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General introduction

The quantum gravity and string theory are now being a very important fields of theo-
retical and mathematical physics. The standard model of elementary particles is very
successful to describe the quantum theory of electromagnetism, weak and strong nu-
clear interactions. But the evolution of physics uses higher and higher energies, then
this automatically leads to the quantum gravity. So we need to build a theory which
manipulates the gravity with the laws of quantum mechanics.

The string theory was begun as an attempt to describe the strong interaction. The
quantum string theory is presently one of the most quantum gravity candidates and
the area of investigating the theory of unification. The ideas in this domain are lots of,
but the experimental realization remains very hard and problematic. The elementary
particles in string theory became a one dimensional extended object (the string). One
of the features of quantum gravity theories, including string theory is to find a renor-
malized quantum gravity; without undesirable infinities, and in principle, string theory
apparently can do that.

String theory is a theory of quantum gravity even if doesn’t describe our world.
But it excites several criticisms, one of them is the unverified extra dimensions. In this
context several non-critical string theories were proposed, theses ones can be consistent
in D < 26 for the bosonic string or D < 10 for the fermionic string. There are many
ideas for constructing a consistent and complete non-critical quantum string theory,
for example Igor Nikitin non-critical string theory [1], and the Polyakov version with
linear-dilaton background [2]. In this issue of the possibility of non-critical string, J.
Gegenberg and V. Husain insert a new term (which depends on a scalar field called
dust) to the Polyakov action; which describes the ordinary string theory [3]. A similar
term was used for solving some problems in Einstein Hilbert action, which are pro-
posed by the Wheeler-Dewitt equation [4], and since the Polyakov action has the form
of scalar fields in gravity with two dimensions, the same procedure can be possible for
string theory quantization. The additional scalar field (The dust field) can be used
to fix the world sheet dynamical parameter in the theory and gives a non vanishing
physical Hamiltonian of the system.

Paraquantum string or the string theory in parastatistical formalisms [5] is started
by [6] and developed in [7] [8], what is striking here is the space-time dimensions became
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D = % + 2 for the parabosonic string and D = % + 2 for the parafermionic string. It
is known from the supersymmetry that further symmetries in the world sheet reduce
the numbers of the critical space-time dimensions of string theory. Unfortunately the
N = 2 supersymmetry on the world sheet gives a two space-time dimensions as a critical
dimension [9]. In the other hand, parastatistics can introduce some degrees of freedom
which can lower the space-time dimension, with D > 2.

Canonical quantization is a successful program for reconciling the quantum me-
chanics (QM) (with the Planck constant &) and the special relativity (SR) (with the
velocity of light ¢ as a universal constant), into the quantum field theory. The general
relativity (GR) came with the gravity constant GG, and therefore Planck length Lp, and
the Planck energy Ep, etc can be constructed.

The universal smallest length makes the threshold between quantum and classical
description of space-time, and the length contraction in special relativity is restricted
by this length. These ideas may be imply a deformation in the conventional canonical
quantization, for reconciling QM and GR [10, 11]. The candidate theories of quantum
gravity can predict an energy dependence in the physical constants [12]. The relativis-
tic relation between energy and momentum can encode some of these modifications.
In this context, the deformed special relativity (DSR) can give an importance to the
Planck length as much as the speed of light. So the DSR proposes a universal scale;
like the Planck length, which is the same for all the inertial frames in the same manner
as the speed of light. The first version of DSR is projected by Giovanni Almelino-
Camelia [13, 14, 15], and the other one was given by Joao Magueijo and Lee Smolin
[16], in this stage they have treated the bosonic string theories with deformed disper-
sion relations [17], which is inspired by the DSR models. The smallest length scale can
also result a deformation in commutation relations called the generalized uncertainty
principle (GUP), which leads to a deformation in the Heisenberg uncertainty relations
[18, 19, 20].

Instead of modifying the Poisson brackets or the commutation relations, J. Magueijo
and L. Smolin introduce a method based on a deformation of the usual bosonic string
constraints by two functions f and g depend on total energy of the string, these con-
straints lead to deformed mass shell condition, which mirrors an analogy with the DSR
and can give importance to a universal length scale; as the Planck length. These theo-
ries use the canonical quantization, with the opportunity to take advantage of the usual
string theory successes [9, 21, 22]. The main results are the energy independent speed
of light and, the possibility of non-tachyonic ground state.

The best candidates for the realistic verifications of doubly special relativity or the
violation of Lorentz symmetry in the Planck scale are in the astrophysical observations,
but there are other experimental ideas for investigating these phenomena for example
in: the clock-comparison experiments, Doppler shift experiments, Penning traps [23].
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The outline of this thesis is as follows:

First, in chapter 1 we give a brief introduction to the theory of special relativity and
the DSR one.

In chapter 2, we study some aspects of the ordinary bosonic and fermionic classical
string theories. Next, in chapter 3 we studied the open bosonic string theory with
dust, principally the closed constraint algebra and the string stretched between two
Dp-branes, we interested here on the non-critical string, non-tachyonic and non-ghost
cases.

In chapter 4, we study bosonic string theories with deformed relativistic momentum
energy relations which were developed in [17]. We show the possibility of such theories
to describe a string with non deformed constraints in a non-commutative space-time .
We examine also the paraquantum extension.

After that, in chapter 5 we have extended the work of Joao Magueijo and Lee
Smolin on the bosonic string models with deformed energy momentum relations to
the fermionic string with deformed dispersion relations [24]. We have used the square
root method on the deformed bosonic string constraints [17] to obtain the deformed
dispersion relations of the modified fermionic string theories. These constraints are
also redefined to fit the fermionic model by providing the closure of the whole deformed
constraints super-algebra. We performed the canonical quantization procedure, the
obtained super-Virasoro algebra has energy dependent central charges. In a subset of
these models we found that the ordinary fermionic string theory results are still realized;
including the tachyonic ground state of the N.S sector, and the non-tachyonic spectrum
in the R sector, it is also possible to use the GSO projection to get something like a
theory with space-time supersymmetry. In the end, we write a general conclusion.

10



Chapter 1

Special relativity and deformed
special relativity

The special theory of relativity (SR) was proposed by Einstein for solving the inconsis-
tency between Maxwell equations and the Galilean relativity. The main postulates of
SR are: first, the laws of nature are the same for all observers and second, the speed
of light is the maximal velocity in the universe; which is observer independent. In this
chapter, we present the basic ideas of special relativity and deformed or doubly special
relativity (DSR). We will see a deformed dispersion relation which is obeyed by a DSR
model [25, 26, 27, 28], and we will also see the same dispersion relation, which is given
by a wk-Minkowski phase space model; which describes non-commutative space-time
model.

1.1 Galilean reference frame events and Poincaré
group

The special relativity interests with the Galilean or inertial reference frames, which are
at rest or moving with constant linear velocity. The point in space-time is known as an
event. We take ¢ = 1 as the speed of light. We can write

(") = (2°, ") (1.1)

where d = 1,...,D — 1. An observer through space-time sweeps a path called the
world-line. The time in the observer’s reference frame is known as the proper time of
the observer, and can be obtained by

—dr? = ds® =, dz"dz” (1.2)

where 7, = diag(—1,1,...,1) is the Minkowski metric, and satisfies n*n,, = o~.

11
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1.1.1 Lorentz group

The principles of special relativity are preserved by the Lorentz transformations; which
are linear on the spacetime and keep the proper time interval (1.2) invariant. One can
write these transformations in the space-time coordinates as follows

ot — o = A Y (1.3)

or in the momentum space as
P = Pt = A p (1.4)

while the space-time metric 7, satisfies
Nuw = N Mo, =1 = A'nA. (1.5)
We can also get the infinitesimal transformation:
A, =08, + W, (1.6)

where w"” are parameters of infinitesimal transformation in the neighborhood of the
identity. The substitution of (1.6) in (1.5), leads to

wh = —w"t (1.7)
The kinetic momentum is defined by
Ly = 2upy — Tupy (1.8)
Straightforward, one can obtain
{Ly,x’} =8z, — ohw, (1.9)
{Lyw, 2"} = 00z, — 6, (1.10)
{p",x,} = ok. (1.11)

In four space-time dimensions, we can write:
(2%, 2, 2% 2°) = (t, 2,9, 2) (1.12)

(", 0", 0%, 0°) = (E, pa, py, p2) (1.13)

The Lorentz transformations (where the movement is along the z direction) can be
given by

t'=~(t —vx)
/
= ~y(z — vt
;:;<x vt) (1.14)
2=z

12
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while for the momentum we have
E' =~(E —vp,)
p;: = 7(px - UE)
Py = Dy
plz =Pz

(1.15)

where v is the relative velocity of the initial reference frame. We use the following
definitions

tanh(¢) = v (1.16)

cosh(¢) = ! - v (1.17)

- \/1 — tanh?(¢) V1=’

then, we can rewrite (1.14) as follows

ct’ cosh¢ —sinh¢ 0 0 ct

z' | [ —sinh¢ cosh¢g 0 0 x
vl 0 0 1 0]y (1.18)

z' 0 0 01 z

We have also the Lorentz algebra:
{a, L7} = el — oy (1.19)
{p", L7} = n"p” — na¥ (1.20)
{L’”’, LPU} = pPLHT — P LY — O LRP o gho [P (1'21)
In terms of commutators the Lorentz algebra reads

Ly, Lpo| = t(Mup Lo + MuoLvp — MppLve — MvoLyp) (1.22)

In this case where D = 4, we can distinguish 3 rotations and 3 boosts generators; which
are

Jt=€* Ly, (1.23)
and
K; = Ly (1.24)
respectively, and they satisfy o B
[J, K7 = €% K, (1.25)
(K, K9] = €%, (1.26)
[J4, JI] = €F . (1.27)

Notice that, the relation (1.27) is the rotation algebra, which is generated by the sub-
group SO(3) of the homogeneous Lorentz group SO(3,1).

13



Chapter 1 — Special relativity and deformed special relativity

1.1.2 Poincaré group

The Poincaré group also called the inhomogeneous Lorentz group, noted by ISO(D —
1,1). In D = 4, this group has 10 parameters: rotations, boosts, parities, time re-
versions, and translations. The group ISO(D — 1,1) preserves the invariance of the
distance between any two points in Minkowski space. The transformations preserve the
elementary length in the space-time (1.2), satisfy (1.5) and are encoded in the following

expression
' = A 2V + ot (1.28)
where a' is a parameter of space-time translation. The generator of translation in

space-time is the momentum p*.
The relations (1.22),

[Py, pv] = 0, (1.29)
and
[Lyws Dol = 1 (Mol — MopPy) (1.30)
are called Poincaré algebra.

The Poincaré group has two invariant Casimir operators, in 4 Dimensions we can
write them as follows

pupt = m? (1.31)
and {
W/\ = §€Auupp'u[fyp (132)

These two operators are used in particle physics for classifying the particles. Where
(1.31) and (1.32) are connected with the mass and the spin of the particle respectively.

1.2 Conformal group

The conformal group in Minkowski space is the group which preserves the light cones,
this means that the light like trajectories [29, 30, 31, 32]:

ds® = ndatdz” =0 (1.33)

are invariants; so that the conformal map can change the lengths, but must keep the
angles unchangeable.

In addition to the Poincaré transformations, the conformal ones, include:

(i) The transformation of dilation:

" = Azt (1.34)

where )\ is real.
(ii) The spatial conformal transformations:
such transformations start with inversion element

- — (1.35)
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SO
dx,,dx*

(22)?
after that, one makes translation (z# — z* 4 ¢*) and a conjugate inversion, this leads
to the spatial conformal transformations

dz,dzt — (1.36)

H M2
oy LT (1.37)

1+ 2atx,, + a’x?

The conformal group reads the following relations:

[Puspv] =0 (1.38)
[Dapu] = —Pyu (139)
D, k.| =k, (1.40)
[D, L] =0 (1.41)
ks 2] = 2(=nwD + Lyw) (1.42)
[kp) LW] = _(_npuku + npvku) (1'43)
[ppv L;w] = —(=TpuPv + NowPpu) (1.44)
[Lyws Lol = —(upLo + Mpo Lvp — NupLve — Mo Lyp) (1.45)
Where the generators in the position space are
Pp = Oy (1.46)
L/j,l/ = xual/ - xua,u (147)
while
D =20, (1.48)
and
k, = (nua® — 21,2,)0" (1.49)

are the dilation and the spatial conformal transformations generators respectively.

1.3 Deformed special relativity

The deformed special relativity introduces a minimum invariant length, which is the
same for all observers. This implies:

(i) The covariance principle in the inertial frames.

(ii) The Planck energy L 1is the same for all inertial frame.

(iii) The speed of light in the vacuum is a universal constant, represents the maximum
velocity in the universe.

15



Chapter 1 — Special relativity and deformed special relativity

1.3.1 Non-linear action on the momentum space and the de-
formed relativistic energy momentum relations (The dis-
persion relations)

The usual Lorentz generators in the momentum space [16, 33| can be given by

0 0

L,=p——po=— 1.50
12 p#ap,, p 8])“ ( )
while the generator of dilation is
0
with the introduction of the operator [16]
Ul(py) = elrroP (1.52)
where Lp = E ! and the use of Champbell-Hausdorff formula
1 1
eABet = B+ [B, A] + 5[[B,A},A] + 5[[[B,A],A],A} . (1.53)
one can take the following deformed boost generator,
K' = e trrol Lielrrol — [0 4 [L4, LppyD)
= Ly + Lpp'D (1.54)

where we use the relation (1.44).
Let us take B = p* and A = L,p'D, with the same method, one can see that

—LppoD LppoD _ Dy 1.55
‘ Puc 1 — Lppo (1.55)

this happens when we insert A = LppyD and B = p,, in (1.53), so we have
[Ba A] = LPp(Jp,u (156)
[[B, A}, A] = 2L3pgp, (1.57)
118, 41, 4], 4] = 6Lyl (1.58)

and with the relation

l—z) =14+ +2° +2*+ ... (1.59)

we get (1.55).
In the same way, the non-linear action of the Lorentz group on the momentum space
can lead to the following expression

2 T’#l/pupu
= —— 1.60
bl = =7 (1.60)

16
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which is not unitary equivalence, in general. The most general invariant quantity is

1pI* = 0" U(p)U (p.,). (1.61)
Notice that the map
~ E
E=—F—7 1.62
- Lk (1.62)
and »
D; = . 1.
Pi=1= LB (1.63)
or )
E
= = (1.64)
1+ LpE
and 3
Di
P = = 1.65
PN LE (1.65)

lead to the usual dispersion relation
E? — p* = m? (1.66)

The energy momentum relation encodes the experimental results in different energy
scales, then one can calculate U from these modifications of the dispersion relation.
Generally, one can write the deformed dispersion relation as follows [34]

E*fH(E, Lp) — p* f3(E, Lp) = m®, (1.67)
The U-map can act as follows

Uo(E,p)=(Efi,p/f2) (1.68)

Notice that the map U is not always invertible, but the equation (1.55) needs an in-
vertible U-map, then one can define the physical space as the subspace of the energy
momentum space where U is invertible.

1.3.2 The k-Minkowski space-time

In the covariant form, the classical k-Minkowski phase space is defined by the following
deformed Poisson brackets

1
{at, @} = —(n” — ) (1.69)
1
{a"p"} = =™ + ;n“op” (1.70)
{p',p"}=0 (1.71)

17
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which encode the non-commutativity of space time, where k = L;l can be characterized
by the Planck length. So if £, >> p° then the phase space became as usual.
We can calculate the following Poisson brackets

o

[, L7} = (e = "a") + —("p" = /9" (1.72)
14 14 14 plu 4 14

P, L7} = ("0 = nfp") + — (" = 01p’) (1.73)

{L’“’, chr} = pPLHT — P LY — O LR 4 pho [P (1_74)

The equations (1.72), (1.73), and (1.74) represent the deformed Lorentz algebra. The
k-Lorentz deformed transformations in D = 4 read; for the space-time coordinates, as

t' = a,y(t —vx)

¥ = ayy(r — ot)

, (1.75)
Yy = oy
2 =gz
and for the energy and momentum as:
E = ify(E — up,)
! 1
Loip, —vE
vy =t
Yy Qg
P, =5
where .
a, =1+ E((v —1)E — yop,) (1.77)

The Planck energy F, = k is invariant in respect of the above transformations. Notice
that [25]

/ ’V(’i — Upac)
PTG e )
— 7(H - Upa:)
%(7(’% - pr))
— (1.78)

which reflects the invariance of E,,.

18
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Relativistic invariants:

First, one can use (1.76) and (1.77) to write [25]

P 1 Pt
1—2="(1-= 1.79
o —a-By (179
which implies that
1 Bt
= £ (1.80)
1— 2
In order to use (1.76) and the metric 7),,, we can write
/L, IV 1 1,V
NwpP"™ P = ?n;wp b (181)
and in the same way, we can find that
N = ot e (1.82)
Note that one can define the following two invariant quantities
Piy— Pe
(=20 = (0= 2 P = 1, (1.83)
and .
DPivo v oy Pty _
(=D = (1= Ry = 1, (184
Let us define [25]
I, = M? (1.85)
then we can write g
E* —p? = (1- E)2M2 (1.86)
p
and
(E2 — M?)E®* + 2M°E,E — E(p* + M?) =0 (1.87)
SO g
E* —p*=mj(1 — E)Q (1.88)
p

where my = M is the rest mass. Notice that the above equation represents a deformed
relativistic relation of energy and mass, which is identical with (1.60). In the other
hand, this relation keeps the speed of light; where m2 = 0, energy independent.

19
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1.4 Conclusion

In this chapter we have given elements of special relativity and its extension to de-
formed special relativity. We did this deformation by modifying the Lorentz boosts
and transformations. A map which depends on dilation generator is used. Then we
derived the deformed dispersion relation, after that we arrived to the same results by
using a xk-Minkowski space which is a non-commutative space-time. In the next chap-
ter, we will give a classical description of the bosonic and fermionic strings by writing
the actions and Hamiltonians.

20



Chapter 2

Classical bosonic and fermionic
string theories

This chapter is a short introduction to the classical bosonic and fermionic string theories.

2.1  Relativistic particle

The free relativistic particle is useful to understand some interesting arguments concern-
ing the description of the bosonic string theory. The particle propagates in space-time
along a world-line, where the relativistic action is proportional to the length of, this
world-line, in D space-time dimensions [35, 36]:

/ dX“ X,
=-—m [ dr
T dr

- (2.1)

where m is the mass of particle, and 7 is a parameter on the world-line. The action
(2.1) is invariant under the reparametrization: 7 — 7(7), and Lorentz transformation:
XH — AEXY where ATnA = 1.
The canonical momentum of X* is given by
5L X
Py = —o = Mm—== (2.2)

OXH \/ — X2

and satisfies the mass shell condition

¢ =pup! +m* =0 (2.3)

The above equation represents a primary constraints on this system, because it takes
its definition without using equations of motion, and as

{ba: v}tpp =0 (2.4)

is a closed algebra, ¢ is also a first class constraint.

21
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In the other hand, there is an equivalent quadratic form of the action (2.1) with the
expense of introducing an auxiliary field on the world-line e(7), and the advantage to
describe also the massive particles, so

1 (™ (1dX*dX
S == - —H _ em? 2.5
2 /TO (e dr drt “mn ) (25)
The equations of motion inspired by (2.5) are:
08 d /1.
N Bl AN
SXr dT(@X > =0 (2:6)
) .
6—5 = X?+mPe® = (2.7)
then X
e = —— 2 (2.8)

which gives

d m .
- Xt =0 (2.9)
dT(MXpo >

and leads to the action (2.1). In this form the constraint (2.3) became secondary.

2.2 Nambu-Goto action

The string theory studies a one dimension extended object, which sweeps out a two
dimensional surface in D-dimensional Minkowski space-time, called the world-sheet.
The bosonic string action is proportional to the area of this world-sheet,

I
S = —T/ do®y/—dety (2.10)
0

where T is the string tension, [ = 7 (27) for the open (closed) string. The relations
between the characteristic length of the string [, the Regge slope parameter o/, and
the tension of the string T" are

1
T=— 1>?=2d. 2.11
2w’ LS @ ( )
While 9XH 9X
g = 2 2.12
T8 = Gga gob (2.12)

is the induced metric; and represents the pull-back of the flat metric on the space-time.
The Nambu-Goto action satisfies two symmetries:

e The Poincaré symmetry is the combination of Lorentz symmetry and the symme-
try under translation.

e The reparametrization symmetry reflects the redundancy in the description of
this system.

22



Chapter 2 — Classical bosonic and fermionic string theories

2.3 Polyakov action

The square-root in (2.10) makes the path-integral quantization very difficult, so we need
an equivalent quadratic form of this action, but it introduces a new field g**

!
S = —g / d?o/=g9°? 0, X" 05 X" 1,0 (2.13)
0
We can see that the Nambu-Goto action (2.10) and the Polyakov action (2.13) coin-
cide under some conditions. The Polyakov action is D scalar fields in two-dimensional
gravity. The field X° has a negative sign, which is incompatible with the Poincaré
symmetry SO(D).
The variation of the action (2.13) plus the cosmological constant with respect to the
metric gop 1s

05 1 A
= /=T’ + =\/=g9g*’ =0 (2.14)
5905 2 2

where A is the cosmological constant, and the energy-momentum tensor is given by,

1
Taﬁ = _T<§gaﬂgpaapXu80Xu - a‘lXﬂaﬁXﬂ) (2'15)

The Weyl invariance implies that A = 0, so

Ts =0 (2.16)
In flat world-sheet Eq. (2.16) satisfies
Tr(Tws) =0 (2.17)
0Ty =0 (2.18)
which leads to,
Jop = kOa X"05X, (2.19)

2.4  p-brane action

The p-brane is a p-dimensional extended object, its motion in space-time is described
by the action

Sp = Tp/dup (2.20)
where T}, is the p-brane tension and
di, = v/— det Gopd’ o (2.21)

the induced metric is
Gop = 0, X"0pX,, (2.22)
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so in the Nambu-Goto form the action became

Sy =m?* P / dDU\/det(aaX“c?BX”nw) (2.23)
while in the Howe-Tucker form can be written as follows
Sy = —% / dPo/=h(h70,X"0; X", +m*(D — 2)) (2.24)
The above action can be seen as a D scalar field in p dimensional gravity, plus a
cosmological constant A, = m?(D — 2).
2.5 Hamiltonian formalism

The canonical form of the bosonic string action can be written as [9]
S = / dodr(X"P, — NFgbosonic _ Nogbosonic) (2.25)
0

where, N and N7 are the lapse and shift functions respectively, which play the role
of Lagrange multipliers. 3%*"¢ and J’*"¢ are the Hamiltonian and the spatial
diffeomorphism constraints respectively, while P* is the canonical conjugate of X*. Let
us start this study with the bosonic string constraints:

J_Cbosonic — %g)ur‘])u 4 %XLXIM (2 26)
j_cgosonic — :]),uX;L '
So the classical Virasoro algebra is
[g_(bosom'c(o_)7 J_Cbosonic(o_/)}PB — (J{Zosom'c(0_> + }Cgosonic(a/))é/(()_ . 0_/) (227)
[g_(bosom'c(o_)7 J’CZOSOMC(O'/)}PB — (J{bosom'c(0_> + J_Cbosonic(a/))é/(()_ . 0_/) (228)
[g{gosonic<0_>’ g_{:gosonic(o_l)}PB — (g{gosonic(o_) 4 j_cfrosonic(o_l))(;l(o_ . O'/) (229)

the constraint F%*" generates the reparametrization of o, the physics is invariant
under the coordinate transformations

o— o = f(o) (2.30)

then
[ X* (o), / da’gl(a’)f]{f;"s""“]p,g = (Mo) X" (o) = L. X* (2.31)

and
[2(0), [ do' (@I i = (¢ ()P (o)) = L (2.82)
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where L. represents Lie derivative.
If one use the following definitions

Q" (0) = 20(3C(0) + HE (o)) (233
Q" (0) = 20(FCE (o) — HE" (o) (234
then we find that
Q*(0), QH(0")]pp = 47(Q* (0) + Q* (o) (0 — o) (2.35)
Q7 (0), Q™ (0")]pp = —47(Q ™ (0) + Q@ (¢)d'(0 — &) (2.36)
Q7 (0),Q"(0")]lpr =0 (2.37)

which represents the classical Virasoro closed algebra.

2.6 Supergravity in one dimension (the spining par-
ticle)

The study of the spining particle is a simple way to understand many aspects of the
fermionic string computations,

2.6.1 Hamiltonian method

P.A.M. Dirac has introduced his famous equation after some square root of the Klein-
Gorden one, so let us take advantage of the results of the relativistic point particle as
a system of constraints, for constructing the fermionic constraint as the square root of
the bosonic particle one [21, 37, 38]. The constraints in this system are:

S =0,P"+0sm ~0 (2.38)
and
H=99=P,P'+m’>=~0 (2.39)

where 0, = \%757# and 05 = \%75. The symbol ~ denotes the Dirac weak equality
[39], which suggests that, the expression is not vanishing when we compute the Poisson
brackets. The algebra of S and H is closed in the sense that:

{3, H}_ =0 (2.40)
{S,S}y = K (2.41)
{S,9}_ =0 (2.42)

The canonical quantization Dirac algorithm is:
{7} — _i[7]
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where any physical state |¢),, must be annihilated by the constraints:
H|)pn =0 (2.43)
S[h)n = 0 (2.44)

one can notice that (2.43) and (2.44) give the Klein-Gordon and Dirac equations respec-

tively. The mass-shell condition (2.43) results from the reparametrization invariance,

while the condition (2.44) generates the locale supersymmetry transformations ':

IXH = [X*, e(0,P" + 05m)]
= e (2.45)

where €(7) is an odd Grassmann function with 7 is a parameter in the world line. The
same procedure leads to,

§P" =0 (2.46)
56, = —ieP, (2.47)
005 = —iem (2.48)

where P* is the canonical conjugate of X*#(7), which is a scalar fields in the world line
and characterizes the coordinates in the space-time, and m is the mass of the particle.

2.7 Fermionic string as a 2-D supergravity

Let us try to understand the two dimensional local supersymmetry, which is needed to
construct the supersymmetry in the world-sheet, this method gives fermionic degrees of
freedom to our original bosonic string action i.e. the Polyakov action, then the resulting
theory is called, the Ramond-Neveu-Schwarz (RNS) fermionic string.

Without using the equations of motion i.e. off-shell, the matter multiplet is
(X7, g F*) (2.49)

where X* is a bosonic field in the world sheet, ¥ is a real fermionic field in the world
sheet, and F* is a auxiliary real scalar field, which allows the equality between the
fermionic and the bosonic degrees of freedom. The supergravity in two dimensions has
the following multiplet:

(€a: Xa»r 4) (2.50)

where Y, represents the gravitino in two dimensions, A is an auxiliary field which
preserves the equality between the fermionic and the bosonic degrees of freedom in the
off-shell world sheet action. We also define

e = |dete?| = Vh (2.51)

Yet us use [A, B] = [A, B]_ + (—=1)4[A, B]; with e4 = 1(0) for A odd (even) Grassmann variable.
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The local supersymmetric action action is

1 2 . o [2 i
S = ~ & d’o (ahaﬁﬁaX“(?gXu + 2t p* 01y, — zxapﬁp w“( aagX“ — ZXﬂwu>>

(2.52)

where hog = ege%nab, and p® are 2 X 2 Dirac matrices with

p ()=

which satisfy the 2-D Clifford algebra, with the following anti-commuting relation

(0%, )4 = 207 (2.54)

the world-sheet spinor ¢* is the super-partner of X*, and gravitino y, is the super-
partner of the zwei-bein e (for more details, one can see Appendix A for a general
formulation in D dimensions).

The action (2.52) satisfies five symmetries: the diffeomorphisms, the local Lorentz sym-
metry, the local supersymmetry in the world sheet, Weyl invariance, and the super-Weyl
Invariance.

The Lorentz transformations, the diffeomorphism, and the supersymmetry can help
us to simplify the action (2.52) by fixing the gauge. Like the conformal gauge in the
bosonic string theory, we can use the super-conformal gauge in the fermionic string
theory (for more details see chapter 7 in [22]):

e’ = e?0" (2.55)

Xa = pa)\ (256)

where ¢ and A are parameters, and characterize Weyl rescaling and super-Weyl trans-
formation respectively. So we can use the gauge choice where

et = g° (2.57)

and
Xa = 0 (258)

to simplify the action (2.52).

2.8 RNS action as supersymmetric free field action

With the use of the super conformal gauge (2.57) and (2.58) in (2.52), we can read the
RNS action as

S = g / drdo (0. X"0°X,, — )" p*0aiby) (2.59)
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m
where * = ZI is a two dimensional Majorana spinor in the world-sheet.

We consider the infinitesimal Majorana spinor

e = (Z,%) (2.60)

The action (2.59) has the following supersymmetric transformations on the world-sheet
SXH = et (2.61)

YPH = —ip®0,X"e (2.62)

These transformations are supersymmetric because they mix the bosonic and world-
sheet field variables.

The classical equations of motion are obtained from the variation of the action (2.59),
which leads to

OX* =0 (2.63)
and
JY* = 0. (2.64)
with O = 9,0%, and @§ = p*J,, and also we define
ocf=7+0 (2.65)
then we write
0, =04+ 0_. (2.66)

So we can read the equation (2.64) as follows
Oite = 0 (2.67)

Straightforward one can rewrite the action (2.59):
S = T/d70(28+X DX +ih - Datb ity - Oty (2.68)

The equations of motion here are obviously (2.63) and (2.67).

2.8.1 Conserved supercurrents and super-energy-momentum
tensor

In order to examen the supercurrents, we start with the action (2.59), which varies
under local supersymmetry, as follows

dS ~ /deaaaEJ“ (2.69)
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then the conserved supercurrents are

T = 50 pats - 05X (2.70)
or
Jo=v¢_-0.X=0 (2.72)

Let us now turn to the energy-momentum tensor; which is the conserved current of the
translation in the world-sheet

Top = 0uX - 0sX + iw < PaOpth + iw - pgOath — (trac) (2.73)

then |
Tip = 0:X - 0:X + S040, oy (2.74)
1_:&XU&X+%¢ﬁ;¢_ (2.75)
T =T ,=0 (2.76)

This energy-momentum tensor has the properties:

8_T++ - (9+T__ — 0 (277)

2.8.2 Boundary conditions

To define the boundary conditions, we impose the vanishing of the surface term:

o 0% — s -0 = 0 (2.78)
If we chose: 14 (7,0) = ¢_(7,0) at ¢ = 0 boundary, we can distinguish two sectors:
77D+ (7—7 7T) = ¢— (7—7 7T) (279)
for the Ramond sector or
¢+ (Ta 7T) = _dj— (7_7 7[_) (280)

for the Neveu-Shwarz sector. These boundary conditions give the following solutions of
the equations of motion (2.67):

“+oo
L=v2 ) dieE) (2.81)

n=—00
and

+o00
P=V2 ) blemrrE) (2.82)

n=-—oo
for the Ramond and Neveu-Shwarz sectors respectively, where n is an integer number
and r is a half-integer one.
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2.8.3 Super-Virasoro generators

The super-Virasoro conditions are:
J+ - J, - T++ — Tff — O (283)

The super-Virasoro generators are the following Fourier modes:

L, = T/ do(e™ Ty +e T ) (2.84)
0
2 4 . .
P = Y2 / do(e™ ], + e ] ) (2.85)
™ Jo

for the Ramond sector and
2 ™ . .
G - V2 / do (" J, + e J_) (2.86)
™ Jo
for the Neveu-Schwarz sector.

2.8.4 Hamiltonian formulation

The conformal algebra is described by direct product of two diffeomorphism groups in
one dimension. This property manifest itself in terms of

Thosomie () = P, P = 21(H + Hy) (2.87)
Thosonic( ) — S,5* = 21 (H — H,y) (2.88)
where, we take
PHo) = mV/2d/PH (o) + %O/XW(O) (2.89)
and
St(o) = W@g}u(a) _ %XW(J) (2.90)

vory

Let us introduce fermionic degrees of freedom, which are represented by the Majorana
spinor in two dimensions #(c); with the spinor index a = 1,2, and suppose the
constraints 8,(c), which can generate the transformations in this degrees of freedom.
The anti-commuting Poisson brackets in the extended phase space are

[V (o), vy ()] pp = —4min dud(0,0”). (2.91)
We can define
81(0) = J4 = ¢ (o) Pu(0) (2.92)
and
82(0) = J_ = U4(0)Su(0) (2.93)
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then, it is easy to find:

81(0),81(0")|pp = —4mi(P,P" + 1/)“ wl“) §(oc — o) (2.94)
dl/’l,u /
[82(0),82(0")| pp = —4mi(P,P" — —wz )5(0 o') (2.95)
81(0),82(0")]pp =0 (2.96)
for consistency, we use the redefinitions
T[T (5) = By P4 Ly O (2.97)
T/emimie(g) = §,8" — —wQ dwz“ (2.98)

Notice that, if one takes P* = %X“, the generators (2.92), (2.93), (2.97), and (2.98)
became identical to (2.71), (2.72), (2.74), and (2.75).

The constraint (2.92) and (2.93) can be used to generate the 2-D supergravity in
the world-sheet:

54 (o) = [V / e (o')0" P, (0")do'
= 4rie* (o) P* (2.99)

and with the same method, one can find that

S (o) = 4me*(0)S* (o) (2.100)
5XH(0) = T2/ é (o) (o) (2.101)
6P, = 2m(—€" 1 + 1,0) (2.102)

which are the same infinitesimal local supersymmetry transformations, satisfied by the
action.

2.9 Conclusion

In this chapter we have given a short overview on the theory of classical bosonic and
fermionic strings. We used the bosonic and spinning particles as the starting points
for understanding the basic ideas behind actions of the (bosonic and fermionic) string
theories. We can also write the constraints and Hamiltonians of these theories. In the
next Chapter, we will study a modified string theory represented by the open bosonic
string with dust field, which may became a non-critical string theory.
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Chapter 3

Open bosonic string with dust

The ordinary string theory needs unverified extra-dimensions to became complete
and consistent. Jack Gegenberg and Vigar Husain suppose a new scalar field in the
word-sheet [3], which breaks conformal invariance, and gives a consistent closed bosonic
string model with a space-time dimension D < 26.

In this chapter we follow the same steps; used in [3], in the context of the open
string. The action of this model includes an additional term, which breaks the conformal
symmetry at the classical level, so this symmetry is not a precondition for a consistent
quantum theory. We mention that the path integral ghost or the BRST method of
quantization leads to restricting the space-time dimension (D = 26), for preserving the
conformal symmetry after the quantization of the bosonic string, therefore, the non-
critical string theory is possible, while the idea here is different from the Igor Nikitin
non-critical string (the redefinition of the light cone axes), or the Polyakov non-critical
string (with a linear dilaton background). After the use of the dust gauge, we find a
consistent algebra ( with no anomaly term) of the remaining diffeomorphism symmetry.
And unlike the closed string with dust where the equality of the anomaly terms of the
Virasoro algebras must be used for consistent diffeomorphism algebra, the open string
case can eliminate automatically the anomaly of the algebra. In this stage, we also
study the bosonic string with dust field between two parallel Dp-branes.

3.1 Classical action

The classical action is written as the sum of two terms [3]:

1
4drad

S =~ [V XX — [ R T T ) G
b b

where 3 = IR X [0, 7] for the open string and ¥ = R x S* for the closed one, and here

«, [ are the world sheet indices, while ;1 and v are the space-time indices. T is a world

sheet scalar field i.e. the dust field, and M is its mass density.

The action of this theory is not conformal invariant; especially the last term in the dust
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Figure 3.1: An infinitesimal piece of the world sheet showing the relation between the metric
hag and the functions N and N°¢.

field action; while the first term is the Polyakov action (2.13). The world sheet metric
can be defined by the lapse and shift functions as follows

ds? = €*has(N, N?)dz*dr’ = e*[-N?dr* + (do + N°dr)?] (3.2)

where N and N7 are Lagrange multiplier (the lapse and shift functions respectively),
and we can choose p = 0, which means that ¢1; = det(g11) = 1 (see Figure 3.1).

In the open string case, the boundary conditions are important for eliminating the
surface term in the variation of the action.
The surface term of the action Sp remains the same as the ordinary bosonic string one,
while after variation the dusty string action gives,

0Sp =
— [/7r da\/—_gMgaoaaTéT} i

0 T1
. [ / K dT\/—_gMglaaaTaT}

T1

+ / dr / da[QVQ(«/_—ggaﬁMagT)éT—l—\/—g(ga’BT,ang—i-1)5M+\/—_ng’B(5ga5]
T1 0

T
0

where Tgﬁ is the contribution of the dust field in the stress energy tensor. So the
boundary term of the scalar field M7 satisfies the boundary conditions of the scalar
XH(T,0).
The suitable boundary conditions are:
n*0,X"0X, =0 (3.3)
o=0,m

After that, through the variation of the action, the equation of motion for the fields
T, M, X" can be found respectively, as [3]

0, X4 = \/L__haa(\/—hhaﬁaﬁw) —0 (3.4)
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hPTTs+1=0 (3.
Vo(V=hh*MTy) = 0 (

where V, represents the covariate derivative with the Christoffel connection Fék =
%h”(ﬁjhlk + 8khzl - 8lhjk), then Dh = V“Va.

3.2 Hamiltonian formulation and constraints

The Legendre transformation gives the relation between the Lagrangian formalism
and the Hamiltonian formalism, and with the use of the equation of motion of M (3.6)
we can write [3]:

S = / dtdo(PrT + P, X" — NH — NH,) (3.7)

where

¥, = T'Pr — XM'P, (3.8)

and
H = sgn(M)Pry/T + (T2 + % [(2770/)(?“)2 + (zm'yl(xwﬂ —0 (3.9

The dust time gauge is given by [3]: T'(t,0) = t, so clearly 7' =1 and 7" = 0 then
the Hamiltonian constraint becomes:

sgn(M)Pp = —% [(2m')(ﬂ>u)2 + (sz)—l(xw)ﬂ (3.10)

after some simplifications, one can identify the physical Hamiltonian with P:

Hp:=—-Pr = %[(27@')(?#)2 + (27ro/)*1(X‘“)2} (3.11)
which is not vanishing in general. For more details one can refer to [3].
In fact, the diffeomorphism constraints remain in this formalism (the redundancy in the
description of the o parameter is not fixed), and it may appear when one can simply
distinguish (d — 1) independent dynamical variables, in the other hand the Poincaré
symmetry is preserved in this choice of the gauge.

3.2.1 Use of the ordinary bosonic string constraints

The treatment of the open bosonic string with dust is not very different from the closed
one, but the differences in the boundary condition lead to different results, so the
Virasoro generators are given by

Ly = 1/7r doei (f}cp + le), (3.12)

—T
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the symmetry property of the open string constraints [9] is
Hy(—0) =Hy(o), Hi(—0)=—-H(0) (3.13)

then the Virasoro generators can be written as,
L= / doe=in (J{,, - Jfl) (3.14)

therefore, the physical Hamiltonian is,

/ doH, = Ly (3.15)
0
while the vanishing diffeomorphisme constraints can be solved by:

L,=1L_, (3.16)

thereby the check of the constraints leads to the definition of the diffeomorphism gen-
erators,

1 [ ) 1 [ ;
l, = 5/ doe™ H; = 5/ doe™ P, X" =0 (3.17)

which verify the Poisson bracket algebra:

—Tr —Tr

Loy b P = —i(n — M) lppm + (0 + M)l (3.18)

The Fourier expansion of the canonical variables is:

K l

p
XH(r,0) =at 4+ —7+
(7,0) T —

ab
Z —e " cos(no) (3.19)
n#0 n

so the momenta conjugate reads

H .
Ph(1,0) = L \/ I Z ake™cos(no) (3.20)
m m

n#0
with the following Poisson bracket of the Fourier modes:

1Z&3

[, pupe = 0f,  on,, o lpp = — i Oy (3.21)
Thus the physical Hamiltonian in terms of Fourier modes can be written as:
H,=d'p* + Z a_p - Oy (3.22)
n>0

The Hamiltanian method is elegant for the canonical quantization of this classical
theory, and allows to take advantage of the results of ordinary bosonic string theory,
the difference here is that H), is not a constraint so it does not necessarily vanish.
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3.3 Quantization

In general, there are two ways to quantize the ordinary string theory, the first one is
to solve the two constraints at the classical level, after that one can pass to the quantum
theory. The other approach is the quantization of the classical string theory without
fixing the constraints and then apply those constraints as operators which annihilate
the physical states, this way is known as the covariant quantization of string theory.
The quantum vacuum of the bosonic string with dust satisfies:

G10,0) =0,  $l0,0) =0 (3.23)
where
(68 &X] = 0" Spn,  [2",D)] = id (3.24)
In this case the physical Hamiltonian verifies
Hplp) = |o/p? + > &% — 0| [) = Eopenlt) (3.25)
n>0

The value E = 0 corresponds to the ordinary bosonic string theory case where Hp is a
constraint. The mass shell condition allows to write

o M?* =N = (g + Eopen) (3.26)

For a simple consistent quantization one can impose the following weak conditions on
the physical states,

(W[l|¥)) = W|(Ln — L_y)|¥) (3.27)

this last equation mirrors the diffeomorphism at the quantum level, and can be solved
by taking the strong conditions:

L) =0, forn>0 (3.28)
These conditions are strong because the diffeomorphism condition has just the form:
(Ln = Ln)[¥) =0 (3.29)

the advantage of (3.28) is the possibility of using the results of the ordinary bosonic
string, so the Virasoro generators satisfy the following algebra,

D
(L, Lin] = (n —m) Ly ym + En(nQ — 1)0pim (3.30)
then the quantum spatial diffeomorphism algebra becomes anomaly free,

Loy lm] = (0 — M)y — (0 +m) ey, (3.31)

In the closed string, the diffeomorphisrp anomaly can be eliminated by using the equality
of the anomalies in both the L, and L, Virasoro algebras [3], while in the open string
the anomaly is eliminated naturally in the diffeomophism algebra. Notice however that
in this algebra, both [,,,, and [,,_,, are present.
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The theory with dust preserves the Poincaré invariance; and does not need to pre-
serve the conformal symmetry for a consistent quantum theory; where F + ap <
1 and D < 26. In general we have no vanishing Hamiltonian thus we can in prin-
cipal use the Heisenberg equation of motion to study the dynamics of this system [3].

3.4 Open string with dust between two parallel Dp-
branes

The X* where a € {p +1,..,D — 1} specify the normal coordinates to the brane
world-volume and verify Dirichlet boundary conditions,

Xt 0) = X%71,0)

= 7 3.32
L z (3.32)

O=T

So if z{ and x4 denote the values of the normal coordinates which specify the position
of the first and the second Dp-branes respectively, then the solution can be obtained as

1 )
X r,0) =27+ (T3 — f‘f)% + V2 E Eafle_“”sin(na) (3.33)
n#0

While X* where i € {0,1, ..., p} specify the tangential coordinates and satisfy Neu-
mann boundary conditions,

X"(r,0) = X" (1,0)

=0 (3.34)

O=T

So the Lorentz background space-time symmetry group SO(1, D—1) becomes SO(1, p) X
SO(D — p—1), the first part represents the Lorentz symmetry which is satisfied by the
tangential Dp-branes coordinates, and the second part is the rotation symmetry in the
transverse coordinates of the Dp-branes without translation symmetry. The Virasoro
generators are given by

1 . 1
L, = 3 Z e Mo WAy R 5 Z catal e (3.35)
mEZ meZ
and
1 X , 1
Lo=—a'M?>+ /)2 + 5 Z cal ol i+ 5 Z s, al g (3.36)
m>0 m>0

where \* = <%> and \2 = \%)\,.
As we know above, L is the Hamiltonian of the open string with dust, and its
eigenvalues are not null in general, this Hamiltonian helps us to set up a concrete

quantization to our system. So the mass squared expression can be written as follows

M? =)\ + %(N ) (3.37)
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According to Brower-Goddard-Thorn theorem or No-ghost theorem, the Hilbert
space of this model is without negative norm states if ag + F = 1 and D = 26 for the
critical string, or g + £ < 1 and D < 25 for non-critical one, otherwise, the space
of states has not a positive norm definition. Due to the presence of X, which has
Neumann-Neumann boundary conditions; so that, there is no Dp-branes effect on the
space-time dimension and the zero modes remain in the theory [40]. The Lorentzian
index lives in the tangential part of the coordinates with the symmetry group SO(1,p).

According to the no ghost theorem, the Hamiltonian eigenvalues F allow to give a
non-critical string theories. While the string stretched between two parallel Dp-branes
has effects of extra energy term on the spectrum. So let us see the first two levels in
the spectrum:

e N=0:
|k, \) (3.38)

this state has the mass squared
1
M? =)\ — &(ao + E) (3.39)

If one supposes non-critical string i.e. D < 26 and ag+ E < 1, so the theory has
no tachyons if
0<a'\—(ag+ E) (3.40)

and no ghosts if

N —1<a'\ — (g + E) (3.41)
so from the values of A\?; one can distinguish two cases, (i) first if &’A% > 1 then:
(3.40) is satisfied (theory free of tachyons), imply that (3.41) is satisfied too (the-

ory free of ghosts). (ii) if @’A\? < 1 then if the condition (3.41) is satisfied (theory
with no ghosts) implies that also (3.40) is satisfied (theory with no tachyons).

o N=1
Cuay [k, A) (3.42)
This level represents a vector state, and in the presence of two parallel Dp-branes
becomes: '
|G By = (Gi(R)aly + Ga(k)aly)[k) @ [A) (3.43)

so if the separation between the Dp-branes is non-zero, then a massive scalar state
emerges in the spectrum [40],

1

Caa® |k, A, M? =22 + — (1= lao + B]) (3.44)
the no-ghost theorem implies that [ag+ E] < 1, this property gives (d—p) massive
states Lorentz scalars in the above equation i.e. the index a doesn’t represent a
Lorentz index. In the other hand, one have the state

. 1
Gal [k, \), M2 = \2+
1

— (1= [a0 + E) (3.45)
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Let us define the following important state: [¢) := L_1|k, A). This is a spurious
state since it is orthogonal to all physical states i.e. pp (o)) = (k, A\|L1]|@)pn = 0
where |¢),, is any physical state, also one can remark that Lq|¢) = 2Lg|k, \) =
20/ (k?+M%)|k, ). Let us distinguish these three different values of a := [ag+ E,p):

(1) a < 1 and A? = 0: the momentum respects k* # 0 because M? > 0, and
(according to the no ghost theorem) also gives a non-critical string with no ghosts.

(i) a > 1: the theory contains ghosts, also k is spacelike (k* < A? < 0), then the
spacelike polarization is removed by the condition: k;C* + A\,(® = 0, which leaves
p components. The spurious state is not physical since k? + A2 # 0.

(711) a = 1: this means that M? = A2, also k? + A\? = 0 then the spurious state
is physical since it is null, thus two degrees of freedom are removed from the
polarization states.

3.5 Regge trajectories

Let us do this short comments concerning the Regge trajectories [41]. It has been
known since the early time of hadrons physics that there is a relation between the mass
and angular momentum of many hadronic states

J =o' M? + ag (3.46)

The string view of the quark—antiquark potential has been proposed for describing such
phenomenology. In fact, Regge’s trajectories are approximative linear functions that
arise when tacking the angular momentum as a function of the energy squared for
hadronic excitations. When string theory was investigated as a theory of strong inter-
actions, the slope parameter o’ ~ 1 GeV =2 was an experimentally measured quantity.
In the string theory with dust ag = E' 4 a, E can be used to characterize the trajectory
of meson. While the slope o/ almost the same for all trajectories.

3.6 Conclusion

In this chapter, we gave a study on the open bosonic string with dust. Using the
usual canonical quantization, we defined the physical Hamiltonian, wrote down the
algebra, and applied the mass-shell condition. As a result, we find the possibility of
a non-critical string theory. Furthermore, we studied the open bosonic string with
dust stretched between parallel two Dp-branes and discussed the relation between the
presence of ghosts and tachyons, and the separation between the Dp-branes and the
eigenvalues of the physical Hamiltonian. We noted that this model can be used to
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describe Regge trajectories. In the next chapter we will give the bosonic string theories
with deformed energy momentum relation.
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Chapter 4

Bosonic string theories with
deformed dispersion relations

The scope of this chapter is the study of bosonic string theories with deformed energy
momentum relations which is originally given in [17]. First we write the bosonic string
action with deformed constraints, while their algebra is first class in Dirac terminology.
These constraints generate the gauge transformations of the relativistic bosonic string.
We can also use the Hamiltonian constraint to generate the dynamics of the string, and
so the equations of motion which have a nonlinear term in its form, this term can be
eliminated if one proposes that f = g or f' = f and ¢’ = ¢g (where f and g are total
energy functions of the string, which encode the deformations), or we can suppose that
the nonlinear term is an interaction term, and follow the study with the free part. Then
we can write the solution of our system.

4.1 Constraints algebra
The canonical form of the bosonic string action can be written as
S = / dadT(X“fPM — Ngbosomic _ o gbosonic) (4.1)
0

where, N and N7 are the lapse and shift functions respectively, which play the role
of Lagrange multipliers. %®mic and JHbosomi¢ are the Hamiltonian and the spatial
diffeomorphism constraints respectively, while P* is the canonical conjugate of X*. Let
us start this study with the following redefinition of the bosonic string constraints, as
those given in [17]:
bosonic __ [(E) Ty(E)
H = 57 PuPH 4+ L= X X
bosonic __ /
F=me =\ f(E)g(E)PrX],

where £ = [ doP°(0,0). And let us use the following definition of canonical Poisson
brackets for X*(o) and P*(0):

Lo SF 8G SF G
[F, G pp = /0 do <5X(a’) 0P(0")  oP(o") (5X(a’)> (4.3)

(4.2)
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particularly, the above expression leads to

[X,(0),P0(0")] pys = 80 = 0" (4.4)

SO

[XL(U), ?V<0'/)}PB =0'(0 — o). (4.5)

F(E) = \/f</0l daiPO(a)) (4.6)

In this stage one may obtain the following Poisson bracket,

Let us take

[F(E), X°(0)] ppy = /0 do’ ( B %ﬁ;')é((j B UI))

OF[PO(0)]

al (4.7)

the function is the map which turns a number to another one, while the functional
maps a function to a number. Thus with the use of

I
F[P°(0)] = F( / iPO(U)da> (4.8)
0
and the functional definition [42, 43|, one can proves that
SE[P°] . F[P%0’) + ed(o — o')] — F[P°(c”)]
= lim
dPOo) >0 €
Y F( f[f P(o’) + €b(o — o')do’) — F(f(f P(o”)do’)
= ¢
— lim F(E +¢€)— F(FE)
e—0 €
_ar(E)
~ dE

Next, with the use of the relations

SF[P’]  dF(E)

5P(0) ~ dE (49)
0 n_ 0 /
5o’ (O’—U)——%(S(U—U) (4.10)
and
F(0")§' (0 —o') = F'(0)d(c — o') + F(0)d (o — o) (4.11)
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one can prove that the constraints (4.2) obey

[g_{bosonic(o_)’ j_(:bOSOTLiC(O./)]PB — fgiP(O') . X/(g/)%d(g — 0'/)

+ 19?0 X'(o >§6<a )
= VFg(P(0) X" ()3
+P (o) X'(0)8(c — o) + P(o) - X' (0)8 (0 — cr'))
- Vg ( hosonic( 0)(5(0 — ') + 23 (0)0 (0 — o) )
= \/Fg(Fbosenic(g") 4 Fbosonic(5))§ (o — o)

(c—0')+P(o)  X'(0)d (0 —0')

then
[j{bosonic(o_)’ j_fbosonic(o_/)]PB _ /fg(g_fgosom'c(o_) + g_cl;osonic(al))(S/(O. _ O'/> (412)

[j_cbosonic<0_)7 J{Zosonic(o_l)]PB _ \/f—g(g_cbosom'c(o_) + j_(bosonic<0_/))5/(o, _ 0_/) (413)
[j_cgosonic<0_>7 :H:g_osonic(o_/”PB _ \/E(J_Cgosonic(o_) + j_(ZOSOMC(O_/))(S/(O_ B 0'/> (414)

the above relations tell us that the algebra of constraints is first class; which means
that they generate gauge transformations on the world-sheet.

One can verify that the constraints (4.2) generate parametrizations on the world-
sheet, indeed we find that

X"(0), / 003025 (61 ¢ (0" piy = ¢/ Fg XM (o) (4.15)

[2(0), [ do 3= (0")¢" (0 = (VTP (0)) (1.16)

and also

[:}Cbosom’c<0_>’/dalg_cgosonzc( ¢ (o PB_( ¢/ FgP (o) > (4.17)

Notice that, these transformations are energy dependent.

4.1.1 Virasoro Generators

It is convenient to use the following linear combination of the constraints (4.2):

QJr( ) (J_Cbosonzc 4 J_Cbosomc) PuP‘u (418)
Qf(o_) — 27T(J_Cbosomlc . J_C(l;osonic) — S#S'u (419)
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where it can be shown that

(o) = \/?T“ +V7TgX, (4.20)

mf Yo
one can verify that:

[Pu(0), Po(0))] oy = [\/7 )+ /7Tg X, (0 \/7 )+ \/FX’ Y s
:W\/E[? (0), X, (o }PB+7T\/—[X/ )] pi

S0
[Pu(0), P)(0")] oy = 21/ f90' (0 — 0"V (4.22)
[5.(0), S, (0")] p g = —2m\/fg0' (0 — 0" (4.23)
[Bu(0), SV(U’)]pB =0 (4.24)

The translation currents j; in terms of the light-like components take the form Gt =
7% + 51 which are defined as follows

IHOE “?(m@ +

L x (0)) (4.25)

2rad H
SO

i (o \/_ 8 (0 — o) (4.26)
[ (o) \/_ /(0 — o) (4.27)
[Ju (0),4, ()] =0 (4.28)

In the other hand, the Virasoro algebra in terms of Q" and Q= is
[Q7(0),Q = 47r\/_(62+ )+ QT (o ))5’(0 — o) (4.29)
[Q7(0),Q(0")] =0 (4.30)

and
Q (), @ (o)) = —4my/T9 (@ (0) + @~ (¢")) 3/ (0 — o) (4.31)
In the open string case we can use the following extension of the ¢ interval:

g_(bosonic(_o_) — g_cbosonic(o_)’ J_Cgosonic(_o_) — _g_cgosonic(o.)’ Q+(—O') — Q— (O‘) (432)

so, we can associate the two conditions QF in a single one, in the interval [—m, 7| of
the o parameter;
Q" (0)=0, —m<o<m (4.33)

44



Chapter 4 — Bosonic string theories with deformed dispersion relations

The Virasoro generators of the open string are defined by

[ .
L, = o e’ Qt(0)do (4.34)

and satisfy
L.,=1L

n*

(4.35)
The classical Virasoro algebra is
[Lin, Lnlpp = iv/ fg(n —m) Ly (4.36)

While in the closed string case the constraints Q% (o) = 0 and Q@ (o) = 0 are still
independent. So we must define two kinds on the Virasoro generators, the left handed;

1 2w )
L,= ), e Q" (o)do (4.37)
and the right handed ones
_ 1 [
L,=— e ""Q (0)do (4.38)
4r J,
The Virasoro algebra becomes
(L, Lp)pp = i(n —m)\/ fgLnim (4.39)
[Lon, Lo pg = i(n — m)\/ fgLnim (4.40)
[Lin, Lulpp =0 (4.41)

where the Virasoro generators satisfy

Ln=0, Ln,=0 (4.42)

and define the physical part of the phase space.

4.2 Equations of motion

The dynamics is generated by the Hamiltonian constraints:

Hbosonic _ /dgj_cbosonic (443)

45



Chapter 4 — Bosonic string theories with deformed dispersion relations

so for the canonical variables we have:

XO(O') _ /dO‘/[XO(O'), g_cbosonic(o_/)]PB

- [ (M[X%), P20 pm + ) (X0, F(E)] p

2T 2T

X X0), g(E>]pB>

/ f(E) / 0/ 1 T2(0l)df(E) T 12 gE)
:/da (Ta(a—a)w () + 2 D+ SX (o )W>

f(E) 0 / ?2(0, df(E) T 12 d( )
:T?(“H/d"( o7 ap ta¥ g )

and

do_/ rJ)O (O’) :H:bosonzc(al)]PB

2
Tg(E)02X"°

[

"(0), X"*(0")]p5

the same method gives,

X“(U) = @T“(U)

(o) = Tg(E)P*X*

where a = 1,..., D — 1 denotes the spatial index.
The relations (4.44) and (4.46) read in abbreviated notation,

x1(0) = LB pr(o) 1 g7 | M%%%X ) E) >>

The nonlinear term in (4.48) is eliminated if f = g, but there is another case:
4 _ E
=5
dg _ E
dE — A

f=Kpex

where K7 and K, are the constants of integration. The equation of motion,

with the solutions:

Xt — fgdi X" =0
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is a massless Klein-Gorden wave equation where the velocity of waves is y/fg. In
the other hand, we can consider the nonlinear term in the equation of motion as an
interaction term, then the equation (4.51) became the free part [17] (Appendix B).

4.3 Boundary conditions

The generators must be conserved under variation of fields, this property supposes
boundary conditions on the canonical variables and Lagrange multipliers. The variation
of [ NJPosoricdq is

5 /0 NFbosonic i — /0 daN(¥ﬁ>uaﬂw+Tg(E)X,;5X’ﬂ)

_ [Tg(E)NX/éXK n / " do (N@ﬂmﬂw . Tg(E)N’X[;CSXﬂ)
0

In the conformal gauge where N = 1 at the boundaries, we can distinguish between
two cases, first the Neumann boundary conditions

[aoX”]Z —0 (4.52)
and second; the Dirichlet boundary conditions

[6X*]5 =0 (4.53)
The variation of [ NYH*"“do gives

5 / " Negosonic g — / "doNT\/Fg (Prox, + x07")
0

0

= [VFanpeax,| + /0 ’ doN"/Tg( = P16, + X,07")

The surface term can be eliminated in the conformal gauge, where N7 = 0.

4.4  Solutions

4.4.1 Open string

Let us now try to give the solution of the wave equation (4.51), where the most general
solution is

1
X*(T,0) :§(X’L‘(\/fg7'+0)+X]’$(\/fg7'—a)) (4.54)
the Neumann boundary conditions (4.52) allow to write, (at o = 0)
oXH

B0 70 = %(XZ'(\/ET) - XE(Vfgr)) =0 (4.55)
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this leads to
Xe =X+

where ¢ is a constant of integration. So the result became

(X“ \/_7'+0 + X \/_T—O')

In the other hand, the Neumann boundary condition at o = 7 gives

2 (rm) = 5 (X (/T +7) — X4 (/T — 7))

X1 0

l\'>|’—‘

then

o0
/ .
X =al+ E (ak cosnu — b sinnu).
n=1

The integration with respect to o gives:

X1 (u) = aff + oiu+ Z(AZ cosnu + B! sinnu)

n=1

SO

XH(r,0) = alf +\/fgaliT + i (A% cos(y/fgnT) + Btsin(y/fgnt)) cos(no)
n=1

Let us now use the following convention:

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

2a/ ) .
Al cos(\/ fgnT) + Bl sin(y/ fgnt) = —i4/ i(aﬁ*em‘/ﬁT — alemmVIITy (4.62)
n

Taking #} = —=+/fgp". From [17], the Neumann boundary conditions give the following

solutions of the canonical variables

i

p n f'm\/ir
XH*(1,0) = at Z cos(no)
VL o

T . H T
Ph(1,0) = 7X”‘ 7]:f )= Za“ VI cos(no)

While with Dirichlet-Dirichlet boundary condmons, we have the solutions

1 1 .
XH(r,0) =axy + — (2 —x)o + V2! E —ale™ ™I sin(no)
m n
n#0

48

(4.63)

(4.64)

(4.65)



Chapter 4 — Bosonic string theories with deformed dispersion relations

4.4.2 Closed string

In the closed string case, the coordinates satisfy the periodicity conditions:
XH¥(r,0) = XH(1,0 + 2m)

Hence, the left and right handed wave solutions are

iz l2

T n—'LTL TT0
Xf(r,0) = 5+ Zp(r +0) IZ A
n#0
H 12
X§(7,0)2%+§p“(7—0 —1—2—2 o e~ inVIgr=0)

where

XH(1,0) = XI(1,0) + X}(T,0)
which takes the form

—in/fgT
XHMr1,0)=a"+dp'r +1i Z (e 4 ate 7).

n;éO
4.5 Canonical quantization

4.5.1 Open string

In the canonical quantization, we replace Poisson brackets by commutators:

[v ]PB — _i[7]

SO

(X" (o,7),P" (0", 7)]- = id(c — o)

1
Ozﬁ:—l dacosna<\/7——mX“ )
s

x“:—/ do X" (o
™ Jo

1 ™
o doPH
e

Let us take:

also we need the relation,

4 T
cos mo cosnodo = §6mn
0
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(4.69)

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)
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then we find that
[zt p,|- =ifdh (4.77)

[ak o] = \/gm]“” (4.78)

Note that the relation (4.77) gives energy dependent Planck constant [34], while the
choices f = g and (4.50) can eliminate the energy deformation in (4.78). Let us use the
definitions

Bﬁz(%)iag, for nelZ (4.79)
5= " (4.50)

and

"
S (4.81)

which lead to

pr=fTigTap! (4.82)
and give
_ NIAL:
i — o
[, 5] z(g) % (4.83)
[ 57ﬁfn]— = 7“7“”5n+m (484)

Note that, in the conformal gauge we can take the momentum (4.64). Therefore, the
relation (4.20) reads

P,(0) = V7T (%Xﬂ + @X;). (4.85)

We use the solution (4.63), hence we write

. H )
XH*(r,0) = 7]:_T + 14/ % Z ale™ ™I cos(no) (4.86)
£0

XH(1,0) = — ! Zaﬁje’m‘/ﬁT sin(no). (4.87)
7T
n#0
then we obtain
+00 '
Pro) =g 3 ape ™ (4.88)

Q (o)=yg Z Uy - Qe (4.89)
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Since the Virasoro generators of the open string is given by (4.34), we obtain

9 " —H’na( —i(r—i—s)a)
L,== d E C Oy,
- / oe o Qe

- Lm

= g(§al-am(5(l+m—n))

+00
= g _Z Op—m - Oy
+o0o

in the second line of the above expression we have used the fact that
/daei(’”m)” = 2m6(n 4+ m) (4.91)

where §(n 4+ m) is the Kronecker delta function.
By the use of the generators (4.90) (after quantization) and the redefinitions

L= /fgLn, (4.92)

The operators L, satisfy the ordinary Virasoro algebra, so this latter takes the form

L Lol = /T = ) Lo+ S o (= )5 (4.93)

Notice that the above equation has an energy dependent central charge.

4.5.2 Closed string

From (4.70) and (4.72) we can write the following commutation relations

[zt p,]- = ifok (4.94)

lag, a”,]- = \/gnn”” (4.95)
[an, a”,]- = ﬁnn’w (4.96)

Pt(o) = /g Z ate™ne (4.97)

n=—oo

We have also

o1
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+00
Sho) =g Y ake™ (4.98)

n=—oo

which lead to

QN (0) =g - e 7 (4.99)
Q(0) =g Ay - ape’™? (4.100)
then one can write .
and .
where )
B = By = ph 4.103
/80 /80 ﬁp ( )
and
o I8
ap = ay = NI (4.104)
which lead to .
pr=fTagap! (4.105)
and give
el =i(1)'s: (4.106)
[ 57 ﬁ;’;’b]* = nnwjéner (4107)
[BYs Bl - = n1 bnm (4.108)
The Virasoro algebra is
D
(Lo Lonl— = v/ Fg00 = ) Lo+ fg 3o (7% = 1) (4109)
- _ D
[Lna Lm]— =V fg(n - m)Ln—i-m + fgﬁ(ng - n)én,—m (4110)
[Lpn, L) - = 0. (4.111)

Again we find energy dependent central charges.
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4.6 Dispersion relation

The Hamiltonian is the Ly Virasoro generator, so from the equation (4.90):

+o0o
bosonic __ bosonic __ _ f g . .
H = /daiH =Lo= —V2 m;m B B (4.112)
In order to construct the relativistic energy-momentum dispersion relation, we take
Hbosonic|1/}> =0 (4113)
then we find that .
> i Bom Bui=0 (4.114)
It directly follows that
p*=—M?= (2aT)(N + a) (4.115)
or 3 1 3 1
Pt = —figiM? = figh(2nT)(N + a) (4.116)
where
n>0

is the number operator.

4.7 Possibility of the noncommutative geometry

The question is what happens if we use the transformations

P = \/FPH (4.118)
Xt = JgX* (4.119)

which give
Fbosonic _ Lj} rj’),u ZX/ X/#
{j_cbasonic _ SJ)Y/;)\;/ * 2o (4120)
o 1
The above equation has the ordinary form of the string constraints. When we use the
transformations in Appendix C, we can find the deformed Poisson brackets in the new
phase space as follows

[X"(0), X" (0)]ps = [V9X"(0),V/gX" (") p5
= VX" (0")[X"(0), Valps + 9X"(0)[Vg, X" (0")] P

= \/ﬁX”(U')ddLEEE)n“O — @X“(U)d—%@j)nvo
= x4(0) DD o oy WVIHED, o
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the next Poisson bracket is
[X#(0), P (o)) ps = [VaX"(0), /P (0
=/ fg[X"(o), P"( ]p3+\/_9’”( X “(0),\/7]133

_\/_50—077‘“’+ fd\g_ Cals

while the last one is

v v

[P*(e), P (") pp =0

in other words

(X9(0), X0 = (X0 — X0(ay?) VI

S - g A/ [ -
X4(0). 9@ les = Fa0(0 = o + \/g dg?”(aw

[PH(0), P ()] pp =

(4.121)

(4.122)

(4.123)

(4.124)

where E = \/f (E)E with the function 1/ f(F)E must be reversible and unique, and f

and ¢ are functions of the energy F.

In this stage, the equation of motion is a very important step, then the use of the

deformed Poisson brackets and the Hamiltonian constraint leads to
X0(0) = / do'[X0(0), H(o")] ps
0
= /ﬂ dO'/[XO(O'> ij} j)# + ZX/)?/“]pB
0 ok 2 #

= [ i (Fu X ). P o + TXLUX ). X )

= [ () (Fasto - = | [$5 () - T o)

— Vi) - [ a4 (5 mﬁ ) - XA )

o4

dE

)
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and

v

ﬂﬂW)::Aﬂmﬂ@%oh}QdﬂpB
- / 4o’ 2 [7(0), X" ()]s

— [ 4TI (0). X (0

0
= /0 da’T)u(;L\/fgé’(cr — o)
=T+/fgd2 X"
while the spacial part gives
X — fgd?X* =0 (4.125)

where a = 1... D, and if we take f = g the equation of motion in the space-time is

fg@gX“—i—(Saa ﬂdo( \/;dd\{E_ (o) — Tdd\g_X’Q( )):0. (4.126)

The above equation has the form of (4.51) which is given by the deformed con-
straints and the ordinary Poisson brackets between the phase space variables X* and
P and if one splits the system into free and interacting parts, then we can conclude
the equivalence between the two models at least on the free part:

XF— fgd? X" = 0. (4.127)

In such a situation the solution of (4.127) is

o p/‘ n CinyTg
XH = VI cos(no) (4.128)
S <
| P L
Pl=———+1/— abe "I cos(no 4.129
9D (n0) (4.129
with
[ P
SHho— A p
akh ), do cos(na)( T inX ) (4.130)
| I
= —/ do X" (o) (4.131)
T Jo
TRE [y (e, i (4.132)
T2 Jo
So

"0)M (4.133)

Sl AV — (V0 _ N
[Z#, 2" pp = (" Thn o
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i L dVf o,
[2*, 0" ]pp = fgn™ + g%p nH (4.134)

Notice that the Poisson brackets of the center of mass variables are deformed; for
example the relation (4.132) describes non-commutative space time.

Exemples
In the case where: B
fog=1—— (4.135)
Ly
with E = [ doP%(0), we obtain
g0 v ! 1 E 7% S A PRAYNTI() L v0
X0 (0), X (e =~ (1= ) (X0 = X¥(o)n”) (4.136)
p p

X#(0). (0 )lps = (1 - 2 )3(o — o — 1 (1~ 5)%@(0')77“0 (4.137)

p 2Ep Ep
P4 (0), P(0")] s = 0 (4.138)
Let us take
f=9g=(01-L,E)" (4.139)
so one can write y
E=(01-L,E)'E (4.140)
which allows to obtain .
E
EF=— (4.141)
1+ L,E
then the phase space Poisson brackets are
[X7(0), X*(0") pp = Lp(1 + LpE)? (X7 (' = X¥ (o)) (4.142)
(X9 (0), P (0")]pp = (1 + LpE)? (5(0— — o+ Lpﬂ“>'f<a')nu°) (4.143)
[PH(0), P*(0")]pp = 0 (4.144)
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Energy dependent string tension:

The string tension 7' is the only unknown parameter in string theory, but what happens
if it is energy dependent. First let us take

f(B)= (4.145)

so one can find that

V= — (4.146)

the Poisson brackets are

X(0). X4(0) ] = X(0) DLAE o _ () DB o 1a)
ar Dy ! _ AV d\/guu N, 110

X(0).5(0" i = bl — o — YTy (4143

[P(0), P (")l pp =0 (4.149)

and the equation of motion is

X#— 92X — 0

05 /ﬂd ’d\f< P (o ’)+T)“(’2(a’)> =0 (4.150)

dE

the non-linear term in the above equation is clearly proportional to the Hamiltonian
constraint, so one can find the usual bosonic string equation of motion.

4.8 Paraquantization

The paraquantization of a theory is given by the introduction of trilinear commutation
relations between the dynamical variables X#(7,0) and P*(7,0) [7]

[(XH(7,0), [PV (1,0"),P°(1,0")]+] = 2ig""PP6(0 — o) + 2ig"*P (0 — ") 4.151)

[‘P“(T, o), [ XY (7,0, Xp(T, 0”)]+] = —2ig" X"d(0 — o') — 2ig"" X" (0 — ")
[ XH(1,0),[X"(1,0),P(1,0")]+] = 2ig"" X"6(c — o”)
[P (7, U), (X" (7,0"), P(1,0")]+] = 2ig""PP6(0 — o)

In terms of modes and center of mass variables, by the use of the relations (4.73)-(4.75),
the trilinear relations (4.151)-(4.154); are equivalent to (Appendix D):

4.152)
4.153)
4.154)

(
(
(
(

[:L’“, [q:”,pp]Jr} = 2ifg"’a” (4.155)
[x“, [p”,pph] = 2if (""" + 9"p") (4.156)
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[w‘“, [p”,aflh} = 2ifg"ay (4.157)
[p“, [x”,p'”h] = =2ifg""p’ (4.158)
P [0 | = —2if (gt + g (4.159)

[aﬁ, [ar alp]Jr} = 2\/§lg“”a,’;(5m+l7o + 2\/§lg“pa7’;6m+l7o (4.160)

[ad, [p", o)1 ] = 2n\/§g“”5n+m,op” (4.161)

[O[Za [xyv arpn]-i—} = 2”\/Zgup5n+m,0xy (4162)
g

With the use of Green decomposition:

Q
o=y ) (4.163)
a=1
Q
pr=> p (4.164)
a=1
Q
al = Z o) (4.165)
a=1

where @) is the order of paraquantization, the trilinear relations (4.155)-(4.162) are
equivalent to the following bilinear commutations and anticommutation:

[2#42) | g (@] = 4 g (4.166)
[z p P =0, a#p (4.167)

[ ()] = [pH@) p(@)] = (4.168)
[24@) 7B = [p@) ) =0 o #B (4.169)

[, a ] = z\/gg (4.170)

[Oé;é(oz)7 OC;EB)M =0 a#p (4.171)
[l,,u(a)7 a;(b’)h _ [pu(a)7 arul(a)] —0 (4.172)
[xu(a)7 OQVZ(B)]+ _ [pu(a)’ az(ﬂ)]+ — a# B (4.173)
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4.8.1 Mass operator for the para-bosonic string

The Virasoro generators became

Ly, Z N B

m=—00

then N
LO = @ n;o[ﬁumv ﬁﬁn]"r

and with Green decompositions, one can write

g
LU:T Z[ﬁ#m 76u(ﬁ]
a=1 =1 m—oo
where )
g = (%)404’;("‘), for neZ
and satisfies
(B4, B) - = n G

B, BNy = b 0 B

then
Q +oo

Zzﬁu 75;‘

a=1 m—oo

While the Virasoro algebra is:

[Ln7 Lm]— = \/E(n - m)Ln-i-m + fgqi_g(ng - n)dn -m

The deformed dispersion relation for the para-bosonic string theories is:

1 400

f2g2 f392
p2: 2%/ M = 2 ] Z[6Mn7ﬁpn]

This relation characterizes the spectrum of the parabosonic string.

4.9 Conclusion

(4.174)

(4.175)

(4.176)

(4.177)

(4.178)
(4.179)

(4.180)

(4.181)

(4.182)

In this chapter, we introduced the bosonic string theories with deformed relativistic
relations between energy and momentum (dispersion relations); We have followed the
development in [17]. The modifications encoded in deformed usual bosonic string con-
straints, which generate reparametrization transformations on the world-sheet depends
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on energy, and hold a closed classical algebra. The canonical quantization on these
theories leads to energy dependent Virasoro central charge, and deformed mass-shell
condition. We studied also the possibilities, in such theories, to describe equivalent ones
with ordinary bosonic string constraints but in a non-commutative target space-time.
Finally, we paraquantised these theories. In the next chapter, we will extend these
theories to fermionic string ones.
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Chapter 5

Fermionic string theories with
deformed energy momentum
relations

The bosonic string theories with deformed relativistic dispersion relations was formu-
lated in the previous chapter. In this chapter; which is based on [24], we study the
fermionic string extension of the previous bosonic models.

5.1 Square roots of the deformed Virasoro con-
straints and deformed fermionic string constraints

The Hamiltonian formalism has several options, from one viewpoint, it helps to study
the constrained physical systems; notice that string theory is a totally constrained
system as the relativistic particle and general relativity, on the other hand, the canonical
quantization depends on this formalism, and it is a very elegant method for going from
the classical theory to the quantum one [38, 39, 44].

One can study the fermionic string theory as two dimensions supergravity. To do
this, and in addition to the bosonic degrees of freedom, one also needs fermionic ones,
so let us introduce the real anti-commuting variables ¥* (o) (where a = 1,2), which
represent Majorana spinors in the world-sheet. After appropriate simplifications [9],
one can write the fermionic string action:

Sp = / dodr (X", + ), — NH — N°H, — MS8) (5.1)
0

where 7(¢*) is the canonical conjugate momentum of ¢*, the constraints H and H,
generate the reparametrizations, § is the fermionic constraint and generates the local
supersymmetry in the world sheet, and M is the fermionic Lagrange multiplier. Let us
start our discussion of the extension of the bosonic string; which is given in chapter 4,
by introducing the following definition of anticommuting Poisson brackets:

(Wi (o), ¥y (0")] ppy = —Amin® 0ud (0 — o) (5:2)
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Then let us introduce the energy deformed fermionic constraints as the definitions:
81(0) = ¢i(0)Fu(o) (5.3)

83(0) = 5 (0)Sp(0) (5-4)
Where P, and S, are given by (4.20) and (4.21). Notice that the Eqgs. (5.3) and (5.4)

generate the local supersymmetry transformations in the two dimensions world sheet.
Indeed

sut(o) = (o), [ ()R
= 4mie' (o) P*(0)

PB

the same thing holds for ¥4,
Sl (o) = 4mie*(0)S* (o) (5.5)

while
dXH (o) =m\/2fd (o (5.6)

With the help of the Poisson brackets (5.2) and (4.22), we can write

[81(0),81(0")] .y = [¥1(0) Pu(0), ¥1 (') P (0')] 5

= U0V () [Pulo). Pulo")] py + Pulo) Pule") [10), (0]
AL >(—2w_d5"‘” )
+ P,(0)P,(c") Amint 6 (o )

(-
= 0t(0) ™89 (o Fgnui(o — )
(-

+ PM(U)PZ,( dmin™§(o )

SO p
81(0).81(0")] py = —Ai(BuP¥ 4 \/ v 1/’1“) 5o — o). (5.7)
The energy deformed Hamiltonian and spatial diffeomorphism constraints on the fermionic

string are:
OSOTZZC d¢ d¢
H =5 i (g o — 2 (5.8)
o
_ bosonzc i V m dwlu d¢2u

g{a - j{o’ 87 ( 1 do +/(/}2 do ) <59)
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It is also convenient to define the linear combinations,

dwlu

Qt (o) = 2n(H + H,) = P, P* + \Fw*‘ (5.10)

Q (o) = 2(H — 90,) = 5,5 — /T 2o (5.11)

Then the right-hand side of (5.7) is clearly proportional to Q. For example one can also
verify that

(Q¥(0).81(0)] py = [Bulo)PH(0) + 1/ Tt (@) ) (611, ()] 1
= 20{(s')P*(0) [Pul0), Pu(o') ]P + VTP w0 ) o]
= 2y (o")P,(0) (277\/>d57)
i o—o (o
+ 5\/EPM (1/1 —4mi 4o )> _ (o) < —47id(o — 0')))

do do
= 2 /Fg(201(0) - P(0) + (o) - Plo')) D Z )
One then arrives at:
[cﬁ(a), 81(0/)] . 27T\/E(251(a) + 81(0’)>5/(0 — ') (5.12)
" Q7(0),Q ("] | =4mV/Fg(Q"(0) +Q*(e)))d (o~ 0", (5.13)
and likewise for the constraints S5(c) and Q~ (¢), where the super-algebra is
82(0), 82(0")] py = —4miQ ™ 6(0 — o) (5.14)
[Q*(U),sz( / }P - —2wf(252 +85(0 ))5’(a — ') (5.15)
Q70,07 (")] | =-4m/T9(Q (o) + Q7(c))d (0 ~ o) (5.16)

The expressions (5.7), (5.12), (5.13), (5.14), (5.15), and (5.16) construct a consistent
system of constraints; which is akin to the first class constraints system with the energy
dependent factors which are represented by the functions f and g.
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5.2 The equations of motion and solutions

5.2.1 Equations of motion

The hamiltonian constraint (5.8) generates the dynamics of string , so for the bosonic field
X*, the equations of motion can be given by the Poisson brackets,

X0 = /0 " o' [X0(0), H (o) P

_ a0 / P2 df r dg
—T?(U)+ ; do’ Tag T3 X ~

i d\/i dl/)l,u de,u
+§ (¢1 do’ _wg do’ )>

and

the same method reads,

X'(o) = f(T)T’(a) (5.17)
Pi(o) = Tg(E)D? X’ (5.18)
where i = 1,..., D — 1 denotes the spatial index. So one obtains

. f / P2 daf dg
X,u, — 4 17 12 X/2
TjD + 3 [ do’ rdE T2 4E

i dvfg,  udiry udibay,
. ) — 1
+ 8t dFE ( L do! V2 do’ ) (5.19)
P(0) = Tg(E)d2XH (5.20)
The nonlinear term in (5.19) can be eliminated if f = g. There are, however, other possibilities
if
A = hf(E
ar J(E) (5.21)
a5 = hg(E)
with the solutions:
— LkrehE
{f o (5.22)
g =kge
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where h, k¢ and k4 are constants. The equations of motion became as in (4.51). And with
the help of (5.2), one can read

oyt 4
¢18(;77 T) _ /0 do_/ ["ﬂ/f (0_, 7_>, g‘f((f,):| o
ot
_ \/E wl(;;v 7')

So

(0r =/ Fg9s )W} =0 (5.23)
and the same method leads to

(Or + v/ f90. )0 =0 (5.24)

Here, / fg represents an energy dependent speed of propagation of the fermionic and bosonic
waves in the world-sheet; as mentioned in [17] for the bosonic string case.
Therefore, the definition:

t=/fgrto (5.25)
leads to
0 1 0 8
thus

{aw{‘(n o) =0 (5.27)

a+¢5(7'7 U) =0

which means that, 1] depends only on ¢, while ¢4 depends on o~.

5.2.2 Boundary conditions
Open string

The boundary conditions are important for writing the solutions . The functionals foﬂ NHdo,
fOTr N°H,do, and foﬂ MS8do must be well defined as generators, which must be weakly zero
(weak equality in Dirac terminology) [38, 39, 44], and it must be also a constant of motion.
Let us mention that the variation of the action equals zero, and this property leads to the
equations of motion, the constraints, and boundary conditions. The first variation is

1) \/7r doNH = /TrdO-N <5g_cbosonlc \/751/},u dwlu
0 0
- ¢2u L d(;’(/}lu
gl =2 Tl =
v doray,
B &r‘/ﬁwgda> (5.28)

In general, the N and N? functions relate to the world-sheet metric; and the physics is
independent of this metric. So in the conformal gauge N =1 and N7 = 0, at the boundaries.

65



Chapter 5 — Fermionic string theories with deformed energy momentum relations

Thus the surface term which is given by H?5°"¢ can be eliminated by the same boundary
conditions of the bosonic string in chapter 4.

Let us now focus on the surface terms which is related to ¥* and M. Here we follow the
same method; concerning the usual fermionic open string, shown in [9]. The surface term of
y* is obtained from the second part of the right hand side of the equation (5.28),

s

[\/EN (mm’f - 1/’2,#%5)] (5.29)

0

the root +/fg is a multiplicative factor, we obtain then the usual Ramond * boundary
conditions

P1'(0) = ¥4(0) (5.30)
Py () =y () (5.31)
and the Neveu-Schwarz ones
¥1(0) = ¢5(0) (5.32)
Uy () = =y () (5.33)
With the same method, the variation 6(N°H,) gives the boundary term
[N"iP;éX”K —0 (5.34)

This surface term vanishes because N? = 0 at the boundaries, one can remember that N and
N°? verify the same boundary conditions, as in the ordinary bosonic string [9], what remains
is the contribution of § [" M8do =4 [ (M'8y + M?83)do, which gives:

/ﬂ do [Ml (wl P4 \/g% 6P + /nT gyt - (5X’>
0
+ M2<5¢2 S+ M%% 6P — \/nT gy - 5X’>}

So the surface term can be written after partial integration of the third and the sixth
terms in the last expression as follows,

ATy (MY — M2$)sx,|! (5.35)

which can be vanished if one takes X, = 0 in the boundaries or
M'=M? at o0=0 (5.36)
M'=M*R) or M!'=-M*NS) at o= (5.37)

which are consistent with the R and NS boundary conditions on ¢} and 5.
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Closed string

For eliminating the surface term concerning the closed string, one can analyze both periodicity
and anti-periodicity of ¥ [9], So

{ o = 0) = (o = 2m) (5.38)
o= = 2m)

Py (0 =0) = = (0 = 2m)

{WS (0 =0) = ¢4 (o = 2m) (5.39)
(o =0)=—9'(c =2m)

{ 5(oc=0)=—y¢k(c =2m) (5.40)

The building of the closed string theory is akin to what is already given in the open string.
The main differences are achieved by the boundary conditions, and the extended range of o,
which leads to double the modes and constraints compared with the open string. The closed
string coordinates satisfy the periodicity condition X*(o) = X*(o + 2m).

5.2.3 Solutions
Open string

In the case of the Neumann boundary conditions X* and its momentum conjugate P are
given by (4.63) and (4.64) respectively, While the solutions in Dirichlet-Dirichlet boundary
conditions are given by (4.65).

From now on, we will consider the only Neumann-Neumann boundary conditions in the
open string case. The Fourier mode expansions of %, in the Neveu-Schwarz sector are:

W(r0) = V2 e Iarte) (5.41)
Yh(r,0) = V2 bhe s (VIoT=o) (5.42)

with s = +1, +£3 +5 ...
From (5.2), one can find the following Poisson brackets between modes;

bk, b pp = —in""ds (5.43)

srVr

In the Ramond sector, we can write:

1][}?(7" 0‘) = \/5 Z dge—in(\/ﬁT—l—U) (544)
W(r0) =v2y  die mVIoT=o) (5.45)

with n =0,£1,+2,..., and
[dh, dylpB = —in" 0n,—m (5.46)
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Closed string

Using the equation (5.27), and the conditions (5.38), (5.39), and (5.40), one can give the
modes expansion of the closed string fermionic variables % as follows,

(o) = V2 diemVIamto) (5.47)
T
(o, 7) =V2y  diemm(VIomo) (5.48)
So the Ramond sector; as in the open string case, gives,: r = 0,£1,+2,..., while with the

Neveu-Schwarz sector, we have: r = :I:%, :i:%, :I:g, e

In the closed string the right and left movers are independent, so if one of them takes the modes
of one sector the other one can take the modes of any sector, therefore, we can distinguish
four cases,

e NS in the left and NS in the right is space-time bosons.
e R in the left and R in the right is space-time bosons.
e NS in the left and R in the right is space-time fermions.

e R in the left and NS in the right is space-time bosons.

5.3 Classical super-Virasoro generators

The super-Virasoro generators are the Fourier modes of the original deformed constraints of
the fermionic string, for the open string we have:

I
L, = 47T/7r doe™ Q" (o) (5.49)
1 T
Gy = s ) doe'*?81(0) (Neveu — Schwarz) (5.50)
1 S
F, = s ] doe"’81(0) (Ramond) (5.51)

Therefore, these generators in terms of modes can be obtained by using the solutions (4.63),
(4.64), (5.44), (5.45), (5.41), and (5.42), and the definition (4.81) as follows

g Vg n
L, = B} Z Op—m " Om, + N Z (s+ i)b—s “bnts (5.52)
m=—00 SEZ+1
+oo
Gs=vG > bmysom (5.53)
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for the Neveu-Schwars sector, and

9 VI n
m=—00 MEZ
+oo
Fo=+9 > dmin-am (5.55)

for Ramond sector.
The algebra of these classical constraints became:

Gy, Gs] = ~2iLy4s (5.56)
(Lins G = iv/Fg(r = ) Gontr (5.57)
[Fr, Fo] = —2iLin (5.58)
[Lun, F] = i/ F9(n = ) vt (5.59)
(L, L] = in/fg(n —m) Ly in (5.60)

Again the above super-Virasoro algebra is closed and energy deformed.

5.4 Canonical quantization and super-Virasoro al-
gebras

In terms of modes, the commutator (4.72) gives again (4.77) and (4.78) and the anti-commutators;

[ (o.7) 4y (0", )] = dmn Sapd (o — o) (5.61)
gives
b5, br]+ = 0" 6s,—r (5.62)
for the NS sector, and
[dhys d ]+ = 1" 6, —m (5.63)

for the R sector.
Notice that the anti-commutators (5.62) and (5.63) follow the usual form of fermionic string
theory.

Again the redefinitions [17], (4.79) and (4.80) and the help of (4.81), one readily shows
that

ns1 —aid i(gu
[z, py]— z(g) 5 (5.64)
[ﬂ#v 117/1]— =" dptm (5.65)
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Notice again that the choices f = g and (5.22) lead to eliminate the energy deformations from
the equation (5.64).
By the use of the quantum version of the generators (5.52-5.55) and the redefinitions

Lo = \/fgLn, (5.66)
= figid, (5.67)
TE, (5.68)

The generators Ly, Gy, and F, satisfy the ordinary super-Virasoro algebra, so that this latter
takes the form

L Ll = VT~ m) Lo + Fo'g (n = )b (5.69)
(G Gls = 2L + \/Eg(rz - i)én_s (5.70)
(L, Gl = =/ Fg(r = 5)Consr (5.71)

for the NS sector.
One can also obtain the following modified super-Virasoro algebra

(L, Lin)— = \/fg(n —m)Lpym + fggn?’ém_m (5.72)
[Fry Frnle = 2Ly + fggn%sn,_m (5.73)
[Lma Fn}* = —\/E(TL - %)Fm+n (574)

for the Ramond sector. The super-algebras are deformed by the presence of the functions
f and g. For positive and non-vanishing fg, the conventional super-Virasoro algebra with
energy independent anomaly can be used to describe the physical states, which are as the
usual ones, except that the center of mass energy and momentum are modified. Whereas, for
finite p° where fg = 0, we can see (as in [17]) that the central charges are energy dependent.

5.5 Spectrum and GSO projection

From the Hamiltonian relation (5.8) and with the solutions (4.63), (4.64), (5.44), (5.45), (5.41),
and (5.42), the Hamiltonian constraints, which are identical to Lo in both sectors (5.52) and
(5.54), can be obtained as follows

1
H = Hposonic + V / 5 Z S blisb&u : (575)
s€Z+%
for the NS sector, and
1
H = Hposonic + v fg§ Zn : d'lindnﬂ : (5.76)
n#0
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for the R sector, where

2
Hyosonic = g Z ab nCn,u - (577)
2 fT n#)

Let us use the same definition of the mass squared as suggested in [17]

p2

fo’
In the fermionic string case, this latter allows a same factor in the bosonic (in terms of 3};)

and the fermionic parts of the mass squared expression so that we can use the usual results
for the spectrum. Indeed

M? = — (5.78)

Mg =7T[>  :akoy,: + Z s: b b (5.79)
n#0 seZ+

Mg = (nT)) [ abian, +\/§n cd dny, ] (5.80)

n#0

for NS and R sectors respectively, or with the redefinition (4.79) one can write

M%o=nT| % Z BB+ > s b byt ] (5.81)
n#0 s€EZ+1
M3 = 7T Z BBy And L dn ] (5.82)
n;éO

We can conclude then that, in terms of the 3 modes, the above relations have the same

form of ordinary fermionic string mass squared in both sectors but with the energy dependent

factor \/z .
g

5.5.1 NS sector

In addition to the Hamiltonian condition, the physical states must obey the following equations
Grlg) =0, r>0; Lpl¢)=0,n>1 (5.83)

and the quantum vacuum satisfies

1
gi0.p) = (3) etlop) =0 for n>1 (5.84)
1
be10,p) =0 for n> 3 (5.85)

The spectrum of the V.S sector is like a generalization of the bosonic string one. So the first
few levels are written in the following general functional,

. . L
0) = (@ 40"y Ay 38" By 58" B 4 Sy £ 0.) (5.86)
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from the Lg constraints, the dispersion relation is writing as

2
L - MR = (2nT) ! [Nns + ans] (5.87)
fg g
where
Nys =Y B Bup+ Y sty (5.88)
n>0 SEZ+1>0

let us use the relation (4.82) which satisfies the expression
PP 4+ Myg=0 (5.89)
the above equation has the form of the ordinary mass shell condition where
M%g = (2nT)[Nns + ans] (5.90)

Notice here that the relations (5.87) and (5.88) suggest the usual value ays = —3, so that
the spectrum obtained is inspired by the ordinary fermionic string one.
The application of the Hamiltonian condition gives

(29% + f\/ﬁé)qb =0 (5.91)
9*A, =0 (5.92)
(120% — f\ﬁ S, = (120% - f\F B,=0 (5.93)

1
2rT)"
The application of the constraint condition G1|¢) = 0 leads to,
2

where [2 =

9" A, =0 (5.94)

V21
?B#S’u‘y - By - 0 (595)

From the relations (5.92) and (5.94), one can note that the massless vector state seems to
be similar to the conventional fermionic string one with D — 2 independent components; while
the other ground and massive states are affected by the energy deformation (see the relations
(5.91), (5.93), and (5.95)). Let us try to calculate the physical degrees of freedom of the
vector state Nyg = 3 (we follow [41]), with (5.93) and (5.95), which are equivalent to p* = 0
and p, A" = 0 respectively. The choice of the Lorentz frame where p, = (po,po,0,...,0) is
possible in the case of massless vector state, so one can takes !

A+ Al =0 (5.96)

The above expression leaves D — 1 independent components in polarization vector; but we
can also define the state

1 .
\/Q—O/ZGG% 0,p) = (ipu€)b”, 10, p) (5.97)

because pgA® + pgAl =0
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this equation has the form of the vector state with a polarization ip,e and if p?> = 0 the

following equivalence can be written:

Aub‘i%\O,m = (A, + ipw)b’i%!f),p)

let us use p, = (po, po,0,...,0), which gives,
A% = A% —ipge
Al = A + ipge

so we can find
A% — At = A% — A — 2ipge

and with appropriate choice we can write

A— A =0

then we say that the vector state has D — 2 independent polarization.

In the other hand, the zero norm state
G_1|)
is a physical state with the conditions.
Gr©)=0,r>0

and
L) =0,n>0
One can also construct another zero norm physical state:

¥) = (G_z +aL1G_1)IEY)
where the state |Q)') satisfies the following conditions

(Lo++/f9)l) =0
Ly|Yy=0,n>1

G|y =0, r>

N |

The constraint G1 acts on [¢)) and gives:
3

Gy} = (2~ /Fga)La|9Y),
so we can find that: 5
a=—.
Vg
We can use the constraint G's on the above state:
2

G

3 1 1
2 2 2

= (2Lo + /fgD + a4Lg)|Q)

) =V fg(—2+ D —8)|)
which implies that D = 10.

(G_% +al_1G_ )’Q/> = (G%G_% + G%L_lG_ )|Q/>

(5.98)

(5.99)
(5.100)

(5.101)

(5.102)

(5.103)

(5.104)

(5.105)

(5.106)

(5.107)
(5.108)

(5.109)

(5.110)

(5.111)

(5.112)
(5.113)
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5.5.2 Ramond sector
The physical states obey the constraints conditions
L,|v)=0

and
thb>::0
for n > 0, while the ground state is defined by

also for n > 0.
The spinor wave functional is given by

[@)e = (Aelw) + B2,V pe(x) + d W) (2) +...) [0 p)

D
where e =1,2,...,22.
The energy dispersion relation is

2
- % =M%= (27TT)\/§NR

where

Ne=> B Bap+ Y. md dn,

n>0 meZ>0

Let us apply the Fy and Fi conditions

r
Fo|®)c = Va0l &+l sy + odidyy t..)[ @) =0
I p Ty
Fi|®)e = g(agdiu + Y5 +..)[@)e=0
where the zero mode dfy = %F“ . We obtain the following equations
Ix=0,
! 1 2 ! 2 1
S, =V, — IV =T,
1g1 fig4

and

where @ = Ir#o,.

(5.114)

(5.115)

(5.116)

(5.117)

(5.118)

(5.119)

(5.120)

(5.121)

(5.122)

(5.123)

(5.124)

(5.125)

The massless state seems to be like the ordinary fermionic string one, but the behavior of

the other states depends on the energy functions.
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5.5.3 GSO projection

Let us recall that the mass squared operators in (5.87) and (5.119) keep the usual form in

terms of 3, and the fermionic modes unchanged, but with the multiplicative factor \/% , SO

in D = 10 the GSO projection appears to be not affected by the deformation, and the two
projectors, which act on the NS and R sectors, have also the same form as the ordinary

GSO ones. We find the same known results: the possibility of the tachyon elimination, mass

levels with the factor \/g are well defined, and the space-time supersymmetry is preserved

with such deformation. Indeed, in our case, the degrees of freedom appears to be similar to
the ordinary fermionic string ones. One can see this precisely if we take the non-linear map
(4.82), we obtain the conventional form of the constraints equations.
After the GSO projection, the ground state of the open fermionic string contains a massless
spin-1 state
b ,10.p) (5.126)
2

and a massless spin—% state
€ P)s.c (5.127)

as a Majorana spinor with a well defined chirality, while the next state is massive and described
by

(%1, 62,07 1 1105 ) (5.128)
in the V.S sector, and

{82y, d% e p)s,e (5.129)

in the R sector.

Of course, as in the bosonic case [17], the precedent reasoning supposes that f/fg > 0,
is non-vanishing and non-singular, but in otherwise the ghosts must not be reintroduced into
the theory by a choice of functions.

5.6 Examples

Let us first restrict ourself with the condition f = g, and take the example studied in the
bosonic string case [17]

f*(po) = 1 = (Lppo)? (5.130)
The dispersion relation can be written as follows
p? + fPM? =0 (5.131)
in the rest reference frame, we obtain
2 Nns — %
ENs (5.132)

P L3(Nws — 3)
for the NS sector and
2 Np

B} = i
24+ L2Ng

(5.133)
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for the R sector.

Then lets see the first few levels, first in the NS sector

* Nvs =0 1 1
Eyg= s > — 5.134
NS T2 or T I3 (5134
this state is non-tachyonic if Lp > /2.
e Nns=3
E%¢=0 (5.135)
e Nys=1
) 1 1
EXs = 5o < 12 (5.136)
e Nns >3
1
F%q < T (5.137)
P
second in the R sector
[} R — 0
E% =0 (5.138)
[ NR =1
1 1
2 (5.139)

RT3 712 <72
+1% " L%

We note that the ground state in the NS sector can be non-tachyonic if Lp > v/21, in the
same way as in the result found in the bosonic string case [17], but in the same time, it is the
only state in the two sectors which can have a rest energy greater than Ep, while the other
stats accumulate below Lp', (see (5.132) and (5.133) where Nl_i)rﬁoo Ens = Nl_igrloo Er = ﬁ)
In the other hand, the NS ground state has no equivalent state in the R sector, so that, after
the GSO projection, all states accumulate below the Planck energy, and we can perform the
first steps toward a space-time supersymmetric string theory with the deformed dispersion
relation (5.131) and the function (5.130).

Other examples concern the cases (5.22), so in the rest frame, we can write

A 1
~E*+ 75 (s — 5) exp(2hE) =0 (5.140)
for the NS sector, and
A
—E?+ 5 Nrexp(2hE) =0 (5.141)

for the R sector, where A is a real positive number. Then, we can write the general form of
the string energy with the Lambert W function, as follows

1 h 1
Enns = =3 W (% 71/ A(Nus = 5)) (5.142)
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1 h =

5.7 Poincaré algebra

Let us consider the Lorentz generators
™ 1 s
MM = XHPY — XVPH)d — Hapod
X o+ 11 ) S vide

in terms of modes, one can write
MK = JHv 4 [HY

1 . /g 1
JH ?(ngpM — i) — 2\/;2 a(a*_‘naz —at a¥)

n>1

where

I = =iy (0 b — b7 k)
s>0

for the Neveu-Schwarz sector and

=iy (d",dy — d”,dl) — idfdf
n>0

for the Ramond sector.
By the use of (4.72) and (5.61), one can find the usual Poincaré algebra,

[p",p"] =0

[p", M"P] = intPp” — in"pP

(MM MﬂC] _ mupMVC + mVCMM) _ mVpMuC _ in’”CM”p

where

p“:/ doPH (o)
0

is the total momentum of the string.

(5.143)

(5.144)

(5.145)

(5.146)

(5.147)

(5.148)

(5.149)

(5.150)
(5.151)

(5.152)

Notice here that, while both the bosonic modes of the string and the center of mass propagate
with deformed commutation relation (4.77) and (4.78), and the presence of the deformation

functions f and g in (5.146), the Poincaré algebra is still unchanged.

5.8 Paraquantization

In addition to the parabosonic string trilenear commutation relations (4.151)-(4.154) which

are given above, we need the following ones [45, 46]:

[t(0), [04 (), 080" -] = 87 (1™ 6t (6")6(0 — 0') — 1*6acti (6')0(0 — 0"))  (5.153)

(W4 (0), [y (o), XP(a")]+] . = 80 0up XP(0")d(0 — o)

7

(5.154)
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(W5 (o), [y (0"), PP(o")]4] . = 8mdapn PP (0")d(0 — o) (5.155)
[XH(0), [v5 (o), PP(0”)]+] = 2in"Pypg (o")o (0 — o”) (5.156)
[P(0), [B2(0"), X2 (0")]4] = 20t (0")o (o — ") (5.157)
Now, in order to compute the trilinear commutation relations of the modes we need to use,
b = 2\/1% /0 ' do (P (1,0)e"VITTH) Lyl (7, g) el (VIT=)) (5.158)

for Neveu-Schwarz boundary conditions, and

1
2/ 21

for Ramond boundary conditions. Then

dr = / do (1[)#(7‘, J)em(‘/ﬁT'H’) + b (T, J)em(‘/ﬁT_")) (5.159)
0

[t [a%,, af]4] = 2 *5( 108 00 + 1P 00 (5.160)

[ady, [ag,, Af]4] = 2n\/zn””5n+m,oAf (5.161)

[a#, ", p)4] = 2if (P + 0*Pp") (5.162)
[a#, [p, B]4] = 2in*" [ BY ( )
[p“, [z", x”]+] = =2if(n"xP + nHPz") (5.164)
[P, [CY, P4 ] = =2ifn"CY ( )

( )

b4, 102, 001 = 2(0" 6745000 — 1P 6744,00%) 5.166

[bZ7 [Df7 dﬁz]Jr] + = 277m/5n+m,0D;'/ (5'167)

o4, D, D2)L] =0 (5.168)

(D2, [dt,,db] -] =0 (5.169)

where the operators A, B! C! and D! represent the elements of the sets:

AP = {aF p* D! (5.170)

B* = {a#, ol bt (5.171)

OF = (' alt b (5.172)

and

D = {a, gl ) (5.173)

respectively. And the same relations are satisfied by the modes d},.
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(General conclusion

The main goal of this dissertation is to give a possible modifications of the usual string
theory, and emphasizing the differences and the identifications. In chapter 3 we explored
the open bosonic string with dust field; which completes the work on closed one which is
developed in [3]. The quantization of this bosonic string one; and with the help of the no-
ghost theorem, leads to the possibility of non-critical string theory. We found that the algebra
of the diffeomorphism generators is consistent and anomaly free. And unlike the closed string
with dust where the equality of the anomaly terms of the Virasoro algebras must be used
for consistent diffeomorphism algebra, the open string case can eliminate automatically the
anomaly of the algebra. In this stage, we also study the bosonic string with dust field stretched
between two parallel Dp-branes.

In chapter 4, we have studied the bosonic string theories with deformed dispersion re-
lations, and we have shown that such models can be used to describe a non-commutative
space-time. We paraquantize these models and have found the deformed dispersion relations.

In chapter 5, we have used the square root of the deformed bosonic string constraints
[17] to get the modified mass-shell condition concerning fermionic string theories. These con-
straints are also redefined to fit the fermionic models by providing the consistency of the
deformed constraints super-algebra. We have also found that the local supersymmetry trans-
formations in the world-sheet depend on energy. We have obtained the equations of motions
of the bosonic space-time coordinates, and found that they are linear for the two cases f = ¢
or f' = hf and ¢’ = hg where h is a constant, while the fermionic coordinates ones are origi-
nally linear. We have also studied the open fermionic string surface terms of the constraints
to get the Neumann and Dirichlet boundary conditions and define the R and NS sectors. We
followed the canonical quantization method, the obtained super-Virasoro algebra has energy
dependent central charges.

For f = g where f is real, non-vanishing, and non-singular, we found that the usual results
of fermionic string theory remain existing; as well as the tachyonic ground state of the N.S
sector, and the non-tachyonic spectrum in the R sector, and also the GSO projection is still
possible for obtaining something like a space-time supersymmetry.

Notice here that there is a possibility of deformations; where f? < 0 near the string energy
scale, leads to the non-tachyonic manifestation of the N.S ground state, however the action
became complex, and this poses a problem of a unitarity violation. In this context, the choice
(5.130) seems to give a theory without ghosts, as usual, where the N = 0 state is no more a
tachyon, but it has a rest energy greater than L;l. The GSO projection gives a theory with
space-time supersymmetry, and makes all the states levels below the energy scale L;l, which
implies that f2 became always positive.
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Appendix A
Vielbein

The general linear group GL(D,R) is the group of diffeomorphism transformations in D
dimensions (like in general relativity where D = 4). But no spinor representation is possible
in such group, which makes the addition of fermionic degrees of freedom difficult. The subject
became different in flat space-time, where the Lorentz group has spinor representations.

The general relativity for example lives in a manifold M, which is locally flat, so we can
use this idea to find the spinor representation in the group gl(D,R) with the expense of
introducing a new gauge fields, which represent an orthonormal vector space el,(z) on every

tangent space T, (M) on the point = in M. Which satisfies

G €h€n = Nmn (A1)

where 7),,,, is the metric of Minkowski space, and e}, is called a ”Vielbein”.
In the other hand, the cotangent space T, (M) has the orthonormal basis e]'(x), which are

the dual vectors space of e, (), so '
€mey =gy =0, (A.2)
emel = i = 67 (A.3)
The vielbein verifies also the space-time coordinate transformations:
el = ZJZZ eb (A.4)
Notice that the Lorentz transformation is satisfied for ek,
e = A el (A.5)

where A";”,; is the Lorentz transformation in Minkowski space. And also the relation (A.1) is
preserved under this Lorentz transformation:

RN
Guv €y € = TNm/n/

In the other hand, the currant of the spinor 1) must satisfy the following vector transfor-

mation in space-time:
oxh —

(@) () (A.6)

() p(a') =
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where %ﬁf can be represented by D x D invertible matrix which is an element of the group

GL(D,R). While in flat space-time the vector transformation is satisfied:

’

D(a)p™ () = A (2) p" () (A7)

where
[p", ") = 20" (A.8)

Furthermore the spinor transformation are

P(a') = Sy() (A.9)
d(a') = ()™ (A.10)

Notice that, the Eq. (A.7) leads to
STy S = AT o (A.11)

where S(A) is a spinorial representation of the Lorentz group. We can introduce the following
definition:
() = e (@) p™ (A.12)

which satisfies (A.6) and
[P (z), p” (2)]4 = 2¢" () (A.13)

The above algebra is akin to the Clifford algebra which can characterize the spinor repre-
sentation, and with the use of (A.12),the relation (A.6) is satisfied (for further details see
[47]).
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Appendix B

Nonlinearity in ®* model

As an example, let us consider the action of the ¢* model in two dimensions [48]:

S = /da:odxl [%(aocp)Q — %(alcp)Q —V(®)] (B.1)

where th potential term is
m2

A
A and m are constants. In this stage the Hamiltonian is,

V(D) = iA(cbz + —)? (B.2)

H= /dxl [%(30@)2 + %(8@)2 + V()] (B.3)

and its equation of motion,
DO ® — m?*® — AP = 0. (B.4)

If we neglect the interaction term A®3 the above equation becomes linear as its solution and
if A is small we can use the perturbation method. The whole solution of the equation (B.4)
with the interaction term can be for example a soliton (the Dp-brane is a soliton in string
theory) which is a non-linear solution.
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Appendix C

Poisson brackets transformations in
the phase space

Let us start with a very brief overview on the geometric description of the phase space. This
issue is similar to the Riemannian or pseudo-Riemannian manifold [49]. The metric in the
Riemannian space usually reads

oXH OX”

N (C.1)

where X#(zf) are functions of the coordinates x”. Let us use the following antisymmetric
tensor

wh? = {zt, 2"} (C.2)
which represents Poisson bracket in the phase space, then one can write the transformations

ozH oTv
ot = 2,08, C.3
“ 912 928" (C.3)
If we take the phase space coordinates (z*, p*) (which can be canonical or non-canonical), the
Poisson bracket of two functions of these coordinates F' and G [26, 44] satisfies

(F(2.5),Gla,p)} = (F(w.p), Glap)}spala o} + 10 50 (o0} + 50 00"

where

OF 9G 8F8G>{M 1 )

TN 7 U
{F(z,p),G(z,p)}sp{at, p"} ((%'“ Op¥  Op” Oz

is the standard Poisson bracket. So the extension to the continuous systems or classical field
theory gives

{F(2(0),p(0)), G(x(0), p(0"))} ={F (=, p), G(x,p)}spr{z"(a) p"(b)}+
/ / ddbajf aczb){xu(a),x'/(b)}

oG y
+ el 7 @ 0) (C5)
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with

(C.6)
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Appendix D

Trilinear relations of the modes

D.

[

1  Calculation of [of,[al,, o], ]:

I

ol ok, ol ] 7rl / / / dodo’do” cos(lo) cos(ma’) cos(no”)

\/7—le“ \/7—1 X (o \/7—1 X?(o")
l ///dada’da”cos (Io) cos(mo’) cos(na”
(m

where
IRy . If1 o f1
K —{\/;T('QI_QKl m ;TKQ mmn ;TK?, mnK4>
o f - [f1 1
zl<9T2K5 in gTK6 m gTK7 mnK8>
1 1 1 1
K:<i>2ﬁK1 ing—Zming— TL\/?K4
f 1
—1l T2K5 —Im K6 —Im K7 + ilmnKg
where

= [P#(0), [P"(0), PP(0")]+] = 0
[rw o), [P¥(0"), XP(0")]4] = 2ig"*P (0 — o)
= [PH(0), [X"(0"), P(c")]1] = 2ig" PP5(0 — 0"
Ky = [P(0),[X ( ), XP(0")]4] = —2ig" X*5(0 — o') — 2ig"" X" 5(0 — 0”)
K5 = [X"(0), [P" ("), P*(c")]1] = 2ig"PP6(c — o) + 2ig""P"6 (0 — o)
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K¢ = [XJ'(O'), [P¥(c"), XP(0")]4] = 2ig" XPé(0 — o)
o), PP(o"]4 | =2ig""X"6(0 — o)
7),[X"(0"), XP(0")]+] =0

for example

1 s s K
(l)3/ / /dada’da”cos(la) cos(ma’) cos(na”)
Ts)™ Jo Jo Jo

f 1 , 1
(—zniﬁKz - zm\/?TKﬂ
/ / / dodo’do” cos(lo) cos(ma’) cos(na”)
fﬁ Lopv 5 F1o upxr
(—1 gT 52ig!"" P s —Iim gTZZg X"5(o — "))
= \/?g“pélnnl da’ cos(ma’) ( > miX”)
g 7Tls 0

T
= \/? g opnal,
g
finally one can write,

(o [ab,, 0f] 1] = 2\/519“”04%%%0 + 2\/559“p0455m+z,0

D.2 Calculation of |z", [p”, o], |:

v _ 1 Y 'y "
[z, [p”, o8] 4] _7r3Tl§’f/0 /0 /0 dodo'do"” cos(no”)
[X4(0). [P0, \/5 P inxoo))

1 ™ s ™
= =73 f / / / dodo’do” cos(na”)
™oty Jo Jo Jo

1

Q |~

1 s s K
= 7r3Tl§’f/o /0 /0 dodo’do” cos(na”)
(l i2ig‘“’ﬂ’p5(a — o)+ 2ng"" XP6(0 — O'/))
TVg

= 2ifg"a’
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Tﬁ[%g’”?%(a —0') +2ig"?P"é(0 — o")] + 2g" XPé(0 — o)

(D.10)
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D.3 Calculation of [aﬁ, [p”,ozfn]+]:

1
T) Tin / / / dodo’do” cos(no) cos(ma”)
Tls

(
[\/zi]wj(ﬂ) inX" (o), [fP*(c’), \/Z(Ppgﬂ)—imXp(Uu)]-k}
(7r1l5) T12 / / / dodo’do” cos(no) cos(ma”)

{ —imf\/§;<2ig“pT”5(a—a”)) mf\/? <2zg“”pr5(a—0)

+ 2ighPPY (0 — a”)> _inmf (22‘9“”)(%(0 _ a’)> }

= 2”\/zg“p5n+m,opy

D.4 Calculation of [o, [z”, 0] ]:

1
T) / / / dodo’do” cos(no) cos(ma”)
Tils

f
g

\[ o) (a),[XV(a'),\/zgm(T"H)—z’mX”(o”M
7rls> / / / dodo’do” cos(na) cos(ma”)
(o) in i)

r1

—mm

[Oz%, [pyﬂ Oé%].;. =

e Ve IR

1= (
|
=(

{

Q |

‘Q

< 2ig"" XP§(o — o') — 2ig? XV §(o — O’”)) }

g._;

=2n Mpfsn—i-m ox”

Q
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Titre : Théories des Cordes dans des Formulations modifiées
Résumé

Le propos de cette these est de développer des formulations modifiées de théories
des cordes. D’abord, en étudiant la théorie de la corde bosonique ouverte en
présence d’un champ scalaire ( Dust field), ce modele donne des possibilités de
construction de théories non critiques. On étudie en particulier le cas ou la corde
est située entre 2 Dp-branes paralléles, sans dimension critiques, sans tachyons et
sans ghosts.

En second lieu, On étudie des théories de cordes bosoniques modifiées avec des
relations de dispersion déformées, modéle développé par Joao Magueijo et Lee
Smolin ou on a mis en évidence la correspondance avec la théorie avec des
contraintes non déformées dans un espace-temps non commutatif. L’extension
paraquantique a été également étudiée.

En troisieme lieu, On étudie des théories de cordes fermioniques modifiées avec
des relations de dispersion déformées. On utilise les racines carrées des
contraintes de la corde  bosonique déformée pour obtenir la totalité des
contraintes de cette théorie, qui verifient une algébre fermée dependante de
I’énergie totale de la corde. On quantifie ces théories et on s’apergoit que les
caractéristiques du spectre dépendent des fonctions d’énergie totale de la corde.
Pour une partie de ces modeles, les résultats ordinaires de la corde fermionique
restent possibles, incluant, des théories sans le ghost, avec des espaces-temps
supersymétriques, et sans tachyons. (apres projection GSO).

Mots clés: corde, supersymétrie, Projection GSO, dimension critique.



Abstract :

This thesis deals with string theories in modified formulations. First, we study the
open bosonic string with a dust field, this model gives the possibility of
construction of a non-critical string. In the same context, we give the string
stretching between two parallel Dp-branes where we care about the possibility of
non-critical string with no tachyons and no-ghosts.

Second, we study bosonic string theories with deformed relativistic momentum
energy relations which were developed by Joao Magueijo and Lee Smolin. We
show the ability of such theories to describe a string with non deformed
constraints in a non-commutative space-time . We study also the paraquantum
extension.

Third, we study modified fermionic string theories with deformed dispersion
relations. We use the square roots of the bosonic string deformed constraints to
obtain the whole constraints of these theories, which verify energy dependent
closed algebra. We quantize these theories and we find that the characteristics of
the spectrum change with respect to the total energy functions. In a subset of these
models, the ordinary fermionic string results remain possible, including theories
with no ghost, with space-time supersymmetry, and without tachyons (after the
GSO projection).

Keywords: String, supersymmetry, GSO projection, critical dimension.



	General introduction
	Special relativity and deformed special relativity
	 Galilean reference frame events and Poincaré group
	Lorentz group
	Poincaré group

	 Conformal group
	 Deformed special relativity
	 Non-linear action on the momentum space and the deformed relativistic energy momentum relations (The dispersion relations) 
	The  -Minkowski space-time

	Conclusion

	 Classical bosonic and fermionic string theories
	 Relativistic particle
	 Nambu-Goto action
	Polyakov action
	 p-brane action
	 Hamiltonian formalism
	Supergravity in one dimension (the spining particle)
	 Hamiltonian method

	Fermionic string as a 2-D supergravity
	 RNS action as supersymmetric free field action
	Conserved supercurrents and super-energy-momentum tensor
	 Boundary conditions
	 Super-Virasoro generators
	Hamiltonian formulation

	Conclusion

	Open bosonic string with dust 
	 Classical action 
	Hamiltonian formulation and constraints
	Use of the ordinary bosonic string constraints

	Quantization
	Open string with dust between two parallel Dp-branes
	Regge trajectories
	Conclusion

	Bosonic string theories with deformed dispersion relations
	 Constraints algebra
	Virasoro Generators

	 Equations of motion
	 Boundary conditions
	 Solutions
	Open string
	Closed string

	 Canonical quantization
	Open string
	Closed string

	Dispersion relation
	Possibility of the noncommutative geometry
	Paraquantization
	Mass operator for the para-bosonic string

	Conclusion

	 Fermionic string theories with deformed energy momentum relations 
	 Square roots of the deformed Virasoro constraints and deformed fermionic string constraints 
	The equations of motion and solutions
	Equations of motion
	 Boundary conditions
	Solutions

	Classical super-Virasoro generators
	Canonical quantization and super-Virasoro algebras
	Spectrum and GSO projection
	NS sector
	Ramond sector
	GSO projection

	Examples
	Poincaré algebra
	Paraquantization

	General conclusion
	Vielbein
	Nonlinearity in  4  model
	Poisson brackets transformations in the phase space
	Trilinear relations of the modes
	 Calculation of  [to.l,[m,n]+]to. :
	 Calculation of  [to.x,[p,n ]+]to. :
	Calculation of [to.n,[p,m]+]to. :
	Calculation of [to.n,[x,m]+]to.:

	Bibliography

