lyhy)(£chY — LyhY) - KIK]) (3.29)
,hijg,mdﬁisé\)d\asgmg.as&zﬁ;ﬂ;v:% j“NngLv ’”ij:aﬁli,- oSl
.N 5 N;
ol Badl i il e

mh =1y =0, n/ = Vh(KY - KhY) (3.30)

! (Lagrange multipliers) g e ¥ Clicliae oo 3 5ke N 5 NS o b Li€ag 4ia
OSar s by Sa L 1-form Y 258lh Gomy L s pUall 3 g8 Jiad <l jpaiall o2 ()l

ol Il e (aSs ¢ gilala ally a5 cdllald) jaia L e
H=nh;—L (3.31)

san bl Aboleall 3 (3.28) 5 (3.27) dbleall (o JS sas g2

H =1 (2K;N + Lyhi;) —VAN(R® + KKV + K?) (3.32)
bl

(VS R 5 ) AN K o Al liaiY 5 e LS (Kay

1
Kij = hl/z(iﬂklhklhij - T[ij) (334)
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1333 (3.32) osiles 5 jle 3 (3.34) 5 (3.33) Oxadl Cpilobadl) (g puid L
H =+vhN (—R(3) +h iyl — %h‘lnz) — 2N;D;(Vh V) + 2D;(Vh N;mr¥)
(3.35)
3sl) Ao Joanti G g Ll %:0@@\}&&;@&@@ NE s N e JS G L
Al
:(scalar constraint) (<l 38 of (Hamilton constrainf) o5l 38

o0H |
a_N = —R(3) + h_lﬂ,'ijﬂ,'lj - Eh_lﬂfz =0 (336)

:(vector constraint) sl 38Y i (diffeomorphism constraint) 12

o0H y
—— = D.(hY/ 2l
oN, D;(hY/?r) (3.37)

AU Ly 43 Ml 5 ¢ gilala 3 ke & 5a ) aall Jlea) Saal) e 431 5 ,LEY) jaad

H = \/_N——Z\/—N]aN (3.38)

asis A V) o 5all ladll ¢ ganall (he 3 jle ddladl Al 8 ) silela Als G 81 LSy 40 g
oy Yl a8 aneSall @S0 48 5k plaly @lld s dalal) 4l ADM dapa axeSiy (V)

J;.\sn-l]}h ‘\:\SJAL\JJJ‘&_I‘M}AA\}JLD.AJLG

{hi; (), ¥ ()} = (6"6’ + 688163 (x — y) (3.39)

G'&IS u\)ﬁy e 7’)1-}“— :*-S-ILJ\ <l JAx all S,; 3 Qy\j

" - —ih
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Hlp) =0 : &Y S (Schrodinger equation) Jaiii s yé dabae i H = 0 Ladla () L
]

oH
aN,

o
=0, 1) =0 (3.40)

208 Sl ] L_é\.u,g& Jda o) o fJ uiﬁ\ < Wheeler-DeWitt <Yalaa Y alzall 028 PR

EsY 5y LS (Ashtekar’s variables) JWSsl <l juxias oo s Al Gl ey Dilain) &
) ) e

Y AL i Ae Lually it buay o i g o (e b (e Aalall Al dudia Ciua g e e
Lorenz ) s blijls ef(x) Tetrad = emn L 4 palls (1-form formalism)
Alai 258 AlSia) Sy e Boke L9 OF ) SUWEY) i @l (x)(connection
CLilaa ) ) 33 (4alals) Minkowski Jse) 8 1,] Lein [lde 835 sall 3 SllasY)
iy ol Aadll JERY) 45 e 4y ja3 (Karef () 1 (oulaall slail) e 33 5 gall
A giesal) 2 i) 5 g A el (e g adlE UL 54 palaall slizmdll e cllaaY) ol (ule
il e xaa sall dalaiall aleall 3 e o yry4ild 300 yae s Minkowski o\Sie ] N
Gl ne (Tetrad) Gibal) aleall (50 sial) JEBY) (e 3 ke (6d wff Lein gl )

(SIS e (o) AV sl Lal )l iy et LiSad

wj,; = €Y7, ey (3.41)
o LaS Baaall il psially g o LS Y Sy

8o = N, el (0ep(X) (3.42)

o ga- Dl ol et )5 AL palaal) AV dalall L) (action) o)) caad S

:[88] &Y& (Palatini-Holst action)

36



il ST Lo gl 00O Sl g

1 1 1
S[e, (1)] = __Zf —&‘UKLelAe]AFKL[U)] + _eI/\e]/\FI][(l)] (3.43)
lpJy 2 14
2-form ) 4l ALK& da ol 33 cliasY) s 4l e FU[] = dw! + ol A of) iy
f VS Al 4 jle aad ¢ o bl )2 (formalism

1J _ 1] 1] I K] J KI
Foo = Ouwy — Oy, + Wk Wy — Wi, Wy (3.44)

i3l Jsha e 3 ke [p M (Ao Aplalail) @l jlall claadl e s A

WiSay . (Immirzi parameter) <) delaay ey 51, = /hG/c3 ~ 1.62 X 10735m
1Y tetrad ALK LS oY)

J

ikelek (3.45)

1
Ea = Eeabce

QIS 3 N ] e i) 241 el Ailad S e 3ke Kk Lj i i IS O G sl as
Al 4 fiall AUS Uiy B e 2 g sall llaal aUas ) aa 33008 j50 ) 8 cb ja
(YIS ) el AV A sal)

h h® = EfEP Y (3.46)

fHl) latall iy iy o 8

| 1 y
K = ——=KapE} 6" (3.47)

Jaet(E)
2 e Al Al @l 55 5u(2) de senall ) Qs K EL (e JS O L KE = 00 i

:C8) Jla (e e B be il G il G ddaadle (Say Sl

(K] (), EE(3)} = 6/ 626 (x — y)
(3.48)
{Ef (), E? (0)} = {Ka (), K; ()} = 0
21k (1-form) AoV ALsill bl b ki o ) lady) Jlagio) WS cadl 5l

(SN (e dlipa S L)) cey B I e S su(2) Ao senall (e 4ad
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AL, = TX(E) + yK} (3.49)
AUl Cartan’s structure Aalaad Ja 58 3 5 (o Bl ) e 3 ke [1F Cua
Opath) + €y lilel; = 0 (3.50)

(Y triad SUS ye AV ALl Aalad) Ja A0S Wiay

. 1 ..
[a(E) = -3 e’cef (Bjqety + 6™ Spsef el apes) (3.51)
S Sy )
{4000, EF )} = ky§]556@) (x - y) (3.52)

f S AL il yaaial) AV Al 3 08 AUS Bale by Y1 o 8

G; = D Ef = 0,E% + €, FALED (3.53)

Vy = Ef*Fgp — (1 + YDK/G; (3.54)

5= BB (U Rk o014yl k) (3.55)
Jdet(g) ~ Kk ab [a™b]

S (S Julloy AL Bl )Y eliadl (e 3 ke Fypy = 0,45 — 0,4L + €, ALAY 12

VS Ll s 38 Rl L il

H, = % [ dx3(NC + N°C, + A'G;) (3.56)

(Canonical LQG) 4xaliie ) 43 o<t 4 dlal) dial)

EL 5 AL S5 O yde o onlal JS8 Aala) 4350 <l Apdall dotie V) dapall adiag
O 5 S gl amy ISLE) ol s e (b s dapall a2 8 (S15(3.56) L silala Alalaa
& Yl Cpad Q3 5 (holonomies) agie sish s 5 (fluxes) aedlaishy Cpaiwin (S1y (88 yia
Ax 50 e (e i slsel) s (@l J)sd (e paldill il priall 4y gl ) #liag Jis 4y 5k
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LSy 1 oY (ili (background metric) 4y yiall 4dlall JAa) 50 @lldy HLally sl
4.1.1.;.».11\ (.é Q\;L\M}” u.u\_tsj 3l all Z\A:ULJ\ & ds_u \;;\5 (WllSOH IOOPS) U}""J:‘j quu

f S laanl) oy et oy Slae e Jsh e glad ) se SR (e dalad)
R = f d*xn El f* (3.57)
S

“Jﬁ)’jOSAﬁuS-SLA‘;LEJJAQ&Mna}SLA‘;ﬁ)MMDfi ‘A‘:‘QJSA‘ALW“‘;“S“—‘P

rsh LS Dl 535l 5!

h, = ?expf AL T;dx® (3.58)
!

«;J}LQ‘L’L:’JE‘TL':éO'i )@:‘Sc—‘ml Obaall Jige oo 3k P idus
dilatiall At o<ty ABIAT) Lia of gana o<1

Slo Adiain dua danaigl) el il ddlia) sie aedd) ey i Y Aae I J gea sl J sl Lia
&b ol A (5 sluia g Gailaiall ()5S A b e Al el bl il ciis [89] e al

Al JSEN e (oK Ay b ISE) ¢l yuia LAl (Say olady)

AL =c8t, Ef=péf (3.59)
Cus
Ipl = a?, c=vya (3.60)

sdt = Ndx°® :Zus t (cosmic time) (SsS) (el Al GELEY) ) as 5 ddadil) Lia

A \ . av . _1da
R b all O] uﬁ)ﬁ-’a—ﬁﬁ

Oy Gy Cp O8N e DS G Baadl Wl ¢ 5 p AV (3.56) L silaled) U8 oY) Jslas
Gy Lae A€ elizadll e 23 menad 4asiall L silelgll (8 (uilaia ¢3S () Lia 5 Ll Lag
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Cus Jaill Jex b A0 5l anall g &8sV v V) e IS G808 IS G Al (S

N U PR
v, =f d3x (3.61)
s
V= f det(qy,) d3x = Vya® =Vp'/2 (3.62)
z

LSV ¢, p AV IS L il gl ALS Sy

1 3NV,
=— 3NC = ——>,/pc? 3.63
H ZkL dx> NC ky? pc (3.63)

A 0 g Bl o) piie Ll ¢ p 8 OIS Ol kie EL 5 AL 00 SO L

(YIS (3.52) Adladd) o i) Lagy Aalil) gual g3 dn e
ky
lep} =5~ (3.64)
f S (sS850 g sl bl L gilalay iy yai oSy

H,, = f N det(qg)p d3x = NVp =NV0p3/2p (3.65)
>

:L;_“&\S Hp 5 }[GOAJSGAJQSA:._ZELH\Z\AGSOQMP&H;

3 3
H = He+ H, = Nvo(—k—yz,/pc2 +p/2p) (3.66)
a c> k
H2=(")2=— == 3.67
) 7 =3P (3.67)
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LS Y ol gt 35Sl il e W) Gy 38 ae ey yd Adlae A2 bpa sale Ly OY) 4 8

OsSd e p AV il Gyl S Ry lagislon s B @l e IS AV L silalgl)

‘Ll
B =p f dxngECf! (3.68)
s
s
hy, = fPexpf ALt dx®
Lk
— e|lk|C‘Ek (369)

1 1
= cos (E |lk|c> + 2sin (E Ilk|c> Tk
48 jra dga 5o g Ml ma 1 e Al Jsh o ()5S g ALSES (S (Blaa a5 sl Lol
AU Ui dia g @ 51 Agasall lBlaaY) 5y ka0

hlij = hlihl]’hli_lhl]’_l
1 4
=1-2sin (E |l|c> + sin(|1|c)? (Ti‘[j - Tj‘[i) (3.70)

1 1 3
+4cos(§|l|c)sin(§|l|c) (ri — 75)

OV psii el g3zl Jishl a1 = 1] = || 5 @l g3hal ge soke [ 51 Sus

Adaall dalall 43 AV FR (the connection field strength) bl )¥1 Jis sad 44U,

S
tr(tx(hu,, — D]
k _ _ : ab
Fap = =2 lim, e
1
sin(|lc)® S

= lim[————¢
= €as
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S OB (AU A gara e 7 (5 e s A gl Aaliall Hige dalad) 4pasl) dpual) 8

. in(i )2 - e - _ . g -
e il RO Smg‘ A SECNPEL JUFCERTL LY i WP S| 8 PY R PR P I FRPRL

)
Sin C
2 > %egb (3.72)

: YIS ot Aaaall L silall) ol il

3 sin(j ¢)?
H = NVo(— 5P =7+ p’/2p) (3.73)

uny il Al Al L Aalie jiad il sl adl 4 debaad) iy ety o

_ A
H=—" (3.74)
Jp
(YIS 055 1 AV L silalell Al 3 el (8 il
I = NVgp ™2 (—— sin(i )? 3.75
= NVopp (ky2,12 sin(fLc)® + p) (3.75)
L 5 T = 0 L silalgl 28 (e L)
k 2/12
sin(jic)? = )/3 p (3.76)
:L;_'i\'ﬂ\ el Al p Aaiiia Coat SN 2y
. 1
(3.77)
_2p . 7o) _
=2 sin(t ¢) cos(f c)

:dila Jalae sy V) 80
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H—ﬁ—l'(‘) 7] (3.78
_Zp_y/lsm fc)cos(ftc) .78)
(SIS O 5S) Am e
k 2%k
H2==pa- Y25 (3.79)
3 3
(a5
3
pC :,yzllzk (380)

oIS Al A Ayl 3 Alaeall (Jlay b Alalaa Ll o oS,

k p
H2:—p 1__
3 ( pc)

(3.81)

A1 aaall Barbero- Immirzi delaas y <o n s LQG (o932 jall AUSIL o p, 1y

Juaal oy 43y S & i3l (y = 0.2375 = 4ad o, 2 puY) I @il sa )5 LQG )
ppe Ll Alasga 0 o855 (A3 Jlgms die 8L 3o i ppy ) p Kpe~ppy tlal (ol S sl

aie g 13y ey (3.81) Aaleall G Cajkall i p = po 05S5 Ledie (a guadll 4n 5

.(quantum bounce) ! < a2 YL oy e ) asilaad = 0
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2 saall

(o2 AN da g3 i dallaal) ABUal) 723 padl ASalipal) A yal)

Ahlal) 455 oSl) dpdlad) g AuSaudISl) L ol pana oS}

;\ﬁs,,uu:\.ﬁ\ Aaly a,uh.\

OsSo OF 4l Lllas Sla aa g () 9 (s 480 A SI Y aleall Ja las s (0 4308 dale ddiay
Ay dgpla ) Gt Ld oy (e Yaud N Jolall (e 550 Ao ganey (8 50 Sam o s
L)) pailiadll J g 23N e slaall ) Aty ol g LCaliall Aakail) 4 Hlai 5 5k e
Lo slra it Cpra (35S 3 gall A8 gall ) shall el s jal) Lalial) 48 jead MUl 5 23 saill
Saaliall AUl (<l jlse) il ylae b 3 bl Ay Ja g il o Hhaill (axd las daga
el ases Gl Al Adadill CalS 1Y) Diad A jal) LA i s el 5 e Logy skt
Al e Ly aUail) o gl apaad (S @l Hlaad) oda pailiad 4 gy (sl L gad 4a3 (g
Ly el Gl ¥ il @l g Lald Al Alalil) clalaall Jas Gk e ASaalisall
Al 113 Aliine 4lalis Y olee dea 335k e Lgdia s oty 4355S 3l alaes G Lag 53 puilae

Lo sl s sSI) 8 A Al ) il daalls Ay o8 ASpalipal) Aaasl) 4yl )ld
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LAl 2 SN A3l g 4SS L o 50 6SI1 & iyl a,,xij\ O3 Aokl BBl Tisd LSyt At ylt @LJ\ )jé\

Sl Jall e SAN Al ciValedl) (iS5 sk oLl ND dad (e s

d

% = f1(X1, X2 v e Xp) (4.1)

d

ditz = f5(X1,Xg e e Xp) (4.2)
............................................. (4.3)

dxy

% = [ (X1, X5 ceneen e Xp) (4.4)

(A0l paaall) pUsill ASabiall <l patiall e 3ok a8 X1, Xy w el X, 1SS

«ciUaa Sl
Sealin allai 4l die g e M6 pilie (3lai Salipall aUaill 40 alitl) clabeal) Alea cuilS 13 -

(non-autonomous systems) Lild Jitua e

OS5 Jslall Gl il g (oand) Lgazany aa Il adaliss Y 103 Jitosal) (Spalipal) aUaill <l jluse -
Alsla Y ) lgaiany ae adalisi L1 Jitie yuad) Saalisall pUaill ¢l jlse (u€e e am

RATENPRCIN
Lld Jise (Spalinn ol ) 5580 o oS N dapall 63 Ll Jite je Saalipa allas (S -

N+ &3 b

(Lshll slad) Aad) plad

Aol Vs paan (e 4 Ay saar ey b hie JS Cumy bl aaie sliad s
Jiay da JS dun Sl (alhail) Ciua ol dag yaiad Al 4 58l jalaall de gana T Jslal))
Dsomr Db b dall) el s e (ASsha) o) shal ol e s agen W e ()5S (Siniag

.phase portrait — 4l sls grea & jls de gana e iy (il
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LAl 2 SN A3l g 4SS L o 50 6SI1 & iyl a,,)}i:\ ls dallal) HBUall T3 1SCalul) Ayl @LJ\ )jé\

;\éﬂ\ Lalait)

13) A s Lol Jai (3.4) ... (3.1) Lild Aliisal) ddalisl) il abaal) dlea G J 58 iy 28

< S 1) Lad

Fi(R16sXog oo vmee - Xpe) = 0 (4.5)
fo(X16:Xag eoeveee - Xpe) = 0 (4.6)
............................................. (4.7)
fo(Kigs Xag voe e X)) = 0 (4.8)

Ol e e Y ARG Lla 4 da ) Blad) G st oy el (g
Ahail) A ralial Aadatty)

ha f(x) A colS 13 Jhd AN Za,dl 8 = f(x) Saebiall sllaill e J s iy ad
‘SJJS\AMMGAMJNXN :\.ﬁahiﬁj&umuc'éjhcu‘.&/] &L\:\Af(x):AxLAjngich
D)ol 3aa3 Uiy da ) L) die o sSla  Saaliall AUl 48 ghoadd 4351300 2l sy )
9 Saaball allaill y oSla 38 ghiae daed Can Sl @ gl e Cpeil) a5 Lalad) o3a

(YK (x,, ye) daall i) vie N Al

df dfy ah

[ B

frd . TR . 4.9

dfy df,  df 49
dX1 dX2 ...... an (Xc,yc)

Lo al) Bl Cidas

A0 =1,2) A0 ) 5Ll s dad 5 LE) Conn Soalipy alail A al) Lol Cayiai (Say

1907 Sl Jsaall (8 e 98 LS (o oSla 48 siindl
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LAl 2 SN A3l g 4SS L o 50 6SI1 & iyl a,,,}f:\ O3 Aokl BBl Tisd LSyt At ylt

@ s

A al) Jaladl) dephs

PRV P

ia jal) ddagil)

Al lgrpen s diia 1)) L A4

Pmu\JM\uA;PCﬂ&M'SM' J...\.D

leie axiy JAY) £ jall g dajal) ddadil)

S LAY o Adliaay A A A,

&J@LM\Q\JW@@Q\L}NSM}

ealal) L il el Ll s lie] (S dajal) Akl

Ln e lgmpen g Al 1) 1

e 3ale maal ASaliall Aakaidl dkadl) 4 il

L Al Ay ) e alll Cind 130 QUi Caua

Ll Lgaran 381 5 o sama ol aaf JAY) e

Ln 5o Lgmaen A8 o same ol aaf JBY) e
3 LAY 4 dalisna o

- e

0 Misa 3y

Gl Aiall W 3l al maen 5 4 5

B fha & 5 )5

FETON F I TN TSN PV TSN

'5_)\.&:‘2“ ‘f

S e eany e Jall

SIS TN EN RSN

bl Sl Ul SUs 4 ghoaal Al e 1obdie ) daall LG il by ,d 11,4 Jga

V2

U1

T SN £ ahads
sac Lia ,&m

V3

U
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LAl 2 SN A3l g 4SS L o 50 6SI1 & iyl a@}iﬂ ls dallal) HBUall T3 1SCalul) Ayl @LJ\ )j.é\

Va2 U/'/
b pina 5 4 T Al
Hpa ciidtia Ja B Ahua e 5,3
Lyapunov 4 i

Lalal) ) i) aaail 48y jha 208 s Apadl )58V Gl e aa e Ban) 5 g gl 4 Hhas e
Gy 8O gl 4 ki gkl [92-91] elld e uhaall 45 5kl jaad Ladie da sl
Ay 5k 2m 5 Y D (=05 T g 53 (g e sane a3 [90] <isi sl Alay o ymy e S35

LQJLA_)\}[ u.m;ﬂ\j k_\g)a.\l\ GJS: APRE LA-\‘ PRI PRV JlA_J\}[ 4.;\&@.&0

A e Js8ida jnddasix, Silyx € R™ ¢ & = f(x) (S Saaliall aUail) aal (S 5y a8
13 Ayl A1 il A Wy, Al AL U sl L3 V() t R? o R 5 pcidd
NI

U\ {xc} o QY Jii V(x) -1

vxe U\ {x.} ,VX)>V(x.,) -2
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LAl 2 SN A3l g 4SS L o 50 6SI1 & iyl a,,xij\ O3 Aokl BBl Tisd LSyt At ylt @LJ\ )jé\

VxE U} V() =5V = T B2 fi (90 <0 -3

Jodll 8 U 5f(x): U—-RY :Cum g = f(x) Spabiall allailll da ja ddas o oSH Ay a8

0 g il Al A V(x) <ulS 136 i, ddaail) S Lﬁm

aV(x)

a4k & x, 04 (Negative semi-definite) 4dls V(x) = oy o]

o

b)ﬁ.\.um

a6 dsy & x, O (Negative definite) Wl 4l p(x) = agix) fols 22

Ao )ladl 5 e

6V(x)

skoki — oo Vx «(Negative semi-definite) 4dbs V(x) = ooy 3

L gac 3 yaliia &G&Bgaxc Q¢ (&) > o

s kEk — o vx (Negative definite) Wl 4l V(x) = agff)

fols 1y 4

4l Lo gee 3 e A Adads 8 x, Q¢ (E) >

23l o3 Ui 5ol (B gt o UEY b il Vg il 0 e Cyoally LSS s
93-917 el el N Ll Jualiil) g

(Centre manifold theory) Sl qadiall 4 i

4 ghiad AN adl) Y Al o ) S Ledie dat dgdadl) 4y phail) Gla Wl Uil LS
Ja3 Ay s AT 4l e gl 4l ) ABLaYly et Lald Wl g Lo sies 2 Sla
oty Wl i Ay 515 A 5[93] (5 3S sl camdiall 45l o Xi W Jane ie dpladll 4y Hhaill Jase
Osialall 8 o2 Liis 5 pll 8 ey it (o g W G salal [l (59500 (e Saliall Uil

fl nda Al 53 s el Sediall allaill Lal (SUE 5B

x = f(x) (4.10)
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u.a)&.\j X:Oﬁﬂ\éﬁg.ﬂ\d@\U}d\ﬁhﬁ%\ﬁjamu\d fU—)Rn K—\;\A
S (S, (3.10) 4 (Rabuali) Alabaall dpilly Bl ol s8) ¢ 515334 e B ke S yall

: SN e Al 638 b o sSla 3 shoae

_of@)

A
0x

\x=0 (4.11)

Lladll 45kl e Ledie (6l Lasare A 48 sheaall 430300 ail) aa () 5 ool Aally K Lia

S Al ) 3aa3 (8 (5 38 pall candiall 4yl AtV & gl 3S all ) jEiu) 3aa3 B

allly @lla 5 (g yhadll JSall e Saalinall aUaill 4US Y ol Cany (53 all Candiall 4 5l gpala]

Sl sl
())f) — Tx (4.12)

: ll JSEN e (3.10) alail) 4SSy sasall iyl s Jlesinly

X=CX + FXY) @13
4.13

Y =PY + G(X,Y)
A ghina P pgina A0 el &al) ¢ jall o x ¢ Aghias C 5 (X, Y) EREXRS Cua
Ol 5 (45 paiese £ pal 52 adi Lagd G, F 5 Al 3)L3) 53 4000 gl sl ¢ 5all g x5
Al L g ) ey elly ) AdLaYly (glanidl
OF aG JF aG
F0)=G0)=0, - (0,0)=7-(0,0-0,  --(0,00=--(0,0)=0
f AU JSEN e Laa g 228 13 (3.13) J (S e i 4] candiall (e J 585 1y
We(0):={(x; y) € R°* X R°/y = h(x), |x| < §,h(0) = 0,Dh(0) = 0} (4.14)
4 el dlialal) aleall Ja g BELED AL 5 5 paiise A3 h(x) 5 LUS 5 0ua § Jal e

-aglul)

N =Dh(x) [Cx + F(xh(X))] — Ph(x) — G(x,h(x)) =0 (4.15)
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¥ aleall J il bl @ik e Cha g S el amdiall @l G Jall Wiy (Y1

Al kA ol 3 dplialadl)
X =Cu + F(u,h(u)) (4.16)
Jul < 8 ,x€ RIS dal e
CHI-SQUARE a3l (pad jLia)
Lo iy sale adini 1S s «CHI-SQUARE i ¢42 asds Cojay 53 slanyl) (e ()

A all cildandl g (38 5 s laill 73 gaill S 1)

YIS Ll ) 2y ai (Say 1 2 iy oS

2 :Z—( O E_E‘) (4.17)

=1

Aall eda 0§ = - 1 sty Akl adll B Ep g A il adll g, Jiad Sus
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@ s

i ) Ji2

0.01 0.025 0.05 0.10 0.9 0.95 0.975 0.99 3-3}\ Oy
6.635 5.024 3.841 2.706 0.016 0.004 0.001 - 1
9.210 7.378 5.991 4.605 0.211 0.103 0.051 0.020 2
11.345 9.348 7.815 6.251 0.584 0.352 0.216 0.115 3
13.277 11.143 9.088 7.779 1.064 0.711 0.484 0.297 4
15.086 12.833 11.071 9.236 1.610 1.145 0.831 0.554 5
16.812 14.449 12.592 10.645 2.204 1.635 1.237 0.872 6
18.475 16.013 14.067 12.017 2.833 2.167 1.690 1.239 7
20.090 17.535 15.507 13.362 3.490 2.733 2.180 1.646 8
21.666 19.023 16.919 14.684 4.168 3.325 2.700 2.088 9
23.209 20.483 18.307 15.987 4.865 3.940 3.247 2.558 10
24.725 21.920 19.675 17.275 5.578 4.575 3.816 3.053 11
26.217 23.337 21.026 18.549 6.304 5.226 4.404 3.571 12
27.688 24.736 22.362 19.812 7.042 5.892 5.009 4.107 13
29.141 26.119 23.685 21.064 7.790 6.571 5.629 4.660 14
30.578 27.488 24.996 22.307 8.547 7.261 6.262 5.229 15
32.000 28.845 26.296 23.542 9.312 7.962 6.908 5.812 16
33.409 30.191 27.587 24.769 10.085 8.672 7.564 6.408 17
34.805 31.526 28.869 25.989 10.865 9.390 8.231 7.015 18
36.191 32.852 30.144 27.204 11.651 10.117 8.907 7.633 19
37.566 34.170 31.410 28.412 12.443 10.851 9.591 8.260 20
38.932 35.479 32.671 29.615 13.240 11.591 10.283 8.897 21
40.289 36.781 33.924 30.813 14.042 12.338 10.982 9.542 22
41.638 38.076 35.172 32.007 14.848 13.091 11.689 10.196 23
42.980 39.364 36.415 33.196 15.659 13.848 12.401 10.856 24
44314 40.646 37.652 34.382 16.473 14.611 13.120 11.524 25
45.642 41.923 38.885 35.563 17.292 15.379 13.844 12.198 26
46.963 43.194 40.113 36.741 18.114 16.151 14.573 12.879 27
48.278 44461 41.337 37.916 18.939 16.928 15.308 13.565 28
49.588 45.722 42.557 39.087 19.768 17.708 16.047 14.257 29
50.892 46.979 43.773 40.256 20.599 18.493 16.791 14.954 30

.CHI-SQUARE 2 a3l (s )55 12,4 J9ia

L sl gan oSl B AN 4 g3l cld elallll) 4Bl zdgail Spaliall o gbudl

-

AT

]

mm‘b;jjwﬂ\@f@@k@\@}ﬁ\FRWCJ)&J#@LJu}»S}ﬂ\c&@
<3 Aalaal) A8Ual e g Jarcall da saeal) dallaal) 5alall ¢ slan ) S o KU 138 G o 83 Cua

it b A Gl Al )2y s g d 4505 G Ll 5 435 (bulk viscosity) Al da s 3!

Jea Wil ja el jab s stin (Legin Jeldi (g) aa 52 W) clallall 3alall (o A ddiay ¢ Lallal) 45U
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L sl g KU (8 Jimdie S5 (phantom) il 5 (quintessence) s sall Sla gyl
e LS leay il (oY) Adalaall Jax 4 0DIS)

H? =

wlD

(4.18)

o JS AL Ua = ppy + ppy ALall Bl B 8 p 5 s Sl i H = 2 s
O s (st <l B G) 1 = 871G =1 38h b e ¢ (58 a3 dnailly (32Y)
plladl ) g Cun p = gop A Llied) Al Alies a3 Addladl 2
il s (quintessence) 34l (adsad Gl Al < -1 5 -1 <o <-1/3

da 5l dallaal) A8l Jladl) Jasazal) 40US LiSay 250l Aa g 3l 25 0 N 58 e (phantom)

D[18]k S
Potf = Ppp +11 (4.19)

BrETRQReNIP _GJ\M\MH=_3gHJW\ﬁM\Md@ Ppg = WPpg “u>

058 O g dn e aal) daleall A Lug i a sl i) e dagiid da g 30 Jalas

A8l 5 dallaall salall Lalinsy) Aalese LS adaias Y1 G ¢ O (i st L e [72] >0

;& (DX AW
ppm + 3Hppy =0 (4.20)
3
ppe + 3H((1 + w)ppg —3{H) =0 (4.21)

lee o deani (421) 5 (420) Gilad) sty (4.18) Aled) sl

:Raychaudhuri

. 1
H=— > (ppm + (1 + w)ppg — 3¢H) (4.22)

(b WS @y Jladll sl Alslaa Jalas S Uiy (4.22) 5 (4.18) Osilabaall Jlaxinly
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P 2 H
e e (4.23)

w = —=
s Ptotal 3 HZ

rnll dagaall Al <l paiall JA) e Y il alaill  Spabipall o ghad) bty o 65 S

PDE

1
3H2 "’ y_

X =
ntl

(4.24)

ske Sladll skl Gl las il sl (e [94] gaall (e 03aT &y puaiall ) 5LEY) s

(4.18) Gtlabaad) LS Wiy <l puaiall 038 AV 0< x <1, 0< y <1 153 gana dihiie e

uj;' LS (4.22) 5
Ppm _
3H?2 tx=1 (4.25)
3
H 3 1
2= "5 - = 4.2
2 > ( 2+ wx y) (4.26)

AU asemy o, Jladll Al Alslas Jalros g o= —1 — 2 3l Jala G L

H2

‘2+3 ! 427
q=2+5(wx y) (4.27)

1
Werf =1+ wx — 5 (4.28)

Falalil) Yl o JeasT (4.26) 5 (4.25) ¢ (4.21) ¢ (4.20) <Yabadl) Jlasinly
A0 L) Al

x'= 3(x —1)(wx —% +1) (4.29)
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= -2 - 4
y'= Sy-D(2+ex—) (430)

(the e-folding number) (o) desilly GLELEY) Ao Jai ALl il alaall 833 g gl dxidll )
el 5 bad) alaill A jall Bl e Einally o 685 V) oa sl gans S 3 Sy Sss N =Ina
AUl rilaleall dlea dao

3(x —1)(wx—§ +1> =0
4.31)

3¢ 1)(z+ 1)—0
Y@ wx =)=

daniin (0< x <1, 0< y <1) Akl L ill 2l 5 (Maple) Jilell gali jn Jleatinily

J oo sSta AUl 48 ghmal gy (i=1, 2) A adl) anida 55 L8] o i iy aliil) o3 &y ) i)

Aadagy (K aie
of of
| 9x 0y
J = kag (')g) (4.32)
dx 0
Y Xeye)
sl i lgle diasiall da all Ll pues el 3 (et o e (Vg =y f=x' dua
4.4 Jsx1534
gl gl Y, X, L) L)
Yy = —3w, /i1=§ 1 0 Py
ue =30, p=>(1+ ) 1 1 P,
=31+ w) = -3 1 1 P
Ha 2 >l T 3

e A Aa ll Aallaall A8Ual) 73 sail P; A s Adads S die (o 5Sla b shiadd 010 08l 13,4 J 90>

A s ) g S
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e . 1
o i s 0 > P,
w > —1 Wz i 1
] w - (1 + 3(1)) Pz
w< —1 W3 s 2
W< —1 Wlhidsa e ge
) 1- 1- Ps
(B sie)

i o8 A I ALl A8 3 5l P il LGl Ailaill (Jal ol s o5 ) 14,4 J g

AU L5l sl

Ul Baa B LSy i) G o) JBIA (e

A il 513l Jledll Alad) Aslaa 5 shalill) dae o Laadli ; pp s el ddadill 2
salall e o Jay S5 ¢ oSl o aliia 2305 B3l s VG o pp =0 ¢ g = 1/2
A adll sSla A8 ghiaal A0IA) 4l 20 dhadil) sy aied (Sl e dalladl)
8 o) s A gl 3LV ol eilal) el WIS B Baads ) = —30 s py = 3/2
3.4 Jsaall s Ju Ll 5 (quintessence) 34 s>l 5l (phantom) zedd) 73 ga
o e LS GY e ok 138 5 dla Y15 (38 5l s 5 e gl Jad) 12 o e
Aalladl A oSl all JSal 4 slhae g las dage i (8 5 (aalall 3 A8a) o2
Jall Wl @855 Py A oall ALils 03 y = 1/((/H + 1) =1 «wpp=w U
@A dal) § g =0 0sSladie @lldgdajl ye 5 diagga dallaall A8l 48 ) <5 (52
SY ki H — oo Wl @lldy da 3l danda Cilds 3 danee dallaal) s0lall 4 () <G
23Sl 1 stad T il ) ¢y s g lasie 3aa3 385 Jad 138 i g =~ (1 + 3 )
ALl dal e 4l s g, =30 5 1y =2 (14 0) VS & dall 2] 48 5l
Aalise L jla) oS40 adll (-1 <@ <-1/3) (quintessence) 3 sall dalladll
Aaple 53 dallaall A8l Jal o Lal ' ! 8 e e Aa s Adadi (381 55 Lils Uil

G a5 Alall 5 Lay) sl il el WS i o < —1 (phantom) gl

-1
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@ s

big rip singularity ) xSl GaaY) 385 L Cua 3 jfe <5 Aal) s2a A p,
Ll llia ) sin Cun [47] gl 8205 L pSe e 13 5 43la ek 53 (attractor
oo Bke 058 doY) aall B s (el g sena e B ke da g3l s e G L y8) )
Lald Jal sall lial calia JLE3) ae 6=32 @e lile 5% Sl sl g el
Ll (585 Latie a3l AT 3 4sialias el (e g3l) ) BlaGY) A< S it
.(phantom) il dzpb 3 dallas 48l

&Y (phantom) gl 73 said dacilly Wil 38 Sa Jici ¥ Py A el ddaidl) o Jaadls
Lpal 585 Laie L Al g i [1, -1] il (8 5 smne (558 Y Alall o34 iy
P werp=—1 ,q=-1 ;o i LaadUd (quintessence) 5 sl dallaall 43l
4 ghadl (gl il BK G W s (de-Sitter universe) i (S < ysan oad
SIL g sEia Jall 138 ld gy = — % (14 w) ,py = —3 403 L Ll S5 o Sl
el AL Qs 3 Sl g e a8l aie Al LiSad

da g ) Lgpal Aallaall Z8UAD () Lica 8130 48] i) Wiy Gabaad) Jolail) DS (40 438

Sulb g

e da e Jeasiin Wil Cus (quintessence) 38 sall 73 sad e Ladd i 13 o8 44

P R
un 0r

58 52l 23 pais (alal) AlA elind lada 12,4 JSA)

-
10

1
11

. = —7/20 2L 4838 A 4 (quintessence)

C._.\.ﬂ\ CJ)A.U aladl Al cliad lada 1,4 JS&
= —4/3 3L 4GS AL i (phantom)
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oSl ey AlShe Cuad iSay W (al Y 1agr WIS b way it £ 58 (pa Jiiesa alaia D)
phase ) ;a5 Sl avy Oloaym 2.4 JSalls 1.4 JRE el AT 8 Gaas a8 (gdl)
s o= - 4/3 :W (quintessence) 54 sl 5 (phantom) zill SaudS) =3 30l (portrait
SIS L ) s oS0 o3 gl ) S A BN N AV g s &) L s e 0= -3/4
e 4.4 JA 53 4 JSA 8 e e (quintessence) 3a sl s (phantom) edd) Al 8
a6 laiy [- e J8 400 4a8 ) g O35 (phantom) i) Ala 8 G Taadld | ) 53l
38l dihie e aid el Al 8 g of BasDl Ll (quintessence) 3 sl
VST alaiay) Ja gl (e laill (i 48 J) WiSesd 03 1- Y iy (quintessence)

Adasgall oo dallaal) Aall Lo ) oS5 diles Alla Jaasu S Gl (sl

0'0\51015201“
T2 N (258 e W AV g shai 14,4 JSi) T3 N (s G M A @ sk 13,4 8GN
W = —4/3 3L ALK A i (phantom) il 22l A Al & (quintessence) s sa))

w=-4/3

L gl g oSl B ALY Ao g3l cd dalliall A8l zdgall Sualisall & glodd)
Adlal) 4. o<l

i Al Al oS L sl gans oI smia J83) (2 yka o I3y ALl il 53 daaais oY) o s

t VS el glizadll Jal (e Al (jlony 58 Aol caiSiic Alal) 528
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_P_P
H? =501 pc) (4.34)

e o Juaa®i (4.21) 5 (4.20) ofslad Jaxinlis (4.34) Aaleddl (3lanils

:AUll daxall Raychaudhuri
. 1 P
H = _E(PDM+(1+w)PDE—3(H)(1—2p—) (4.35)
VIS (5 5S0 AK) 33U Alladl) Al Al S (s (4.35) 5 (4.34) Asbeal) Jlanily

" =_1_g£’(pc—p
e/t 3H2 “(p, — 2p

) (4.36)

Gl pariall A el anae AT jaaie ddla) Lide cang )5S0 Saaliall & gLl Judas Jad e ()Y
(4.34) Uaxall Glay 8 Aolae LS (S ailddllalloda 3 z=p/p, 1ys x Qluda s gl

YIS (4.35) Aaladll

%+ N(-2) = 1 (4.37)

H 3/ 1 1
—=—(— —Z+1)(1-2 438
H? 2(1—z+‘”x y >( 2 (439

1 b LS Jladll Al a5 3labl) Lebaa S4S Sy IS

3 1 1
q——1+E(E+a)x—;+1)(1—22) (4.39)
3
1
Wefp = (wx—§+ 1)(1 —2) (4.40)

Faloalial) Yl o JeasT (4.38) 5 (4.37) «(4.21) «(4.20) ¥l Jlasinly
I L) Al
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, 1 3xz
x' = 3(x(1—22)—1)(wx—7+1) - (4.41)
, 3 1 1
y = EY(y - 1) (E + wx — 7 + 1) (1 - ZZ) (442)
S
1
z'=-3z-3z(1-2) (wx — M +1) (4.43)

(A Y alaall Alea Ja @lld g i) aUaill dajal) Ll e Caaally o gi5 oY)

3(X(1—Zz)—1)<wx—l+1>— 3xz =0 (4.44)
y 1-z '
23 —1)(i+wx—l+1>(1—22)=0 (4.45)
27V 1-2 y '
3
—37—32(1—2) (wx 1y 1) —0 (4.46)
y

Jeaniin 0< x <1,0< y <1, 0< 7 < 1 A il o 5800 2l 5 (Maple) dile geali e Jlaniadly

sl Ay ) jEiu) (al 428 P, (1 ,L 0) 5 P,(1,1,0) ,P;(0,1,0) Al A sl Lalsy & e

24w’

Ak S e J o oSl Uil 48 hendl (x,, y,, z,) S50 al) dagada g5 LA e (i g3y Jalal)

af adf of
dx Jdy 0z

| |
am=|29 % 99|

ox 0dy Ody |
dh 0h Oh

ax 0y

(4.47)

ay X Yeorze)

(LS 6.4 Jsaall5 5.4 Jpanll b gl lgsle (oanial da ol L ol 3 h =7/ S
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L&l
A1l f‘fw Zc Ye Xc il
3
‘Ll3:—3, ‘Ll2:—3(1),,lll:5 0 1 0 Py
y= =301+ w), =30, m=5;(1+w)| 0 | 1 1| P
=0 =—21+w), gy =-3 0 - 1 P
U3 > M2 > > U1 T o 3

e b Al Aalladl) 28Ul 73 sail Py As s Adals JS die o 5SUa A shiaal 231N o) 15,4 J g2

Al ) L o g I

gyl Weff q ia jal) Llad)
iday 1
e @ Z(1+3w) P
2
© < —1 Wk e 1 1 P,
(B Ause)

£ b A1 Al 28Ul 23 5l Py A ) bl Al ol sall (szans o A i 16,4 g2

FER TR

& OS)5) LSSl Alall A ) L) (i e Uliaas Ul Jaa3U i) ol saall JDIA (e
Aallaall salall 4 (oS5 A Jall) py Adaiill Cymy Aalide Ly 55 ) jiiy) ol 53 oS0 5 (el 3
CaSuAY | Hdas 1 j@)ﬁ\ﬂﬁ\gz)&uﬁémﬁumc)ﬂwy (:\_LA.I.@.AMGQ
Aot s gy ==3 , gy = =3 g =2 il ol vie o Sla 4 ghad Lo Kl 5 L)
il & s e Aallaa A8l Wal il o) g SO Al A LS 5 e e B0 g8
aaall dually oS0 ¢ daliie 233 s (quintessence) 58 s>l & 5 e sl (phantom)
wil Can (050 e 5 a5 5 A 3l e Aallaall Lk 4 ) oS5 G2 Jall) P, dn el

5 U =3w M1:§(1+ ) @?15 L il sda e Lr\}Sb AAM :\:u\ﬂ\
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(phantom) gl ¢ 58 (e Aalbadll A8l Loal ()5S Wl 480 Ladd = —3(1 + )
(3 e ALl (e J i Cmy LIS Aall e caliag Al o3 ) jfinl Gl (0 < —1)
GO sl LiSay aild il 5 5 LY 3 Adlide 4513 o cllia Led Sl @lldg s g 3 (pa Akals
saLal) ddadl) AlShe el A 8 8 03 P, Adaiil) 4y ) jEiu) Sy a 58 Al oS ol il
Al Ll Wl gl 138 3 Gass Gl (big rip)sSl By 538 Sl daddil)
Jal cpe 48l Jaad il saaill g sl dilly Wl yus 85 p, 3daiill ()6 (quintessence) 5 sal
adall) p, ddass AT ) Jain oY) 5 Adadill oda s b o sladie 20 Lnal () 6Ky cpllal) WIS
Jall 3 By (q=-1, wepr = —1) i g 53 0e 88 (OS] o danga s dn 5 ()5S0 cLalball
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Viscous Modified Chaplygin Gas in Classical and Loop Quantum Cosmology *

D. Aberkane**, N. Mebarki, S. Benchikh
Laboratoire de Physique Mathematique et Subatomique, Mentouri University, Constantine 25000, Algeria

(Received 25 January 2017)

We investigate the cosmological model of viscous modified Chaplygin gas (VMCQG) in classical and loop quantum
cosmology (LQC). Firstly, we constrain its equation of state parameters in the framework of standard cosmology
from Union 2.1 SNe Ia data. Then, we probe the dynamical stability of this model in a universe filled with VMCG
and baryonic fluid in LQC background. It is found that the model is very suitable with (Xz/d‘"'f = 0.974) and
gives a good prediction of the current values of the deceleration parameter go =€ (—0.60, —0.57) and the effective
state parameter weg € (—0.76, —0.74) that is consistent with the recent observational data. The model can also
predict the time crossing when (ppE & pmatter) at 2 = 0.75 and can solve the coincidence problem. In LQC
background, the Big Bang singularity found in classical cosmology ceases to exist and is replaced by a bounce

when the Hubble parameter vanishes at piot = pc.
PACS: 98.80.—k, 95.36.+x, 98.80.Qc

Recently, Type Ia Supernovae observational
datal' %] with cosmic microwave background
anisotropies!’ % and large galaxy surveys!”® have
shown that the universe is undergoing an accelerated
expansion phase. The existence of an exotic kind
of energy, called dark energy, with negative pressure
that drives the universe to expand was proposed along
with several models describing its nature and dynam-
ical behavior.[”"'" Brief reviews of all the models are
summarized in Refs. [11,12]. The modified Chaplygin
gas (MCQG) is considered as a dark energy candidate
with the equation of state (EoS) as follows:

B
p=Ap— =, 1
P~ (1)

where A, B and «a are the EoS parameters. It is a
combined model that unifies both dark energy and
dark matter and gives a suitable negative pressure
that drives the acceleration of the universe. The MCG
was also found to be consistent with the evolution of
the universe over a wide range of epochs!'® and it is
preferred by recent observational data because of its
small minimum y? value.l'’] Its EoS parameters were
constrained using different observational data.l'”>~!7]
Similarly, viscous modified Chaplygin gas (VMCG)
with the generalized EoS

p=dAp— = (D= 1)Heop" )

was investigated in Ref. [18], as it is possible to assume
that the expansion process is a collection of states out
of thermal equilibrium that gives rise to bulk viscos-
ity. A variety of bulk cosmological models have been
explored by several researchers.l'”~ 2] In this Letter,
we consider a VMCG with the bulk viscous pressure

_ 1/2
P =—3&Hp)2. (3)
We constrain its EoS parameters using SCP Union 2.1

data set,l”") and then we study its dynamical behav-
ior when coupled to baryonic matter in the framework

DOI: 10.1088,/0256-307X/34/6/069801

of loop quantum cosmology (LQC),!*'*! which is a
non-perturbative and background-independent type of
quantization of gravityl””*° used to probe some cos-
mological problems. In addition to predicting an in-
flationary phase of the early universel”” "l and late
time cosmic acceleration,!*'] LQC is proved to be
very successful in avoiding Big Bang and Big Rip
singularities!’” and the semi-classical approximation
in LQC formalism can be validly used at late time
and at large scale.["’]
The EoS of the VMCG is given by

— 3&Hpl2 (4)

mcg?

P = Apmcg -

fot
mcg

where pmeg is the energy density of MCG, A and B
are constants, « is a positive constant, £ a positive
bulk viscosity coefficient, and H = % is the Hubble
expansion parameter. The dot stands for the cosmic
time derivative.

We consider a flat Friedmann—Robertson—Walker
(FRW) universe filled with VMCG, the conservation
equation and the Friedmann equation are given by

p.mcg + 3H(pmcg + Peff) =0, (5)
H2 _ Pmcg ) 6
Py ©)

Using Egs. (4)—(6) we obtain the energy density of
VMCG in terms of the scale factor a,

_ ( K N B )ﬁ )
Pmcg = a3ot)(1+A-V380) 14+ A — /3¢, )
where K is an integration constant. The dynamical

stability of Eq. (5) depends on its equilibria and their
stability. Using the field Eq. (6) we obtain the equi-

libria point pmeg =

1
(ﬁ) = which will only

be stable if (o > —1,1 + A — /3¢ > 0). This te-
sult indicates that at large scale (& —'c0) the energy
density is only stable for a positive choice of B and

(a>—1,14+ A —+/3& > 0) and is given by
B )1%@

T3 A V3%, (8)

Pmcg = (
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The deceleration parameter is defined by

q:—l—ﬁ. (9)

From Egs. (5) and (6) the deceleration parameter can
be written as

1 B
q:_1+§|:(1+A_\/§€0)_T—H]' (10)
mcg
The state parameter of the MCG in the presence of
bulk viscosity is given by
m B
Pmcg p
The effective state parameter and the adiabatic sound
speed for VMCG are given by

P B

wC = = A — \/g — B ].2
T panes “ ptt 12
SP.g Py B
2 € e
2= = —A-VB&%+a—- (13
5pmcg pmcg 0 pa-i-l ( )

where a small non-negative sound speed (c? < 1) for
matter component is necessary for forming the large
scale structure of the universe.

At large scale the values of deceleration param-
eter, state parameter, effective state parameter and
the adiabatic sound speed are

q= 717 w:71+\/§£O> weff:*]-
A =(a+1)(A—-V3&) +a. (14)

In the presence of a baryonic matter with 2, =

Pog and a = 14—%7 the conservation Eq.(5) can be
0
written as
A2mcg(2) .
(142 P25 (44 1) Qs (2) — B2G(2)

— VB OY2(2)y Qom(1+ 20 + Dneg(2)), (15)

where {2y, is the present value of the baryonic matter
density, z is the redshift parameter, Hy is the present
Hubble parameter, and B = B/(3H2)**'. The Hub-
ble parameter in terms of redshift parameter z is given
by

H(z) = Ho[Qom(1 +2)° + chg('z)]l/Q- (16)

We constrain the EoS parameters of the VMCG model
(HO,A,B,oz,go) using Supernovae Type Ia observa-
tional data that consists of 580 data points and be-
longs to Union 2.1 (2012) data. The best fit values of
the parameters are obtained by the minimization of
the x? function.

The luminosity distance dr, and the distance mod-
ulus for Supernovas are given by

dL(Zv H07Aa Ba aago)

z d3
:(1+Z)H0/ N i < 5 (17)
0 H(Z,H(),A,B,Ck,g())
/L(Z,HO,A,B,O[,&:))
o dL(Z,H(),A,B,Oé7§0)
—5log10{ ST +25. (18)

The x-square function measures the goodness-of-fit of
the model to the data and is defined as

X2(H07 A7 Bv O[,g()) = Z[(M(Z7H05 A7 Bv O[,go)
*ﬂobs(z,HOaA7B7a7£0))2}/053 (19)

where pions(2) is the observed distance modulus at red-
shift z, and o2 is the variance of the measurement.
To reduce the number of free parameters we
marginalize assuming a constant prior over Hy by con-
structing a probability density function for the param-

eters (A,B,a,§0)

P(A,B,a,&) = / cte - exp(—x?/2) - P(Hy)dHy

=cte - exp(—x?/2), (20)

where %2 is the new x? function free from Hy, and
P(Hy) is the prior probability density function of the
present Hubble constant Hy.

As the number of free parameters is still large, we
first fix the viscous coefficient that is assumed to be
positive, and then we constrain the EoS parameters
(A4, B, a)). We find that only small values of &, corre-
sponding to w &~ —1 are consistent with the observa-
tional data. The best fit values of the EoS parameters
are listed in Table 1, where B and a have approxi-
mately the same values for different choices of £;. The
contour plot of the confidence levels 68.27%, 90% and
95.45% for both (A, B) are shown in Fig. 8.

The deceleration parameter, the effective state pa-
rameter and the adiabatic sound speed are given in
terms of the redshift parameter (z) by

a)=—1+ 5[5+ “eff(;)f(:;g(z)}, (21)
) =4 - Seg—nE_
2" \/Dmes (?)
1 Pmocg(2) B
- 550 H(Z) ap?ntgl(z), (22)
ooy P o HE) B
cf'f( ) Prnce A 350 pmcg(z) p%ltgl(z)(23)

In Fig. 1, the sound speed is plotted in terms of red-
shift parameter z using the best fit data listed in Table
1. In the early universe, the sound speed has negative
values introducing fast exponential growth of instabil-
ities that can be explained by the fact that VMCG
is an effective coupled dark energy/dark matter fluid,
and in such models instabilities can occur when the
coupling strength is strong compared with the gravi-
tational strength.["¥ Moreover; when the coupling be-
comes moderate in the transition from a matter dom-
inated universe to a dark energy dominated universe,
the sound speed c? changes the sign to take positive
values and the perturbations grow much slower until
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the universe is dominated by dark energy. At large
scale, the sound speed takes a positive value near zero
leading to stable oscillating perturbations and struc-
ture predictions consistent with observations.

Figures 2 and 3 show respectively the variation of
the effective state parameter and the deceleration pa-
rameter with redshift z at the best fit values of Table
1. It is obvious that the current value of weg varies

between —0.76 and —0.74 for different values of &g
admitting an accelerated universe. At matter domi-
nated era, weg takes values of the range weg > —1/3
permitting a deceleration phase. When the decelera-
tion parameter crosses the zero to negative values, weg
takes values less than —0.33 and the VMCG behaves
like quintessence scalar field.

Table 1. Summary of the best estimates of the EoS parameters for the VMCG and their 1o error using Union 2.1 SNe Ia data,

and d.o.f denotes the degrees of freedom.

EoS parameter &g io . A+0 - EO - X2 x2/d.o.f
Best 0.01 0'551181%2 70.167;8'}3% 0'54318:%% 562.191 0.974
Fit 0.02 0.54810-2% —0.14970- 152 0.543T0210 562.191  0.974
Values 0.0001 0.54970-2%0 —0.18670 155 0.5437522% 562.191 0.974
015 2 = 0.65 for & = 0.02.
0101\ To probe the behavior of the model in the early
AN universe, where a — 0, we calculate the curvature
. N\ scalar R in a flat universe, defined by
° 0.5 1.0 15 2.0 .
_o.05} a
0.05 \ z R _ 6(* + H2), (24)
—0.107 N a
—0.15] S where the dot stands for the derivative with respect

Fig. 1. The sound speed c¢? as a function of the redshift
z at best fit values of Table 1 for £, = 0.01 (gray line),
&o = 0.02 (black line) and & = 0.0001 (dashed line).

—0.2}
—0.3F

—0.4-

Weff

—0.5¢

—0.61

—-0.7

0.5 1.0 1.5 2.0
z

Fig. 2. The evolution of the effective state parameter
wefr at best fit values of Table 1 for &g = 0.01 (gray line),
&0 = 0.02 (black line) and & = 0.0001 (dashed line).

0.2

1.0 1.5 2.0

o z
—0.2}
—0.4r
—0.6f
Fig.3. The variation of the deceleration parameter ¢

at best fit values of Table 1 for £, = 0.01 (gray line),
&0 = 0.02 (black line) and &y = 0.0001 (dashed line).

In Fig. 3, for all best values of Table 1, the cur-
rent deceleration parameter varies between —0.60 and
—0.57, which is consistent with g € (—0.7,—0.4)
given by the standard A-CDM cosmology.['") More-
over, a transition from decelerated ¢ < 1/2 to ac-
celerated ¢ < 0 universe is realized when ¢ crosses
the zero, and thus the universe passes from matter-
dominated universe to dark-energy-dominated uni-
verse where (ppE & pPmatter) and undergoes an acceler-
ated phase. The crossing happened at approximately
z = 0.75 for both & = 0.01 and &, = 0.0001 and at

to the cosmic time and % = H + H?. The curvature
scalar can then be written as

B
R= 3(H2 = Apmeg + ot 350Hp3r{3g). (25)

mcg

16 -
14 -
12+

10+

R
3Ho?

8L
6
4

0.0 0.5 1.0 1.5 2.0
z

Fig. 4. The evolution of the curvature scalar at best fit
values of Table 1 for £, = 0.01 (gray line), £, = 0.02 (black
line) and &o = 0.0001 (dashed line).

0.30F

0.28F

0.26

0.24

2 4 6 8 10

t
Fig. 5. The evolution of H with time. Parameters are
set at the best fit values of Table 1 for £ = 0.01 with
Ho = 0.24, pc = 1.5, pmcgo = 0.01 and pmo = 0.0005.

In Fig. 4, the curvature scalar evolution is plotted
in terms of redshift parameter z at the-best values of
Table 1. At a — 0, R-— oo, which indicates the
presence of Big Bang singularity.

In the LQC framework, the modified flat Fried-
mann equationl’”! is given by

H2:§<1—£), (26)
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where p is the total energy density, p. = 16”;{% is
the critical density in LQG, and -y is the dimensionless
Barbero—Immirzi parameter. The quantum correction
is negligible when p < p. ~ pp;, but it dominates dy-
namics when p ~ p.. We assume a universe filled with
VMCG and baryonic matter, thus the conservation

equations can be written as

ﬁmcg + 3H(pmcg + Peff) =0, (27)
Pm + 3Hpp, =0. (28)
We introduce the following dimensionless variables
Pmcg Pmcg 14
= = = — 2
X 3H2’ 3H27 z pcv ( 9)

where the phase space is bounded by 0 < x < 1,
0 < z <1 and a negative y (a negative pressure is
needed to generate accelerated expansion). The mod-
ified Friedmann equation and the effective state pa-
rameter can be expressed in term of the dimensionless
variables as

Pm N1y =
(x+ 3H2)(1 2 =1, (30)
Weff = % —V/3&a 12, (31)
From Egs. (26) and (29) we obtain

LU TN T N (TR RS

From Egs. (27)—(30) and (32) we can write the au-
tonomous system as

& =3(x(1 - 22) — 1)(y — V3&z'/?) — 390(

1 i z)
§=—3(Ala+ 1)z — ay) — 3(A(1 +a)

- y(l B %))(y — V3&a'?)

1—2z
+3y< 1—2 )
£=—32-32(1-2)(y — V3&a'/?),

(33)

where the prime denotes the derivative with respect
to the e-folding number N = Ina. This autonomous
system does not depend on the EoS parameter B, and
its critical points (Zc, Ye, 2¢) are found numerically at
the best values of Table 1. Their properties are de-
termined by the sign and nature of the eigenvalues
v;(i = 1,3) of the Jacobi matrix J,

o o0& 0d

ox oy 0z

_ | oi i ou
J = ox Oy 0z . (34)

(e, Yes2e)

Table 2. The eigenvalues of the Jacobian matrix around given critical points P; for the autonomous system Eq. (33).

Critical points

Eigenvalues Weff

- - Py (1,-0.98,0)
& =0.01, A= —0.167 Py(1,—0.167,0)
B B Py (1,-0.96,0)

& =0.02, A= —0.149 Py(1,—0.149,0)
Py(1,-0.98,0)

€0 =001, A=1
P3(1,1,0)

P5(0.0003, 0.0003, 0)

(—2.99, —2.43(a + 1), —0.008)  —1
(—0.55,2.44(c + 1), —2.44)  —0.184
(—2.98,-2.36(cx + 1), —0.016)  —1
(=0.55,2.5(a + 1), —2.44)  —0.184
(—2.99,-5.93(c + 1), -0.008)  —1
(=3,3(a+ 1), —1.5) 0
(—2.49,5.94(a + 1), —5.94) 0.9

2 1 k

Fig. 6. The evolution of the total energy density p with
time. Parameters are set at the best fit values of Table 1
for &g = 0.01 with pc = 10.

When we fix the values of both &, and A, the crit-
ical points are the same, independent of the choice
of a as listed in Table 2. For (§, = 0.01,4 =
—0.167,«« = 0.551) and (§, = 0.02, A = —0.149, « =
0.548) the only physical and stable critical points
P; with negative eigenvalues describe an accelerated-
VMCG-dominated universe with weg ~ —1 exactly
as predicted in the classical case. Moreover, the
values of the critical points corresponding to an
accelerated-VMCG-dominated universe change only
with &. However, those describing a decelerated-
matter-dominated universe and a decelerated-VMCG-
dominated universe depend on both (&y, A). For (& =

0.01,A = 1, ) the critical points are P;(1,—0.98,0)
a stable critical point because it has negative eigen-
values as « is a positive constant and it corre-
sponds to an accelerated-VMCG-dominated universe,
and P»(0.0003,0.0003,0) and Ps(1,1,0) unstable sad-
dle points due to the opposite signs of their eigen-
values corresponding respectively to a decelerated-
matter-dominated universe and a decelerated-VMCG-
dominated universe.

—-15 -10 =05 0.5 L0 15

Fig. 7. The evolution of the Hubble parameter H with
time. Parameters are set at the best fit values of Table 1
for &g = 0.01 with pc'=10 and pmcgo + pmo = 10.
From Fig.5 the universe undergoes an accelerated
expansion till a final de Sitter universe.
In classical cosmology, the model suffers from Big
Bang singularity. . This problem does not occur in loop
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quantum cosmology scenario. From Fig. (6) and (7),
when piot ~ % pe, the Hubble parameter takes a max-
imum value and when pio; takes its maximum value
pec, the Hubble parameter vanishes, thus the universe
undergoes a contraction then enters the bounce.

11 B (2 i B (b)
1.0
0.9
0.8
0.7,
0.6
A A:
-0.1 0.0 01 02 03 04 —0.1 0.0 0.1 0.2 0.3
B
1.1
()
1.0
0.9
0.8
0.7
0.6
A
—-0.2 0.0 0.2

Fig.8. Contour plot of 68.27% CL (black), 90% CL
(dashed) and 95.45% CL (gray) regions for VMCG pa-

rameters A and B when (a) & = 0.01, (b) & = 0.02 and
(c) & = 0.0001.

In summary, we have investigated the model of
VMCG. The observational data of Union 2.1 con-
strained the viscous coefficient to £ < 1, otherwise
the perturbation instabilities at the present time will
grow exponentially leading to a non-consistent model.
With small values of &j, the model is found to be
suitable to describe the current universe and gives
good predictions at the present time for both state
and deceleration parameters wegg =€ (—0.76, —0.74),

go =€ (—0.60,—0.57). The value of the state pa-

rameter is in agreement with ¢o = —0.53&8&;3 at

(68% C.L.; SN Ia+SALT? fitter+ BAO/CMB) given

by Ref. [46] and go = —0.54{"("0>) at (68% C.L.; SN

Ia+BAO/CMB+H(z)+uniform prior with ¢y = —1)
given by Ref.[47]. The present value of the effec-
tive state parameter of VMCG is also consistent with

wo = —1.04{1053) at (95% C.L.; Planck+ WP-+BAO)

for dynamic state parameter estimated in Ref. [418] and

wo = —0.91{7030) (SNLS3 team) of Refs. [19,50]. The

perturbation instabilities, at the matter-dominated
era, are dropped down in present and late time as
the coupling between dark energy and dark matter is
decreasing. At large scale, the VMCG has no future
singularities and its equation of state is nearly equiv-
alent to cosmological constant (we = —1), while the
sound speed takes a constant value different from zero
as a difference between a dynamical fluid model and an
inert cosmological constant model. The VMCG dis-
cussed here reproduces the main results of the stan-
dard model without assuming a priori the existence
of cosmological constant, and the problems related to
fine-tuning and coincidence problems are solved and

the value of the redshift where (ppg & pmatter) for

both & = 0.01 and & = 0.0001 is z = 0.75. This
value is in agreement with z; = O.64Ef8:é?7’; given by

Ref. [46] for models with the final de Sitter phase,
z = 0.71£0.03 of the A-CDM model of Ref. [16], z; =
0.74£0.05 given by Ref. [51] and z; at (more than 68%
C.L.;SN Ta + BAO/CMB(WMAP9)-+H(z)+uniform
prior with ¢y = —1) of Ref. [47]. At LQC background
and at small scale the Big Bang singularity problem
is solved and replaced by a bounce, at large scale the
stability of the model does not depend on the EoS
parameter B and viscous modified chaplygin gas uni-
verse solutions only depend on &j.
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Dynamical behaviors and stability properties of a flat space Friedmann—Robertson—Walker universe filled with
pressureless dark matter and viscous dark energy are studied in the context of standard classical and loop quantum
cosmology. Assuming that the dark energy has a constant bulk viscosity, it is found that the bulk viscosity effects
influence only the quintessence model case leading to the existence of a viscous late time attractor solution of de-
Sitter type, whereas the quantum geometry effects influence the phantom model case where the big rip singularity
is removed. Moreover, our results of the Hubble parameter as a function of the redshift are in good agreement

with the more recent data.

PACS: 95.85.—e, 04.60.Pp, 95.36.+x

One of the greatest challenges in cosmology is
the attempt to understand the nature and the ori-
gin of the present accelerated expansion of our uni-
verse, which has been confirmed by several recent ob-
servations, such as type la supernovae (SNe Ia),“'z]
cosmic microwave background (CMB) anisotropy >~
and large scale structure (LSS).[%7] One alternative
and possible explanation of these observations is the
assumption of the existence of a new unknown un-
detected component with a negative pressure called
dark energy (DE). It could possess an equation of
state (EoS) in the form p = wp with w < —1/3.
The simplest DE candidate is the cosmological con-
stant with w = —1, though favored by a number of
observations!® it still suffers from the fine-tuning and
the coincidence problems.[”'"] To overcome these two
problems, a variety of scalar field models have been
introduced. One of them is known as the quintessence
with —1 < w < —1/3,['"" "] described by an ordi-
nary scalar field where its potential is dominant with
respect to its kinetic energy. However, the recent ob-
servations allow the possibility of w < —1.[8/ Thus
a new class of scalar field models with negative ki-
netic energy, called the phantom field,['") has been
suggested to satisfy w < —1. The problem with this
model in the standard Friedmann—-Robertson—Walker
(FRW) cosmology is that it leads to a future singu-
larity, i.e., the so-called big rip.['”'?) Several ideas
have been proposed to avoid this singularity, such as
choosing certain potentials and initial conditions for
which the de-Sitter universe solution turns out to be
a late time attractor of the model!'”) or by introducing
terms of quantum effects in the action.!'®! The astro-
physical observations also indicate that the universe
medium is not a perfect luid"?) and its viscosity can

DOT: 10.1088,/0256-307X /33/5/059501

be involved in the evolution and dynamics of the uni-
In isotropic and homogeneous universes, the
shear viscosity is ignored, only bulk viscosity could
play a role in realistic models and its effects on the
cosmological evolution have been studied from various
viewpoints.[*’ 2% Moreover, it is commonly believed
that quantum gravity effects would play an important
role in the evolution of the universe. Thus it is pre-
ferred to study the properties of cosmological models
in the framework of a quantum gravity theory. In this
study, we work with a loop quantum cosmology (LQC)
effective model,[*”~2°] which is a canonical quantiza-
tion of homogeneous space times based upon a reduced
symmetry model of loop quantum gravity.[’’~? In
fact, the effects of LQC consist of modifying the stan-
dard Friedmann equations by adding a correction term
of the form —p?/p. encoding the discrete quantum ge-
ometric nature of the space time.l*”l When this cor-
rection term becomes dominant, the universe begins
to bounce and then expands backwards. One of the
major successes in LQC is that the big bang singu-
larity can be replaced by a large bouncel”” 2% and
the future singularities can be avoided. It is impor-
tant to mention that all strong singularities (big rip)
are absent in LQC for isotropic and homogenous uni-
verses (like FRW) where the Ricci scalar and simi-
larly other curvature invariants are bounded for all
the events where the energy density diverges.l*"’]
As shown in Ref. [36], where a dynamical study of a
phantom scalar field dark energy interacting with dark
matter was carried out in LQC, the big rip singular-
ity can be avoided and the role of the loop quantum
gravity effect was to break the stability of the initially
phantom field climbing up the potential and leave that
of the rolling down the potential. Furthermore, weak

verse.
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sudden singularities may exist in LQC for potentials
that are not bounded from below (above) for a canon-
ical phantom scalar field. In this Letter, we use a
dynamical study by combining LQC corrections and
bulk viscous DE in one model to investigate whether
there are some interesting features arising from the
two effects taken together to a better understanding
of the evolution and the fate of our universe, when we
work with quintessence and phantom DE models sep-
arately. Finally, we compare the Hubble parameter
derived from the viscous quintessence and phantom
scenarios of our model as a function of the redshift
with the most recent data.

Now we investigate the evolution of a flat space
FRW universe model filled with pressureless DM and
viscous DE in the framework of SC. We study the
simple case, where DE evolves independently of DM
(without interactions), the quintessence and phantom
models are examined separately. In SC, the first Fried-
man equation is given by

H* == (1)

where H = % is the Hubble parameter (a is the
scale parameter), and p is the total energy density
p = ppm + ppe- Here the dot stands for the derivative
with respect to the cosmic time ¢. In what follows, we
take the natural unit x = 817G = 1 (G is the New-
ton constant) and DE is assumed to obey the usual
EoS: P = wp with a constant value of w in the inter-
vals -1 <w < —% and w < —1 corresponding to the
quintessence and phantom models, respectively. In
the presence of a bulk viscosity, the effective pressure
of the viscous DE is defined by[*7-**]

Py = Ppg + 11, (2)

where Ppgp = wppg is the pressure of the DE, and
II = —3(H is the viscous pressure. The term ( is a
bulk viscous coefficient. We require that ¢ > 0, as a
consequence of the positive entropy variation in an ir-
reversible process.[*”) In what follows, we assume that
( is constant. Now the conservation equations for DM
and DE can be expressed as

pom + 3Hppm = 0, (3)

and
poE + 3H((1+ w)ppe — 3¢H) = 0. (4)

Differentiating Eq. (1) and employing Egs. (3) and (4)
we obtain the modified Raychaudhuri equation

. 1

H:—§(PDM+(1+W)PDE—3CH)- (5)
Using Egs. (1) and (5), we can define an EoS effective
coefficient as

P _ 2 H
o 3 H?2

(6)

To analyze the dynamical behavior of the above
system, we introduce the following dimensionless vari-
ables

PDE 1
= = . (7)
F+1

T= 3 Y=

Obviously the phase space is the bounded plane re-
gion where 0 <z <1 and 0 <y <1, in terms of these
variables, Egs. (1) and (5) can be rewritten as

PDM
3SH? +z=1, (8)
and .
H 3 1
The deceleration parameter ¢ = —1 — % and wefr
become
—2+§( —5) (10)
q= B wx y )
and
1
weﬁzl—&—wx—&. (11)

Using Eqs. (3), (4), (8) and (9) we obtain the following
autonomous system of ordinary differential equations
(ASODE)

x'=3(m—1)(wx—§+1>, (12)
and 3 )
y—éy@flm2+wxf§) (13)

The prime denotes a derivative with respect to the e-
folding number N = Ina, representing the cosmologi-
cal time, in our case (the physical regions 0 < z < 1
and 0 < y < 1), three equilibrium critical points are

found P;(0,1), P>(1,1) and Ps (1, m) Their prop-
erties are determined by the sign and nature of the
eigenvalues p;(i = 1,2) of the Jacobi matrix J,

of of
0 0

J = (8; az) )
9z 9y 7 (ze,ye)

where f = 2’ and g = y'. Now if the real parts of all
the p;(i = 1,2) at a certain critical point are negative,
it is a stable node. Otherwise, it is an unstable node.
On the other hand, if at least one of the eigenvalues
is zero and the others are positive or with opposite
signs, the critical point is unstable. However, if the
other eigenvalues are negative the linearized theory of
the dynamical system may not describe correctly the
nonlinear system. In this case, we must use the cen-
ter manifold theorem (CMT).[":#?) The properties of
the obtained critical points are summarized in Tables
1 and 2. It is important-to notice: (1) At the critical
point. P, the deceleration and EoS effective param-
1

eters are ¢ = 5 and weg = 0, respectively. Thus it
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corresponds to a dark matter-dominated solution and
a decelerated expansion. The related eigenvalues of
the linearized stability matrix (LSME) are py = 3
and pgy = —3w. Notice that both the eigenvalues have
positive signs whether we are in the quintessence or
phantom case. Therefore P; is unstable in concor-
dance with the observation where this phase of a con-
ventional dark matter-dominance is required for the
formation of the observed amount of the cosmic struc-
ture. (2) The critical point P corresponds either to a
non-viscous dark energy-dominated solution if { = 0,
or to the viscous dark energy-dominated solution if
H — oco. The deceleration and EoS effective param-
eters in this case are given by ¢ = 1(1 + 3w) and
wef = w. This solution corresponds to an acceler-
ated expansion. The LSMEs are 1 = 3(1 + w) and
e = 3w. Notice that for a quintessence dark energy,
this critical point has eigenvalues with opposite signs
and it is then an unstable saddle point. However, for
a phantom dark energy, it has negative eigenvalues.
Then P is a stable point corresponding to a big rip
singularity attractor. (3) The critical point Pj is not
a physical solution in the case of the phantom model
(0 <y < 1). It exists just for the quintessence dark
energy (physical condition), where it is characterized
by ¢ = —1 and weg = —1. That is due to the pres-
ence of the viscosity, the EoS effective parameters tend
to —1. The eigenvalues of the Jacobian matrix at the
critical point are p4; = —3 and pg = —%(H—w). There-
fore, it is a stable solution corresponding to a viscous
late time attractor of the de-Sitter type.

Table 1. The eigenvalues of the linearization matrix around
given critical points P; for a viscous SC.

Fixed-points zc yc Eigenvalues
P 0 1 ;Ll:%,,uzz—&u
Py 11 =314 w), p =3w
P; 1 osig m=-3 p2=-3(1+w)

Table 2. Stability and relevant parameters of the critical points
P; for a viscous SC.

Fixed-points q Weff Stability
Py 1 0 Unstable
Saddle if w > —1
P, la+3 ’
2 2(1+3w) stable if w < —1
P 1 Existed just

for w > —1 (stable)

We extend the previous study by including the

LQC effects. In this case, the modified flat space
Friedmann equation can be written as!*’!
3 Pe

where p. = m%% is the critical density in LQC,
and 7 is the dimensionless Barbero-Immirzi param-
eter (it is suggested that v = 0.2375 by the black
hole thermodynamics in LQC), we remind that the

quantum correction is negligible when p < p. ~ ppi
(pp1 stands for the density at the Planck scale) and it
dominates dynamics when p ~ p.. In particular, when
p = pc the right side of Eq. (14) vanishes yielding to
a = 0 and leading to a quantum bounce. Differentiat-
ing Eq. (14) and using Eqgs. (3) and (4) we obtain the
following modified Raychaudhuri equation

i = — L (pona + (1 w)poe — 3CH) (1-22). (1)

C

Fig.1. Phase-plane diagrams for the SC model in the
phantom case (a) with w = —4/3 and in the quintessence
case (b) with w = —7/20.

0.5¢ (a)
voE

5 10 15 20 25 30 5 10 15 20 25 30
3 -05
—1.0
—1.5

Fig. 2. The evolution of weg with the cosmological time
N in the SC: (a) the phantom model with w = —4/3 and
(b) the quintessence model with w = —3/4. We notice
that, regardless of the initial conditions for both the cases,
the universe will enter a final state dominated by a dark
energy.

Using Egs. (14) and (15) the effective EoS for the
total cosmic energy in LQC can be expressed as

(16)

To analyze the dynamical behavior of the universe,
one has to add a new variable to the already existing
variables x and y: z = ,Tpc' In this case, the effective
modified Friedman Egs. (14) and (15) can be rewritten

as

(gDH“g —|—m>(1 —z) =1, (17)
and
H 3/ 1 1
ﬁ,_i(fz+wx—§+1)(1—22). (18)

Similarly for the deceleration and EoS parameters, one
has

3 1
q—71+§<1_zerzf—y——l-l)(lsz), (19)
and 1
Weff = (wx— ;—l—l)(l—z). (20)
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Using Egs. (3), (4), (17) and (18) we obtain the fol-
lowing ASODEs

1 3zz
r=3((1-22)r—1)(wzr—=+1) - ,
( Y ) 1-=2 (21)
3 1 1
"= —yly—1)(+—— twr— - +1)(1 —22),
¥ =y <1fz v ) 22)
z’:—3z—32(1—z)<wm—§+l>. (23)

Now for the physical solutions with 0 < z < 1,0 <
y <1, 0 < z <1, we obtain the following critical points
P1(0,1,0), Py(1,1,0) and P5(1,1/(2 + w),0). Their
stability properties are determined by the eigenvalues
of the Jacobi matrix M at these points (x., yc, 2c),

of of of
ox Oy Oz
— | %9 99 94
M = or Oy Oz ’
Oh Oh  Oh

(TerYerze)

where h = 2.

Table 3. The eigenvalues of the linearization matrix around a
given critical points P; for a viscous LQC.

Fixed-points zc yec 2c Eigenvalues
P 0 1 0 p1 =3, p2 = —3w, p3 = —3
=3(1
Py 1 1 0 M1 2( +w)a
pz = 3w, p3 = =3(1 +w)
P3 1 55 0 pn=-3pp=—-3(1+w),u3=0

Table 4. Stability and relevant parameters of the critical points
for a viscous LQC.

Fixed-points q Weff Stability
P % 0 Saddle
Py 10+43w) w Saddle
Ps -1 —1 Existed just for w > —1 (Stable)

Fig. 3. The 3D phase portrait showing the stable critical
point Ps for the LQC model in the quintessence case with
w=—3/4.

The properties of the resulted equilibrium points
are summarized in Tables 3 and 4. We find the
same critical points as in the classical case (in three-
dimensional space), while their stability properties are
almost different. In fact, the critical point P; (the

dark matter-dominated solution) becomes a saddle
(which was an unstable point in SC). This is essen-
tially due to the different signs of the Jacobian matrix
eigenvalues p = %, e = —3w and p3 = —3. Likewise
the classical case, this point is still unstable for both
phantom and quintessence dark energy with a deceler-
ated expansion. For the critical point P5 (no viscous
dark energy-dominated solution) where the LSMEs
are 1 = 3(1 +w), po = 3w and pz = —3(1 + w),
the stability for the phantom model (w < —1) is dif-
ferent from the classical case. In fact, this point is
converted from a stable point to a saddle point due
to the fact that it possesses eigenvalues with opposite
signs. Hence, the quantum correction effect breaks
the stability of the point P,. Therefore, the prob-
lem of the future singularity (big rip) does not occur
in this scenario. For the quintessence case this point
remains a saddle. For both the cases, we have an ac-
celerated expansion in the vicinity of this point. The
critical point Ps, which is of the de Sitter type (vis-
cous dark energy-dominated solution), still exists just
for the quintessence model, the corresponding LSMEs
are j; = —3, g2 = —3(1+w) and p3 = 0. Since the
Jacobian matrix M has one of the eigenvalues zero
and the others are negative, we cannot guarantee its
stability properties directly from the eigenvalues, in-
stead we use the center manifold theorem which al-
lows us to simplify the dynamical system by reducing
its dimensionality.["”) We find that this point is stable
(see the supplemental material).

04r (a)
0.2F
T of

—0.2F

—0.4
1.5((b)

0.0
0

20 40 60 80 100
t

Fig. 4. (a) Time evolution of the Hubble parameter and
(b) time evolution of the total energy density for the LQC
model in the phantom case with w = —1.2 and p. = 1.5.
Notice that at the beginning both H and p increase with
time when the universe undergoes acceleration until reach-
ing a turning point at p = pc/2 and H = Hmax. Beyond
this point, the universe will expand but with a decelera-
tion until a stopping phase. When p reaches its maximum
value pmax ~ pc and H = 0, the universe will undergo
contraction until a bounce. After that the evolution of the
universe mimics the previous one. Therefore the universe
will oscillate forever without reaching any singularities.

In summary, in the context. of both classical SC
and LQC a dynamical system of a pressureless DM
and viscous phantom or-quintessence DE, where the
viscosity coefficient is taken to be a constant, is stud-
ied. “We find that ‘in SC for the phantom dark en-
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ergy (w < —1) case, there are two critical points: one
is the unstable dark matter dominated solution, and
the other corresponds to a big rip singularity solution
whereas for the quintessence (—1 < w < —1/3) case
we have obtained three critical points, two of them
are unstable and the other one is stable correspond-
ing to the de-Sitter viscous dark energy. That is, the
bulk viscosity has an effect only on the quintessence
model, leading to the existence of an interesting sta-
ble solution which is a viscous late time attractor of
the de-Sitter type. However, by including the loop
quantum geometry effects, we obtain the same critical
points as in the classical Einstein cosmology (except
at 3D phase space) while their stability properties are
almost different. The dark matter-dominated solution
for both the phantom and quintessence models is un-
stable in the SC case but it becomes saddle in LQC. In
fact, for the phantom dominated universe solution, the
quantum geometry effects break its stability and as a
consequence, a future singularity (big rip) disappears.
However, for the quintessence case, the stability of the
nodes that corresponds to a quintessence dominated
universe in LQC are the same as that in SC. Thus if we
take into account the bulk viscosity and quantum ge-
ometry effects in the evolution of our universe, we have
noticed that for the quintessence model our universe
will enter an era dominated by a viscous dark energy
of the de-Sitter type, however, for the phantom model
the universe will enter an oscillatory regime, where the
early and late time singularities are avoided.
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1. Introduction

One of the greatest challenges in modern cosmology is the attempt to understand the
nature and the origin of the present acceleration expansion of our universe [1,2,3,4], which has
been confirmed by several recent observations such asType la Supernovae (SNela) [5], cosmic
microwave background (CMB) anisotropy[6] and large scale structure (LSS) [7]. Confirmed
observations indicates that dark energy (DE) dominates our present universe and the viability
of the bulk viscous dark energy scenario to take part in explaining the presently accepted
cosmological paradigm is justified [8]. Moreover, it is believed that quantum gravity effects
may play an important role in the evolution of the universe. Thus, it is preferred to study the
properties of cosmological models in the framework of a quantum gravity theory. In this paper,
we work with a Loop Quantum Cosmology (LQC) effective model, which is a canonical
quantization of an homogeneous space-time based on a reduced symmetry model of loop
quantum gravity [9,10,11]. In fact, the effects of loop quantum gravity consist of modifying the
standard Friedmann equations by adding a correction term of the form —p?/p. encoding the
discrete quantum geometric nature of the space time. When this correction term becomes
dominant, the universe starts to bounce and then expands backwards. One of the major
successes in LQC is that the big bang singularity can be replaced by a big bounce and future
singularities can be also avoided [12,13].The goal of this paper is to combine both loop
quantum cosmology effects and bulk viscous dark energy in one model trying to find more hints
behind cosmic observations.Our paper is organized as follows: In section 2, we present the
dynamical behavior of a universe filled with pressureless dark matter and viscous scalar field
within the standard classical cosmology (SC). Then, we extend our study by taking into account
the LQC effects and finally, in section 3, we draw our conclusions.

2.Formalism

In SC, the first Friedmann equation is given by

H? = (ppy + ppr)/3 ()
and in the presence of a constant bulk viscosity, the modified Raychaudhuri equation reads:
H === (ppu + (1 + w)ppg — 3¢H) @)

where H, {, ppu, Ppg and w are the Hubble parameter, bulk viscous coefficient, dark matter
and energy density and equation of state ( EoS) effective parameter respectively. To analyze the
dynamical behavior of the above system, we introduce the following dimensionless variables:

x=ppp/3H?> , y=1/({/H+ 1) 3)
and obtain the autonomous ordinary differential equations (ODE):
x' = 3(x —1)(wx —1/y +1) 4)
and
Y= 2yly—1@+awx—1/y) )

where the prime denotes the derivative with respect to the e-folding number N = Ina (a is the
cosmological scale factor).Three equilibrium critical points P;(0,1), P,(1,1) and P;(1./(2 +
w)) are found. The first one P; corresponds to the dark matter-dominated solution. In this case,
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the deceleration and effective EoS parameters are ¢ = 1/2 and w,ss = O respectively. Thus,
we have a decelerated expansion. The related eigenvalues of the obtained linearized Jacobi
stability matrix (LJSME) for the above system are y; = 3/2 and pu, = —3w and both have
positive signs either we are in the quintessence or phantom case. Therefore, P; is unstable and
this phase of a conventional dark matter dominance is needed for the observed cosmic structure
formation. The second critical point P, corresponds either to no viscous dark energy-dominated
solution if ¢ = 0, or viscous dark energy-dominated solution if H — oo. In this case, the
deceleration and effective EoS parameters are given by:q = (1 +3 ®)/2 and w.rr = w
respectively. This solution corresponds to an accelerated expansion. The LISME are y; =
3(1+ w)/2and u, = 3w. Notice that for a quintessence dark energy (-1 < <-1/3), this
critical point has eigenvalues with opposite signs indicating that it is an unstable saddle
point. However, for a phantom dark energy (o< —1), it has negative eigenvalues. Then, P, is
stable corresponding to a big rip singularity attractor. Contrary to ref.[14], one can shown that
if we assume the bulk viscosity as a linear combination of the two terms; one is constant,
and the other is proportional to the scalar expansion 6=3H and by a proper choice of the
parameters, the big rip problem can be prevented. The third critical point P; exists just for the
quintessence dark energy scenario and it is not a physical solution in the case of the phantom
case. It is of De Sitter viscous dark energy-dominated solution type characterized by { = H(1 +
w), ¢ =—1 and wery = —1. In this case the cosmic expansion is accelerating, due to the
presence of the viscosity. The LISME are y; = -3 and y, = —3(1 + w)/2.We have found that
it is stable because it has negative eigenvalues and regardless of the initial conditions for both
cases, the universe will enter a final state dominated by dark energy. Figs.(1) and (2) display
the portrait phase plane diagrams for the classical SC model in the phantom and
quintessence cases with ®=-10/3 and ®=-3/4 respectively.

Now, due to the loop quantum effect, the modified flat space Friedmann equations can be
written as [11]:

H? = p(1 - p/pc)/3 (6)

and
H = —(ppu + (1 + w)ppg — 3TH)(1 — 2p/p)/2 (7
where p, = V3/(16m%y3G?h) is the critical density in LQG, y the Barbero Immirzi parameter
where its value is determined by the black hole entropy calculation, h and G are the Planck and

Newton gravitational constants respectively. To make a dynamical analyzis, one has to add
another new dynamical variable z = p/p. to obtain the following autonomous system of ODE:

x' = 3x(1-22) — D) (wxy — 1 + y)/y —3xz/(1-2) (8)
y'= S -DO/A-z)+wxy— 1+ y)(1-22) ©)

and
z =-32-3z(1-2) (wxy — 1 + y)/y (10)

For the physical solutions where 0<x< 1, 0 <y< land 0 <z<I, we obtain the same critical
points as in SC but their stability properties are different. The equilibrium critical points are:
P;(0,1,0), P5(1,1,0) and P5(1,1/(2 + w),0). We have found that P, (the dark matter-dominated
solution) becomes a saddle point (it was unstable in the SC case). The three LISME are
wy =3/2, u, = —3w and u; = —3 and have different signs, but still this point is unstable
for both phantom and quintessence dark energy. As it is in the SC case, we have a
decelerated expansion. For the critical point P, (viscous dark energy-dominated solution) the
LISME are pu; =3(1+ ®)/2,u; = 3w and u; = —3(1 + o) Its stability for the phantom
scenario (w< —1) is different, from the SC case. In fact, this point is converted from a stable to a
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saddle point because it possesses eigenvalues with opposite signs. Hence, for the phantom
scenario case, the quantum correction effect breaks the stability of the point P, and
therefore, the problem of the future singularity (big rip) does not occur. For the
quintessence case, this point remains a saddle point. For both cases, we have near the vicinity of
this point an accelerated expansion. For the critical point P; which is of De Sitter type (
viscous dark energy-dominated solution), it exists just for the quintessence scenario and the
LISME are : p; = -3,u, = —3(1+w)/2 and u; = 0. We have also an accelerated
expansion. Notice that since the Jacobian matrix has one of the eigenvalues zero and the
others are negative, the critical point is not hyperbolic. Thus, we cannot guaranty its
stability properties directly from the eigenvalues. Instead, we have either to find the
Lyapunov’s functions which is in general a very hard task to do and there is no systematic way
to find and construct these functions satisfying a number of conditions or to use the center
manifold theorem (as it is in our dynamical study) which allows us to simplify the dynamical
system by reducing its dimensionality.
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FIG.1: Phase-plane diagram for SC model in FIG.2: Phase-plane diagram for SC model in
the phantom scenario with ©=-10/3 the quintessence scenario with ©w=-3/4

3.Conclusion:

We have studied in the context of both classical SC and LQC a dynamical system of a
pressureless DM and viscous phantom or quintessence DE. The viscosity coefficient is taken to
be a constant. We have found that in SC for phantom dark energy (w < —1), there are two
critical points one is unstable dark matter dominated solution, and the other one corresponds to
a big rip singularity solution whereas for quintessence (-1< @ < -1/3), there are three critical
points, two of them are unstable and the other one is stable corresponding to a De Sitter viscous
dark energy. That is, the bulk viscosity has an effect only on quintessence model, which leads to
the existence of an interesting viscous late time attractor stable solution of De Sitter type.
However, by including the quantum geometry effects, we have obtained the same critical points
but with almost different stability properties. In fact, the dark matter-dominated solution for
both phantom and quintessence models which was unstable in the SC case becomes a saddle
point in LQC. Thus, if we take into account the bulk viscosity and quantum geometry effects
together in the evolution of the universe one has: for the quintessence model our universe will
enter an era dominated by a viscous dark energy and accelerate forever, and for the phantom
case the universe will enter an oscillatory regime (more study are under investigation).
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Dynamical Study of a Viscous Dark Energy Model in

Classical and Loop Quantum Cosmology

Abstract

In this thesis we have suggested two cosmological models.in the first one we
have studied the dynamical behaviors and stability properties of a flat space
FRW universe filled with pressureless dark matter and viscous dark energy in
the context of standard classical and loop quantum cosmology. Assuming that
the dark energy has a constant bulk viscosity, it is found that the bulk viscosity
effects influence only the quintessence model case leading to the existence of
a viscous late time attractor solution of de-Sitter type, whereas, the quantum
geometry effects influence the phantom model case where the big rip
singularity is removed. Moreover, compared with the more recent data, our
results of the Hubble parameter as a function of the redshift are in a good
agreement. However, in the second model we have studied the dynamical
behaviors and stability properties of a flat space FRW universe filled with
pressureless dark matter and viscous dark energy in the context of loop
quantum cosmology. Assuming that the dark energy has bulk viscosity in the
general form, we have found there exists under some appropriate parameters
a stable late time viscous dark energy dominated solution of de Sitter type. the

problem of future singularity (big rip) will never occur in this scenario.

Keywords: Bulk Viscosity, Loop Quantum Gravity, Dark Energy, Dark matter.
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Etude dynamique d'un modéle d'une visqueuse d'énergie
sombre dans le contexte de la cosmologie standard classiques et

la cosmologie quantique des boucles

Résumé

Dans cette these on a proposé deux modeles cosmologiques. Dans le premier,
on a ¢tudi¢ le comportement dynamique et les propriétés de stabilit¢ d'un
FRW univers qui est plat et qui est rempli de la matiere sombre et d'une
visqueuse ¢énergie sombre dans le contexte de la cosmologie standard
classiques et la cosmologie quantique des boucles. En assumant que 1'énergie
sombre est dotée d'une seconde viscosité qui est constante, on a trouvé que
l'effet de cette viscosité n'influence que le modele de quintessence et nous
ramene a une existence de solution stable d'un univers dominé par une énergie
sombre visqueuse de type de de Sitter, alors que, les effets de la géométrie
quantique influencent le modele d’une énergie fantdme ou la singularité de la
grande déchirure est supprimée. D'autan plus, en comparant nos résultats
concernant le paramétre Hubble en fonction de décalage spectral avec des
observations récentes on trouvé qu'ils sont compatibles. Dans le second
mode¢le, on a étudié comportement dynamique et les propriétés de stabilité
d'un FRW univers qui est plat et qui est rempli de la matiere sombre et d'une
visqueuse énergie sombre dans le contexte de la cosmologie quantique des
boucles. En assumant que I'énergie sombre est dotée d’une seconde viscosité

avec une terme générale, on a trouvé qu'il existe sous certains parametres
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appropriés une solution stable d'énergie sombre visqueuse de type de de Sitter.

Le probléme de la grande déchirure n'apparait jamais dans ce scénario.

Mots clés : seconde viscosité, gravité quantique des boucles, énergie sombre, matiere

sombre.
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